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Webs Related to K-Loops  and  Reflection Structures  

By E. GABRIELI, B. IM, and H. KARZEL 

Abstract. We give a characterization of webs (~ ,  91 ,92 ,  9) which are related 
to Al-loops, weak K-loops, K-loops and reflection structures. We also obtain a 
geometric proof of KREUZER'S result that the concept of K-loop is equivalent to 
that of Bruck loop. 

1 Introduction 

By the works of G. BOL and W. BLASCHKE [1], K. 'REIDEMEISTER [18] and 
G. THOMSEN [19] we know that there is a correspondence between loops and webs 
(cf. Theorem 4.1). In the last years the so called K-loops gained particular interest 
(cf. [3, 4, 5, 7, 8, 11, 13, 14, 20, 21]). The notion of a K-loop (E, + )  is defined 
among the loops as follows. 

Fora, b E E ,  leta+. E--+ E ; x w - ~ a + X , ~ a , b : = ( ( a + b ) + )  -1 a + o o b +, let 
- a  6 E be defined by a + ( - a )  = 0 and let v : E ~ E; x w-~ - x  be the negative 
map. The loop (E, + )  is called an Al-loop if for all a,  b 6 E the permutation Sa,b 
is an automorphism of the loop (E, +) ,  i.e. 3a,b E Aut(E,  +) ,  a weak K-loop if 
moreover 3a,-a = id and a K-loop if furthermore v E Aut(E,  + )  (automorphic 
inverse property) and 3a,b = ~a,b+a for all a,  b E E. 

Recently it has been proved in [13] by A. KREUZER that the concept of  a K-loop 
is equivalent to that of  a Bruck loop. A Bruck loop (E, + )  is a Bol loop, i.e. a loop 
satisfying the Bol identity 

a + o b  + o a  + = ( a + ( b + a ) )  +, Va, b ~  E, 

which, moreover, satisfies the automorphic inverse property (cf. [13]). 
K-loops are closely related to invariant reflection structures. A triple (5~, ~ ; 0) 

consisting of a non-empty set ~ ,  a fixed element 0 6 ~ and a map ~ : 5 ~ --~ J :=  
{cr c S y m ~  I a2 = i d } ; x  w-~ x ~ such that: 

B l ' C a ~ :  a ~  

is called a reflection structure and an invariant reflection structure if moreover 
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B2 u  ~ ~ :  a~ ob~  o a  ~ = (a~ ob~  ~ 

is satisfied. By [4] we have 

(1.1) Let (3 9, + )  be a right loop, (i.e. f o r  all a, b E ~ the equation a + x = b has 

a unique solution x E 5 ~ and there is a 0 E ~ with a + 0 = 0 + a -- a.) and fo r  

a E ~ let a ~ := a + o r .  Then: 

(i) l f  ( ~ ,  §  has the property 

Ya,  b E 5~: a - ( a - b ) = b ,  ( . )  

then ( ~ , ~  ; 0) is a reflection structure; 

(ii) I f ( 5  ~, +) is a K-loop, then ( ~ , ~  ; 0) is an invariant reflection structure. 

By [7] the converse  is also true 

(1.2) Let ( ~ , ~  ; 0) be a reflection structure and fo r  a, b E ~ let a + : =  a ~ o 0 ~ and 
a + b = a+(b). Then: 

(i) (5  ~, + )  is a right loop with ( . ) ;  

(ii) I f  ( ~ , ~  ; 0) is invariant, then ( ~ ,  + )  is a K-loop. 

Remark. In [7] the fo l lowing statements of  Theorem 6.1 were  proved comple te ly  

(cf. [7], (6.1)(3) and (4)) : 

(i) 0 ~ 1 7 6  ~ 1 7 6  r v E A u t ( 8  9 , + ) ;  

(ii) ( ~ , ~  ; 0) is invafiant => ( ~ ,  + )  is a weak K-loop with v E Aut (8  9, + ) .  

In order to show (ii) in (1.2) we  have still to prove the property: 

V a, b E 5~ : ~a,b = ~a,b+a. (1) 

This can be done in the fo l lowing way by modi fy ing  the p roof  o f  [8], (3.3): 

Proof  Let  a,  b E 5 ~, c : =  a+b  = a~176  d : =  b+a and e : =  a + ( b + a )  = a+d.  
Then 

c ~ o a ~ o 0 ~ o b~ = c~ = 0, (2) 

d = d~  = b ~ o 0 ~ o a~  (3) 

and 

e ---- e~ = a ~ o 0 ~ o d~  (3__) aO o 0 ~ o b ~ o 0 ~ o a~  

By B1 and B2 this equat ion implies  

e ~ = a ~ o 0  ~ o b  ~ o 0  ~ o a  ~ (4) 

Again,  since b ~ o 0 ~ o a ~ o c ~ o a ~ o 0 ~ o b~ (2)= bO o 0 ~ o a~  (3)= d we obtain by 

B1 and B2: 

d ~ = b ~ o 0  ~ o a  ~ o c  ~ o a  ~ o 0  ~ o b  ~ (5) 
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Now 

Sa,b+ a = (e+) -1 o a + o d + = 0 ~ o e ~ o a ~ o 0 ~ o d ~ o 0 ~ 

(4),__(5) 0 o o (a ~ o 0 ~ o b ~ o 0 ~ o a ~ o a ~ o 0 ~ o (b ~ o 0 ~ o a ~ o c ~ o a ~ o 0 ~ o b ~ o 0 ~ 

= 0 ~ o c  ~ o a  ~ o 0  ~ o b  ~ o 0  ~ = (c+) -1 o a +  o b +  = ~a,b- 
[] 

The purpose of  this paper is to characterize the structure of webs corresponding 
to At-loops, weak K-loops,  K-loops and reflection structures. Our main results are 
stated in (3.2), (3.3), (4.2), (5.1), (6.4): By the proofs of (1.3), (3.2), (3.3) and (4.2) 
we have a purely geometric proof of Kreuzer 's  result ([13]) that Bruck loops and 

K-loops are the same. The most important step in the proof is that the Bol identity 
and the automorphic inverse property imply that the loop is an A/-loop. A geometric 
proof of this result is also contained in [2]. 

2 Basic concepts concerning nets and chain-nets related to K-loops 

Let ~ be a non-empty set and let 91 and 92 be subsets of  the power set of ~ ;  
the elements of ~ ,  respectively of 91 and 92 will be called points, respectively 

generators. The triple ( ~ ,  91 ,92)  is called a net, if for each X E 91 U 92, IX[ ~ 2 
and if the following two conditions are valid: 

N1 For each point x 6 ~ ,  for each i 6 { 1,2} there is exactly one generator G e 9i 
with x E G; such generator will be denoted by [x]i. 

N2 Any two generators X1 and X2 of  distinct classes 91 and 92 intersect in exactly 
one point. 

Let J : =  {~ E Sym ~ [Ot 2 = id} and J* : =  J \ {id} (= set of all involutions). 

We denote by F : =  Aut (5  ~, 91 U 92) the group of  all permutations X of ~ with the 
property: 

'v'X E 9 1 U 9 2 :  x ( X )  E 9 1 U 9 2 .  

Clearly, for each X e A u t ( ~ ,  91 U 92) and for each x 6 ~ we have either 

(1) X([X]l) = [X(X)]l and X([X]2) = [X(X)]2 or 

(2) X([X]j) = Ix(x)]2 and X([X]2) = [X(X)]l. 

Let F + : =  A u t ( ~ ,  91 ,92) ,  respectively F -  be the set of all automorphisms of type 
(1), respectively (2). If F -  # 0 then F + is a normal subgroup of F of  index 2. 

For the point set ~ of  our net ( ~ ,  91, 92) we introduce the following binary 
operation: 

D: ~ x ~ ~ ~ ;  (x, y) w-~ x D y  :=  [X]l 71 [Y]2 

A subset S C ~ is called a subnet i f Y x ,  y E S : x[S]y E S. 

(2.1) I f  JV denotes the set o f  all subnets, then ~V is fh-closed and for  the associated 
closure operation X [] :=  (q {N e ~V ] X c_ N } f o r  X C ~ we have: 

X [] = X[NX :=  {x[3y I x,  y E X}. 
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Proof Let x, y, x ' ,  y '  E X, then ( x [ ]y )N(x 'Dy ' )  = xDy ' .  [] 

(2.2) F + = Aut (~ ,  D) and F -  is the set o f  all antiautomorphisms of  ( ~ ,  []). 

Proof L e t x ,  y E ~ , a t  E F + and/~ E F - , t h e n a t ( x [ 2 y )  = at([x]l n [ y ] 2 )  = 
[at(x)]1 n [at(Y)]2 = at(x)Dat(y) and ~ ( x D y )  = /~([x]l N [Y]2) = [/~(x)]2 N 
[/~(Y)]l = ~(y)[]~(x) .  Now let at 6 Aut (~ ,  []) and let/~ be an antiautomorphism 
of ( ~ ,  N). Then [x]l = xl-]~,  Ix]2 = ~ N x  and so at([xh) = at(x)Nat(~) = 
at(X)[~]ff ~ = [a t (X)] l ,  a t ( [X]2)  = ff~[]at(X) = [at(X)]2,  f l ( [ X ] l )  = f f ~ D f l ( X )  ~- 

[ f l (X)]2 ,  f l ( [X]2)  = f l ( X ) F ] f f  ~ = [ f l ( X ) ] l .  [ ]  

A subset C C ~ is called a chain of the net (~ ,  91, 92) if the following condi- 
tion holds: 

N 3 u  E 91U92: IxncI  = 1; 

Let C be the set of all chains of  ( ~ , 9 1 , 9 2 ) .  I f e  ~ 0 and C E e ,  then 

VX ~ 91 u 92: 

ICI = IXl = 1911 = 1921 and I~l  = 19112. 

(2.3) For each C E e let 

~:  ~" - ,  ~ ;  x ~ [[x}~ nc]2n[[xhnc]l 
and let e :=  {C I c ~ e l ,  then we have." 

(1) e C r -  and ~2 C r+; 
(2) C o C = id and Fix C = C, i.e., ~" e --+ F -  ; X w-~ X is an injection. 

(2.4) Let at E F - .  I f  at E J*, then Fixat E e ;  tfFixat E e,  then Fixat =at. 

Proof Let X E 91 U 92 for instance X 6 91. Then at(X) 6 92, since at ~ F -  and 
therefore c :=  X N at(X) is a point. If at E J* then at(c) = c and c is the only fixed 
point of  at contained in X. Hence Fix at E e .  Now let C :=  Fix at 6 e ,  ; x ~ 
andxi  :=  [x]i n C (i E {1,2}). Yhenx = Xl[]X2, at(xi) = xi and since at E F - ,  
at(X) = at(X I FIx2)  = at(X2)[-]at(X 1) = XzF]Xl  = C ( x )  by (2.2). [] 

(2.5) V A, B, C E e we have." 

(1) A~._~) ~ e ;  

(2) a ( B )  = a o B o a;  

(3) Fix(a  o B) = ( a  N B)[]; 
(4) A o B o C  E J* C} A o B o C  E e ;  

(5) a l~ ,  = ~ l~ ,  ~ a = B. 

Proof (1): I f X  E 91U 92, then [,4(B) n X] = 1,4(B N A(X))[ ---- IB N A(X)I = 1 

since A o A = id, thus ,~(B) 6 e .  
(2): From A,  B and A o B o A 6 r - ,  Fix(A o B o A) = A(Fix(B)) = .4(B), we 

obtain by (2.4)A ~ B o A = A(B) .  
(3): Let at :=  A o B and let x,  y E A N B, then at E F + by (2.3, (1)). x,  y E Fixat by 
(2.3, (2)) and so by (2.2) at(x~y)  = at(x)E]at(y) = x[]y, i.e. by (2.1), (A N B) [] = 
( A n  B)[](A n B) c_ Fixat. Now letx ~ Fixat then A(x) = [[X]l n A]2 n [[x]2 N 
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A]I = B(x) = [[X]l f3 B]2 f"l [[x]2 N B]I. Therefore [[X]l n A]2 = [[X]l O B]2 
and [[x]2 M A]l = [[x]2 M B]l .  This implies a := [x]l M [[x]l M A]2 = [x]l C) A = 
[ x ] I M B  6 A M B a n d b : =  [x]2MA = [x ]2MB �9 A M B ,  a n d s o x  =aVqb,  i.e. 
F ix~ ___ (A M B) n.  
(4): " = , " L e t c ~  := A o B o C  �9 J*.  By (2.3, ( 1 ) ) ~  �9 F -  and so by (2.4) 

= Fix ot �9 e .  [] 

T YA, B � 9  

T Y A ,  B � 9  

symmetric if 

Two chains A, B �9 C are called orthogonal and denoted by A _L_ B, if A 7~ B 
and ,4(B) = B. This relation is symmetric since A(B) = B implies by (2.5, (2)) 

= A(B) = A o B o A ,  h e n c e A =  B o A o B  = B(A) a n d s o A  = B(A) by 
(2.3, (2)). 

Let A • :=  {X �9 C I X l A}. Now we are going to consider subsets 8 of  the 
set e of chains satisfying certain conditions. 8 C C is called transitive, respectively 
regular if 

: 3C �9 -5 : C(A) = B, respectively 

: :I1C �9 ~: C(A) = B, 

S VA, B � 9  A ( B ) � 9  

The quadruple ( ~ ,  91, 92, 8) is called a web if 8 satisfies the following condition 

N I '  Yx �9 ~~1 [X]3 �9 "~ with x �9 Ix]3. 

Theorem 2.6. Let ~ C C be a symmetric and regMar set of  chains and let 0 c Z 
be fixed. For each A E a~ let A' E ~ such that A ' (O)  = A (cf T) and for all 
A, B E ~ let A • B :=  A' o O(B).  Then ( s  ~ )  is a K-loop. 

Proof By (2.3, (2)) and (2.5, (1)) for each A �9 s  ,~ induces an involutory permuta- 
tion on the set C, and since s is symmetric, we have ,4(s  = s  Therefore we can 
c o n s i d e r ~ : = { L l ~ e :  L c s  := {a � 9 1 6 3  [ ~2 = i d # ~ } .  

Since s is regular, the map ~ s ---> J~ :  X ~-~ X ~ := X']~e is an injection, i.e. 
( s 1 7 6  ; 0) is a reflection structure. Since s is symmetric, ( s 1 7 6  ; 0) is invariant by 
(2.5, (2)). Therefore, our Theorem 2.6 is a consequence of (1.2). [] 

Finally, we consider a correspondence between chain-nets and permutation 
groups (cf. [10], 15.1). We assume C 7~ 13 and fix an element E �9 C. For each 
C �9 (~ let 

2 :  E---+ E; x ~ [[X]l I " lC]2OE 
then C is a permutation of E, and if g �9 Sym E, the set C(F)  := {xDg(x)  I x �9 
E} is a chain. 

(2.7) L e t J ( E )  :=  {a �9 S y m E  I cr2 = id} ,  J*(E) = J ( E ) \ { i d } ,  F E S y m E ,  
a �9 E, b := g (a )  and C :=  C(y) ,  then: 

(1) a [ 3 b � 9  ,: :, b[3a � 9  
(2) g E J (E)  ~. ~. C I E o r C  = E; 

(3) / f g  �9 J (E)  then F = FIE; 
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(4) Vot, fl ~ S y m E :  C(ot) _1_ C(/3) ,: ',, a -1 o f f  c J * ( E ) .  

(2.8) (Extension Theorem) For a c Sym E let 

{ 8 9 : = E [ ] E  ---+ 89 { 89 > 89 
al"  x D y  , > a ( x ) [ ] y  ' a2"  x D y  I > xFqa(y )  

and-ff  = crl o a2 and let S := C ( a ) .  Then 

(l)  v•  c S y m E :  a , (C( •  = C(• o a - ' ) ,  a2(C(•  = C(a  o • ~-(C(• = 

C ( a  o y o a - l ) ,  i.e., a h a 2, ~- E Aut(89, ~ l ,  ~2, G, _L); 

(2) Ya, r E Sym E: (a o r)~ = ~ 1  o r l ,  ( a  o r )2  = a2 o r2 ,  a o ~- = a o ~';  

(3) I r a  E J ( E ) ,  then -~ = S ~ E = E o S; 

(4) I f S  • E o r S =  E, t h e n ( S I E ) = S o E =  E o S ;  

(5) L e t A ,  B , C ,  D e E  L , t h e n A o B o C = D  ,', ',, A I E o B I E o C I E = D I E .  

Proo f  (1) :  a t ( C ( } ' ) )  = a , ( { x D y ( x )  I x E E}) - - - { a ( x ) F l y  o a  -1 o a ( x )  l x  E 

E} = C ( y  o a -~)  and a l  (C(t~)) = C(ot o a -1 )  • a l  (C(/~)) = C(/~ o a - I  ) (2.7,(4)) 

a o ot -1 o fl o a -1 E J * ( E )  ,', ',, ot -1 o fl E J * ( E )  (2;7,(4)),, ,, C ( o t )  _1_ C ( f l ) .  

(3):  By (2.7_ (3)), a = SIE hence  ~- (xDy)  = a ( x ) D a ( y )  = S ( x ) D S ( y )  (2.3,_(1)) 

S ( y D x )  = S o E ( x Q y ) ,  i.e. ~- = S o E.  
(4)" is a consequence  of  (3) and (2.7, (3)) and (5) fol lows f rom (4). [ ]  

3 Chain nets associated with reflection structures 

In this section, let (E ,  ~ ; 0) be a reflection structure and (89 : =  E • E ,  ~ l ,  ~2, C) 
( w i t h a l  : =  {{x} x E I x E E } u n d ~ 2  : =  {E x {x} I x ~ E}) the chain net 
cor responding  to the symmet r ic  group Sym E with the identif icat ions x = (x,  x)  = 
x D x  f o r x  E E,  h e n c e 0  = (0 ,0 )  and E = { ( x , x )  I x E E}. 

Since E ~ : =  {a ~ I a E E} C J ( E ) a n d a ~  = a by (B1), we h a v e a  ~ E J * ( E )  
i f a  r 0. For  0 E E we have the two cases,  0 ~ 6 J * ( E )  and 0 ~ = id.  
F r o m  (2.7, (3)), (2.8, (3)) we obtain: 

(3.1) For a E E let a c : = C ( a  ~ = { x D a ~  I x E E} ~ C be the graph o f  the 

map a ~ and ~d : =  ~ '  the reflection in the chain a c. Then 

(1) ~ = a - ~ o E  = / ~ o a - ~ , a  ~ = a lE,  a c E E •  E o  

a ~  ~  ~ = a ~  ~  ~ o E, in p a r t i c u l a r ~ ( b  C) = ~ d o b o ~ d  = E o  
a ~ o b  ~ o a  ~ and'd(b c) = C(a  ~ o b  ~ o a  ~ C E L U {E}, hence 'd(b  c) E E c : =  

{ ac I a E E }  ,', ',, a ~  ~  ~ E E ~  �9 
(2) I fO  ~ (= id, then E c C E L and-E-S(O c) : =  {~-(0 c) [ a E E} = E - ( O  c) : =  

{~'(0 c) [ a E E } = { C ( a  ~  ~  ~ [ aE  E } c E L ;  
(3) I fO ~ = i d ,  t h e n E = 0  c E E c C E L U { E } , 0 = E a n d E ~ ( 0  c ) = E ~ ( O  c ) =  

{E}; 
(4) VX E [0]1 U [0]2 3 1 a c E E c : x E aC; 

(5) U Ec = 89 r E~ acts transit ively on E;  

(6) (89, ~1, ~2, EC) is a web ,', ,~ E ~ acts regularly on E;  

(7) E~ c E  c ,', ?, V a E E : a ~ 1 7 6 1 7 6 1 7 6  

(8) a ~  ~  ~  ~ r ~ E A u t ( 8 9 , ~ l U ~ z ,  EC); 
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(9) (E, ~ ; 0) is invariant .', '.. E c is symmetric; 

(10) I f ( E ,  ~ ; O) is invariant, then E ~ acts regularly on E and ( ~ ,  ~1, ~2, E c) is a 

symmetric web such that there is an F ~ C with E c C F • U {F} and we have 

fo r  each a ~ E the commutative diagramm 

c 0 04. 

(a~176176 1 l a  ~" 

a ~ o O~ (a ~ o O~ c 

(11) (Immersion theorem) I f  (E,~ ; 0) ts invariant and i f  Fix a ~ ~ 0 f o r  each 

a E E, then Fixa  ~ consists o f  a single e lementa '  c E and (EC, r7 , 0 c) with 

EC --+ E c 

(aC)D" x c w-~ d ( x  c ) = C ( a  t~ o x  ~ 1 7 6  

is a reflection structure isomorphic to ( E,  ~ ; 0). 

If we call (E, ~ ; 0) c := ( ~  := E • E, ~1, ~2, E C) the chain-derivation of the 
reflection structure (E,~ ; 0) then we can state the following characterization theo- 
rems: 

(3.2) Let (E, ~ ; 0) be an invariant reflection structure, W := (ff~, ~1, ~2; ~) : :  
(E,  ~ ; O) c and C the set o f  chains o f  ( ~ ,  ~1, ~2). Then W is a web, ~ is symmetric 
and there is an E c C such that ~ C E • U {E}. 

If ( ~ ,  ~ ,  ~2; ~) is a chain net such that: 

(O1) 3E c C: ~ C E • U {E} 

is satisfied, then we call (if', g l ,  ~2; g)E := (E; ~[E) the reflection derivation in E 
and if moreover 

(02) 3 0 ~ E : u  

is valid, then the map 

31X g C ~: O[Tx G X g 

E --+ Sym E 
o :  X ~ X ~ X I---> : :  

is an injection and ( ~ ,  ~l ,  ~2; ~)E,0 := (E,O ; 0) is a reflection structure. 

(3.3) Let W = ( ~ ,  ~1, ~2; ~) be a web such that (O1) is satisfied and ~ is symmet- 

ric. Then f o r  each 0 E E, (E, ~ ; 0) := ( ~ ,  ~1, ~2; ~)E,0 is an invariant reflection 
structure and moreover "W is isomorphic to (E, ~ ; 0) c. 

4 Applications to K-loops 

In this section let ( ~ ,  $1, ~2) be a net, e the set of  all chains of ( ~ ,  ~1, ~;2) and 
a subset of  C such that there is a generator Y 6 ~l satisfying the condition: 

N1 t For each y 6 Y there is exactly one G 6 ~ with y 6 G; we set [Y]3 := G. 
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Then fixing a point 0 E Y the chain E := [0]3 can be turned in a right loop (E, + )  
with the neutral element 0: For all a,  b E E let 

a + :  E ~ E; x ~ [[Y N [a]213 N [X]l]2 n E 

and a + b := a+(b). We set 34; := (39, 91 ,92;  9) and W ~ := (E, + )  and call 
this the loop derivation in the point 0. This derivation exists for each point 0 6 
where [0]l satisfies N1 r. If  on the other hand (E, + )  is a right loop with neutral 
e lement0 ,  a+ :  E ~ E; x ~ a + x f o r a  6 E a n d E  + := {a + I a 6 E} then  
the chain derivation (E, +)c  := (E, E+) c gives us a chain net ( ~ ,  91 ,92;  9) (9 := 

{C(a +) I a 6 E}) where [0D0]1 satisfies NI ' .  Clearly ((E,  +)c)  ~ = (E, + )  i f 0  

denotes the point 0[30, and (W~ c = "W if for 0 6 ff~, [0]l satisfies N1 ~. 
We have (cf. [9], (2.5), [10], p. 81): 

(4.1) I f  W = ( ~ ,  91, 92; 9) is a web, then for  each 0 ~ ~ ,  34 ;0+ is a loop with 
the neutral element O; i f ( E ,  +) is a loop, then (E, +)c  is a web. 

By (1.1) and (1.2) there is a one to one correspondence between reflection struc- 
tures (E, ~ ; 0) and right loops (E, + )  satisfying the condition ( . )  of (1.1): If (E,~ 0) 
is given, then we set (E, ~ ; 0) + := (E, + )  where a + b  := a ~ o0~ and if we start 
from (E, +) ,  we set (E, +)~  := (E, ~  0) where a ~ := a + o v and v: E ~ E; 
x ~ - x .  Here we have ((E,  + ) ~  = (E, + )  and ((E,  ~ ; 0)+) ~ = (E, ~ 0). 

(4.2) Let ( E , + )  b e a  right loop, W = ( ~ ,  91, 92; 9) :=  ( E , + ) c  andO c := 
C(v)  = { x [ ] ( - x )  I x c E}. Then." 

(1) The following statements are equivalent: 
(i) (E, + )  satisfies (*) o f  ( l . l ) ;  

(ii) 9 C (0c) • U {0c}. 
(2) Equivalent are: 

(i) (E, + )  is a right loop satisfying the Bol condition: 'Ca, b ~ E : a + o b + o 
a + = (a+(b))+; 

(ii) (E, + )  is a Bol loop; 
(iii) 9 is symmetric; 
(iv) W is a Bol web. 

(3) Equivalent are: 
(i) (E, + )  is a K-loop; 

(ii) 9 is symmetric and 9 C (0c) • U {0c}; 
(iii) W is a Bol web with the additionalproperty: 3A ~ e"  9 C A • U {A}. 

Proof. This theorem is a consequence of (1.1), (1.2), (3.1), (3.2) and (3.3). We 
have only in (2) to show that W is a web since then the symmetry is equivalent 
to the property that each Bol configuration closes. Let x ~ ~ be given, xl :=  
[X]2 n [0.~]1, X2 :'=" [X]l n [Xl]3, x 3 ~ =  [0]1 n [x212. Then since 9 is symmetric, 
X := [Xl]3([x313) 6 9 and since [xl]3(x3).~ x, we have x 6 X. Suppose there is 
a further U 6 9 with x 6 U, then x3 = [Xl]3(x) 6 [Xl]3(U) c 9 with x3 6 [0]l, 
hence [xl]3(U) = [x313 by N1 ~ and so U = X. [] 
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Remark. Let (E, ~ ; 0) be a reflection structure, (E, +)  := (E, ~ ; 0) +, (3), 91,  92;  

9) := (E,~ ; 0) C and (5 ~, 91, 92; o~) := (E, +)c, then (0~ (9) = 3s (cf. (2.8)). 

5 Web configurations related to properties of K-loops 

Here let W = (~ ,  91,92; 9) be a web and for x E 3) let [x]3 6 9 with x E [x]3. 
We remark that the closing of web configurations characterizing certain classes of 
webs can be expressed elegantly by using reflections in elements of 9. The condition 
RE I f a  E ~ ,  bi E [a]i, cij := [bi]j n [bj]i for i, j E {1,2, 3} with i # j ,  then 
[C1213 n [C23]1 n [c3112 ~;& 0 

which characterizes the Reidemeister webs can be written in the form: 

R E ' I f  A, B, C, D E 9 w i t h F i x ( A o B o C o D l ~ )  7s O, t h e n A o B o C o D l ~ j  = idg~. 

Proof  Let X E 9 1 , a  := A n X, bl := D N X, b2 : =  [a]2 n B and c12 :---- 

[bl]2 n [b2]j. Then D ( X )  = D([a]l)  = [bt]2, B o A ( X )  = B([a]2) ~ [b2h and 
we have: A o S o C o D ( X )  = X ,', ',, C o D ( X )  = C([bl]2) = B o A ( X )  = 

[b2]l ", '," c12 E C ,', ',, C = [c1213. 
We assume [q213 = C. Let Y E 91,b3 := Y N A  = Yn[a]3, c13 := [bl]3N[b3]l = 
D n Y a n d c 2 3 : =  [bz]3N[b312= BN[b3]2. T h e n A o B o C o D ( Y )  = Y < '., 

o D(Y) - -  C([c1312) = B o A (Y )  = B([b312) = [e23]1 ~ [c12]3 n [c23]1 n 
[c1312 ~;& 0. This shows the equivalence of RE and REq [] 

C / /  / 

A /  

B j  

C13 J / 
/ f 

/ / " :12 
/ 

/ 

2 
a J )2 

J 
X Y 

FIGURE 1. 

If we add in RE, respectively in RE'  the assumption Cl2 c [a]3, respectively 
B = D then we obtain the conditions BO, respectively BO' characterizing the Bol 

webs which are equivalent to (cf. [15], (1.2), [2]): 

BO" 9 is symmetric. 

The stronger assumption c12 = b3 in RE leads to the condition HEX describing the 
hexagonal webs, a condition which is equivalent to 

HEX'  I f X  6 Fix(Ao B o C o B l~ ) , t hen  B o C ( X )  ~ Fix(.4o B o C o BI~) .  



98 E. Gabrieli, B. Im, and H. Karzel 

If p 6 ~ is fixed and H E X  is valid for c12 = b3 = p, then we denote this condition 
by HEX(p)  and call W hexagonal with respect to p. I-IEX(p) can be expressed by: 

H E X ( p ) '  If  [P]l 6 Fix(A o ['P']3 o C o [~]'315~), then [P']'3 o C ( [ P h )  6 Fix(A o 

[P]3 o C o [P]3lgl). 

(5.1) Let 0 ~ ~ be fixed, let E := [0]3 and let (E, + )  := W ~ be the derived loop 

and let N := C(v)  = { x D ( - x )  I x ~ E} E C. For each a ~ E le ta  + �9 E ~ E; 

x ~ a + x, - a ,  respectively ~ a be defined by a + ( - a )  = O, respectively 

a + a = O. For x c E let x be identified with [xh and let Y :=  [0Dx]3 and 
~" :-- ft. Moreover let a, b ~ E, c := a + b and d := b + a. Then." 

(1) Y x  ~ E : - x = ~ x  ~ HEX(0)  .: ?. E ~ N •  ,', ',. ~ - = E o N ;  
(2) ~ a , a = i d  .', ',. ( a + a )  + = a  + o a  + .,' ,.' ~ (E)  6 ~ ;  
(3) V x 6 E : 3 x _ x  = x  + o ( - x )  + = i d  .', > / ~ 6 A u t ( ~ , ~ ) ;  
(4) BO"  =~ E c A u t ( ~ ,  ~) =,  HEX(0) ;  
(5) ~a,b = ' ~ o ~ o  E ob[9,;  

(6) ~a,b+a = (3b,a) -1 ", > a + o b + o a  + = ( a + ( b + a ) )  + < > "doE(-b) E ~; 

(7) ~a,b = (~b,a) -1 ", ',, "bo E o a  o c  o a  o E o b o d l g l  = id91; 

(8) ~ a , b = ~ a , b + a  ,', > " ~ o ~ d o E o b o d o E o ~ d o d ] ~ l  = i d o l ;  
(9) 3 a , b ~ A u t ( E , + )  ,~ ',, Y X  e ~ , 3 X '  e ~ :  X ' o E o ' ~ o ' f f o E o b o E o X o  

b o E o ~ o ~ 1 ~  I = idol. 

6 Point-reflections related to a web and the negative map of the corresponding 
loop 

In this section let W = (ff~, ~l ,  ~2, ~3) be a web, then ( ~ ,  ~1, ~3), respectively 
( J ' ,  92, 93) is a net and 92, respectively ~l can be considered as a chain-set. There- 
fore for A c 92, respectively A c ~1 we define (according to (2.3)) the map 
,4 : ~ ~ ff~; x w-> [[x]i n A]j n [[x]j n A]i with {i, j} = {1,3}, respectively 
{i, j} e {2, 3}. 

We call a pair (0, cr) c ~ x $3 ($3 denotes the symmetric group of three ele- 
ments) a f rame o f  reference and the bijection 

--+ [0]~(3) x [01~(3); x ~ ([xla(I) n [0]cr(3), [x]a(2) N [01a(3)) 

the corresponding coordinatizationfunction. In order to simplify our considerations 
we discuss only the case cr = id and E := [0]3. Then ~ = EE2E = {x[]y I x ,  y c 

E} and x, y are the coordinates of the point x[~y. 

For each q 6 ~ and for each a E $3 we define now a permutation of the line 
[q]a(3) fixing the point q by 

qa" [q]a(3) ---> [q]~(3); x ~ [[[x]~(2) N [q]a(l)]a(3) n [q]~r(2)]a(l) N [q]cr(3) 

which we will call a turn of [q]~(3) about q. 

Remark. W is hexagonal with respect to q if and only if q,r o qc~ = id. 
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Now we extend the turn qo to a permutation of ~ via (2.8). In order to answer 
the question whether ~-~ c Au t (~ ,  9~, (3)) we need the following bend-configuration 

with respect to a point q c ~ and a permutation a c $3' 

BE(q;  or) Let c~ ~ $3, Ti @ $3 \ A3 with r i ( l )  ---- i (hence rl = (23), r2 = (12), 

"r 3 = (13)), 

and let 

rcr(i)q(p) :=  [[[p]~(i) N [q]oo~i(2)]~o~i(3) N [q]~(i)]~ori(2 ) n [q]aori(3). 

We say that the bend-configuration closes if for all p ~ ~ :  

N 
ic11,2,31 

[0]~ 
/ [0]3  

P 

rl (p 
[0]2 

FIGURE 2. BE(0; id) 

(6.1) (Character izat ion Theorem) For q e ~ and cr E $3 the following state- 
ments are equivalent." 

(1) ~-~ 6 a u t ( ~ ,  9a(3)); 
(2) The bend-configuration BE(q; a )  with respect to q and cr closes. 

Proof  We may assume a = id, q = 0, E = [0]3. We set ri :=  rio (i e {1, 2, 3}). 
Let A 6 93, a E E such that aDO 6 A and A' :=  [0id(aVl0)]3 = [0id(a)F]0]3. For 
all p :=  xl Dx2 with x l, x2 ~ E, we have by definition 0id (p) = [rl (p)] l N [r2 (P)]2 
a n d p  6 A ,', ,~ r3(p) r A'. Then0id(A) 6 93 ', ',, 0 i d ( A )  = A' ,', ',, V p  = 
x lDx2  e A:  [r l (p)] l  ffl [r2(P)]2 E A' :=  [r3(P)]3. [] 

(6.2) Let q E ~ ,  ~ ~ $3, o) E A3, r r $3 \ A3, then we have." 

(1) I f r  o cr(l) = cr(2), then qa o qro~ =- id[q]~o~ and-o-~ o qro~ = id; 
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(2) If~-~ E A u t ( ~ ,  ~,r(3)), then qoJocr = ~ and qrocr = qcr I (i.e. i f  the bend- 
configuration with respect to q closes for  one permutation cro E $3 then it 
closes for  all permutations cr ~ $3); 

(3) lf~--~ ~ A u t ( ~ ,  ~r(3)) and q~ o q~ = id, then ~ ~ Aut(ff ~, ~c,(l), ~r(2), 

~a(3)) A J. In this case we call ~ the point-reflection in q related to the web. 

Proof 
(1): Without loss of  generality we may assume q = 0 and cr = id. One verifies by 
the definition of turn that for each x 6 [0]3: : 0id o 0(12)(x) = x and this implies 

0ict o 0(12) = id. 

p,  

/ 

/ / ~ / ~ 2  Y2 

! 

X 1 

FIG1 IRE 3. 

(2): We may assume 09 = (123). Then Fig.2 shows that Oid = 0(123) is equivalent to 
the fact that the bend-configuration with respect to 0 and ~r = id closes. Therefore 
by (6.1) and (1) the statements of  (2) are valid. [] 

Now l e t 0  6 ~ be fixed, E := [0]3, ( E , + )  := W ~ and N := C(v)  = 
{xl--l(-x) I x 6 E} (cf. (4.2)). Then N c C by v 6 Sym E and we can state: 

(6.3) The following statements (1), (2), (3) are equivalent: 

(1) v 6 Aut(E, +) ;  
(2) The bend-configuration BE(0; id) with respect to 0 and ~r = id closes; 

(3) V = 0i--d E A u t ( ~ ,  ~3). 

Under the assumption E ~ Aut(~, ~3) also (1), (2), (3) and (4) are equivalent." 

(4) ~3 C N • U {N}. 

Proof 
"(1) .', '.. (2)": The map E • E ~ ~ ,  (a, b) w-~ p := bD(a + b) is a bijection 
and we have rl (p) = ( - b ) D 0  = v(b)DO, r2(p) = - ( a  + b) = v(a + b), r3(p) = 
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O[2(-a)  = O[-]v(a). v ( a ) + v ( b )  = [v (a)N[v(b)] l ]2NE = [[ r3(P)]3N[r l (P)] l ]2N 
E hence v(a) + v(b) = v(a + b) ,', ',, [r2(p)]2 9 [r3(P)]3 n [ r l (P)] l .  

"(2) ,', ',, (3)": cf. (6.1). 

E 

FIGURE 4. 

Now let ffS e Au t (~ ,  ~3). Then g = ffS o/V by (5.1, (4)) and (5.1, (1)), and 

so: g e Au t (~ ,  ~3) < ~" N �9 Aut (~ ,  ~3). Clearly (4) =~ N �9 Au t (~ ,  ~3). 

Now l e t N  ~ A u t ( ~ , ~ 3 )  a n d X  = ff �9 ~3. T h e n 0 D x ,  ( - x ) [ ]O �9 X,  hence 

.~(013x) = E o 5(0[~x) = ff; '(0D(-x)) = ( -x ) [~0  �9 N(X)  �9 ~3 and so X = 
[(-x)[-q0]3 = /V(X) ,  i.e. ~3 C N • U {N}. [] 

Remark. Theorem (4.6) of [2] proves that the loop corresponding to a 3-web sat- 
isfying the Bol condition, such that the bend-configuration closes, satisfies the au- 
tomorphic inverse property. Theorem (6.3) proves the equivalence between the au- 
tomorphic inverse property in a loop (not necessary a Bol loop) corresponding to a 
3-web and the closure of the bend-configuration. 

From (4.2, (3)) and (6.3) we obtain the result: 

Theorem 6.4. (E, +)  is a K-loop if  and only i f  ~3 is symmetric and the bend- 
configuration BE(0; id) with respect to 0 and cr = id closes. 
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