ME 555 Intermediate Dynamics
Lagrange's Equations Examples

Example #1

The system at the right consists of two

bodies, a slender bar B and a disk D, moving =~ - 7
together in a vertical plane. As B rotates -
about O, D rolls without slipping on the fixed
circular outer surface. The length of B is 7,
the radius of D is r, and the radius of the
outer surface is R. The mass of the bar and
disk are both m. The system is driven by the
torque M (t).

\

Equation of Motion

Using @ as the single generalized coordinate, the equation of motion of the system
may be found from Lagrange's equation
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where

L=K-V =K, +K, -V, -V,

Ky =1aw, -H, =114 (fixed axis rotation)
=$Gmr +mr)*
=|3mr?g?

Ky =3@, Hy=211,67 (fixed axis rotation)
=$(me)é”
=|1m/%6?

V =V, +V, =—mg/C, —+mg/C, =|-3mg/C,




To express L in terms of @ and & only, we can use the concept of instantaneous centers to

write |V, = 70 =—r@|. Using this equation to remove ¢ from the Lagrangian gives

L =2me?*6* +3mg(C,

2

The generalized active force F, and the derivatives of the Lagrangian can then be
calculated as

0
F9=M|§-£(Q)B)=M|§-|§=M(t)
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Substituting into Lagrange's equation (1.1) gives the equation of motion

Lme%g +3mgrS, = M (t)

Example #2 — Double Pendulum

The figure to the right shows a double
pendulum in a vertical plane with driving
torques at the joints. The two uniform
slender links are assumed to be identical
with mass m and length /. The system has
two degrees of freedom described by the
generalized coordinate set (6,,6,) .

A

Equation of Motion

Using 6, and &, as the two generalized coordinates, the equations of motion of the
system may be found from Lagrange's equations
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Typical Link
Kinematics

Using the concept of relative velocity, the velocities and squares of velocities of the
mass centers of the two links may be written as
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Vo, =Va+tVs,1a =Vo +Vao + Vo, a =10, +3(0,€,
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Ve, = Ve, Vo, =4 1°0]

Ve, =Vo, Vo, =L°0] +30°6; + 2(%£29192)(§91 = ) = 0°0] +30°0; + °00,C, ,

Kinetic Energy

The kinetic energy of the system may then be written

K=K, +K,

where
K, =$1,07 =4(3m??)0F = me*6; (fixed axis rotation)
K,=1mvZ +11,6? (general plane motion)

=m0 +Ime%6? + Imr*0,0,C, | +-Lmi%6?
=1Ime60? +imr?0? +imr*0,0,C, .

Potential Enerqy

Assuming the datum is level with the point O, the potential energy of the system can
be written

V =V, +V, =—img/(C, —mg((C, ++(C,)=—3mg/C, —img/(C,



Lagrangian L=K -V

L =2me*6? + 1mr*07 + 1me*6,0,C, , +3mg(C, +img/C,

Generalized Forces

The generalized forces associated with the driving torques are

Derivatives of Lagrangian

i =4m/%6, + imi*6,C,

[ jzgmm L ImEC, B~ 3mi6,(6,- ),

=1Im/*C, 0, +1ms,
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o [%j =im(°C, 6, +1me*6, -+ me*6,(6,-6,)S, ,
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Substituting into Lagrange's equations gives the following equations of motion

(4me*)6,+(1me’C,, )0, - (4me®S,, )63 +3mgrs, = M, (t) - M, (1) (1.2)

(4me’C,, )8, +(4me?) 8, + (4 me*S,, )67 +3mgrs, = M, (1) (1.3)

This is a coupled set of nonlinear differential equations of motion for the double
pendulum.



Example — Double Pendulum with Springs and Dampers

The figure at the right shows a double M, = k.6, 6,
pendulum as in the above example with the
driving torques replaced with a set of springs
and dampers. The equations of motion of this
system is easily derived using the results from ’ M, = —ky(6,-6,)
the previous example given that i B

-c,(6,-6,)

M, = k6, ~ 6, '
M, =—k, (‘92 _91)_C2 (92 _6}1)

Substituting these results into the equations (1.2) and (1.3) gives

(4m??)6, +(3mr?C,, )8, — (1 me?s, ) 6; +3mgrs,
= kb, -ch,+k,(6,-6)+c, (6'?2 - 91)

(3me*C, )6, +(4me? )8, + (1 me?s, , )67 +3mg/(S, =—k, (6, - 6;)—c,(6,-6,)

or
(4me*)6,+(1me’C,, )0, - ($mes,, )6; +$mgrs, (L)
+(c,+¢,)8, —C,0, +(k +k, )6, —k,0, =0
(¢me’C,, )6, +(3me*)d, + (4 mes, )67 +1mgts,
o (1.5)
+¢,(6,-6,)+k,(6,-6,)=0

This is a set of two simultaneous nonlinear differential equations of motion of the double
pendulum with springs and dampers at the connecting joints.



