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Exercise 2: Two Dimensional Beam
Elements

Timoshenko and Assumed Natural Strain Beam
Elements (always 2-nodes)

The Finite Element Method and the Analysis of Systems with Uncertain Properties
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Shear Locking 2
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Including Shear Deformation
from thin-walled structures (Bernoulli, Kirchhoff, Love)

‘A straight line, normal to the mid surface (mid axis in the case of 
beams), remains straight and normal to the deformed mid 
surface (axis) throughout deformation’

to slightly thicker structures (Timoshenko, Mindlin and 

Reisser, Naghdi)
‘A straight line, normal to the mid surface (mid axis in the case of 
beams), remains straight throughout deformation.’

‘Normal stresses in transverse direction are negligible.’
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Bernoulli – Shape Functions
A cubic ansatz for the trial function

with the given Dirichlet and Neumann boundary conditions

provides the following shape functions
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Bernoulli – Stiffness  Matrix

Following a Bubnov-Galerkin concept including an 

integration over the square of the second derivatives of 

the shape functions results in the following stiffness 

matrix
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Timoshenko – Kinematics and Shape 
Functions

Kinematics

Linear Shape Functions (were used by most authors)
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http://www.statik.bv.tu-muenchen.de/content/teaching/fem1/fem1.A1.pdf
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Timoshenko – Bathe 1 (page 400)
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Timoshenko – Bathe 2 (page 401)
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Timoshenko – Stiffness Matrix

Same procedure as for the Bernoulli beam element 

provides the following stiffness matrix
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Shear Locking – Bernoulli vs. Timoshenko
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How to avoid Shear Locking 1

Selective Reduced Integration – Mixed 
Interpolation Approach – Assumed  Natural 
Strain Method

The idea is to split the strain energy into individual 
parts and apply different integration rules to the 
corresponding contributions of the stiffness matrix.

www.statik.bv.tu-muenchen.de/content/teaching/fem1/fem1.A4.pdf
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Mixed Interpolation Approach 1 – Ex. 4.30
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Mixed Interpolation Approach 2 – Ex. 4.30
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Assumed Natural Strain (ANS) – Stiffness 
Matrix

Assuming a constant shear strain one obtains
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How to avoid Shear Locking 2
Rigorously derive Shape Functions – Exact 
Timoshenko

Instead of assuming arbitrary shape functions, one 
can rigorously derive the shape functions, either via 
unit load method or directly from the differential 
equations.

Eisenberger M., 1994, CNME 10 (9): 673-681
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Exact Timoshenko – Stiffness Matrix
From the rigorously derived (exact) shape functions one 

obtains a stiffness matrix for a  superconvergent exact 

Timoshenko beam element.

2 2

2

2 2

12 6 12 6

6 4 1 3 6 2 1 6

12 6 12 6
12

6 2 1 6 6 4 1 3

exact
Timoshenko

h h
EI EIh h h h

kGA kGAkGAK
h hkGAh h

EI EI EIh h h h
kGA kGA

−⎡ ⎤
⎢ ⎥

⎛ ⎞ ⎛ ⎞⎢ ⎥+ − −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠= ⎢ ⎥− − −⎛ ⎞ ⎢ ⎥+⎜ ⎟ ⎢ ⎥⎛ ⎞ ⎛ ⎞⎝ ⎠ − − +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦



1713.12.2006 Lyonel Ehrl / ICB / ETHZ / lyonel.ehrl@chem.ethz.ch

Shear Locking – ANS vs. exact Timoshenko
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What is the Reason for Shear Locking ?

The assumed shape functions, w and β, are not correct 

and therefore the relation

is not valid at each point of the element.

with
w
β
⎡ ⎤

= = ⎢ ⎥
⎣ ⎦

ε Bu u



1913.12.2006 Lyonel Ehrl / ICB / ETHZ / lyonel.ehrl@chem.ethz.ch

References
Hardcopy

Bathe, K.J., Finite Element Procedures, Prentice Hall, 
1996
Schäfer, M., Numerik im Maschinenbau, Springer, 
1999

Online
http://www.st.bv.tum.de/

- Chair of Structural Analysis, Technical University of Munich

http://www3.interscience.wiley.com/cgi-
bin/fulltext/110545611/PDFSTART

- Eisenberger M., 1994, CNME 10 (9): 673-681


