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Abstract. The defect function [introduced in Karzel and Marchi (Results
Math 47:305-326, 2005)] of an invariant reflection structure (P,I) is
strictly connected to the precession maps of the corresponding K-loop
(P, +), therefore it permits a classification of such structures with respect
to the algebraic properties of their K-loop. In the ordinary case (i.e.
when the K-loop is not a group) we define, by means of products of
three involutions, four different families of blocks denoted, respectively,
by L&, L,Ba, B (cf. Sect. 4) so that we can provide the reflection struc-
ture with some appropriate incidence structure. On the other hand we
consider in (P,+) two types of centralizers and recognize a strong con-
nection between them and the aforesaid blocks: actually we prove that
all the blocks of (P,I) can be represented as left cosets of suitable cen-
tralizers of the loop (P,+) (Theorem 6.1). Finally we give necessary and
sufficient conditions in order that the incidence structures (P, Lg) and
(P, L) become linear spaces (cf. Theorem 8.6).
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Introduction

In this paper we start from the abstract situation of an invariant reflection
structure (P, T) in the sense of [2]. Then for any two elements a,b € P there is

exactly one permutation a,b € I C SymP interchanging a and b (if a = b we
set @ := a,a) and so we can also define the defect functions

p: PP — SymP;(a,b,¢) > pape = d@cob,coa,b
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and
§: P® — SymP;(a,b,c) — Sasb,c =00 Pasp.c

which allow us to split the invariant reflection structures, in the same way as
the absolute geometries (cf. [8]), into two classes: the singular and the ordinary
ones, characterized, respectively, by the property that § is constant or not.

In the singular case one can prove that the set ol :={aof|a,f €I} isa
commutative regular subgroup of SymP (cf. (3.6.1)).

Firstly we collect some basic properties introducing the defect functions, in
connection with the theory of K-loops (cf. Sects. 1-3). From Sect. 4 on, we will
focus on the ordinary invariant reflection structures only. We define different
kinds of blocks in the reflection structure (cf. Sect. 4), in view of construct-
ing suitable incidence geometries admitting the original set of involutions as
a regular set of automorphisms (cf. Proposition 4.5). Moreover, we prove (cf.
Theorem 6.1) that all the blocks of (P, I) can be represented as left cosets of
suitable centralizers of the associated K-loop (P, +). In the main Theorem 8.6
conditions on reflection structures and their corresponding K-loops are sum-
marized, which yield linear spaces.

1. Notations and properties of reflection structures

Let P # 0 be aset and I C J := {0 € SymP | 0% = id}, then we call the
pair (P, I) an involution set and denote by G :=(I) and D:=(Iol) the
subgroups of SymP generated by I and [ oI, respectively.

For a,b € P,a, 3 € G we define a,b := {t € I | 1(a) = b}, a:=a,a and
a=f: & IyeG:yoa=LFo~. An involution set (P, I) is called a reflec-
tion structure when it is regular, i.e. if Ya,b € P : |a,~b| =1, and invariant if
Vaoel:aqoloa=1.

Proposition 1.1. For a reflection structure (P,I) and for any a,b,c,...,p € P
and o, 8 € 1, the following properties hold true:

(1) a,b= b,a and the function

~: (]23) — I;{a,b} — a,b

18 surjective.

(2) If ¢ = a,Nb (c) then c:b = c’,vc’; in particular, if e € Fix aA,/b then € = c;vb
and if a,b+# c,d then Fix (c;,vboc,wd) = 0.

(3) a€ Fiz a ifand only if a =a. Hence P:={% |z c P} ={¢ |
Fiz € # 0} and furthermore P := {T := Fix ¥ | x € P} forms a partition
of P. Moreover, if (P,I) is invariant then 07(;) =aopoa, furthermore

o(Fix p) = Fix o?@),oz(Fim B) = Fiz(aofoa). Finally, if a,b€ Fix ¢
then a,b (Fix ¢) = Fix C.
(4) Ifid €I then: (i) If a#id: Fizx a=0, (i) p=id for all p € P, (i)

ifa#b: Fiz a,b=10.
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(5) Iol is fized point free and any pair (P, aol) is a regular and fixed point
free permutation set.

Proof. (3). The first part is clear. Let (P, ) be invariant, then aopoa € I
and a o po a(a(p)) = a(p), therefore aopoa = a(p). Moreover, z €
a (Fix p) <= a(x) € Fiz p < p (a(z)) = a(x) <= aopoa(r) = x <
x € Fiz (aopoa)= Fir a(p).

Finally, a,b € Fiz ¢ implies @ = b = ¢ and so a,b (Fiz ¢) = cz/b (Fiz a) =
FixaA,/b(a):FixngimE. O
Remark 1.2. As a consequence of (1.1.3), in an invariant reflection structure
(P,I), if |Fiz a| =1 for some a € P then, for all p € P,|Fiz p| = 1, i.e.
p=A{r}

We observe that in a general involution set (P, I), each element « € I defines
a partition of P in 1- and 2-sets {{z,a(x)} | * € P}. Therefore a permutation
o € SymP is an automorphism of the involution set (P,I) if and only if it
preserves the collection of all these partitions, which means that, for any o € I,
the set {{o(z),0(a(2))} | @ € P} = {{o(2),(00aco™l)(o(x))} |z € P} =
{{y,(coaocot)(y)} | y € P} has to be again such a partition, i.e. there has
tobea el withcoaoo ! =3,

Consequently, the normalizer N := N(I) := {0 € SymP |coloo~! =T} of
I in SymP coincides with the automorphism group Aut(P, I) of the involution
set.

Proposition 1.3. If (P, 1) is an invariant reflection structure then I C G C N
and D <G.

Proposition 1.4. For an invariant reflection structure (P, T) the following prop-
erties hold:

(1) Vo € Aut(P,I),Va,b € P : o(a),o(b) = o o a,b o 7! and o(a) =
coaool.

(2) Va,be,d€ P:aboc,doab= (c?,’b(c),ci’b(d)).

(3) If~: P — I;pr pisinjective, v € JN(I), z € P with Fiz(z,vy(x)) # 0
and if m € Fiz(x,v(x)) then yv(m) = m.

Proof. The first two statements follow from the invariance of I and (1.1.2)

since (coa,boo1)(a(b)) = o(a).

(3). By assumption m = z,v(z) hence m(z) = v(z) and m(y(z)) = =.

Since vy € J , v(m)(y(x)) = yomoy~L(y(x))

—

yom(z) =~*(x) =z and we
obtain m = ~y(m) by the regularity of I, hence v(m) =m by our assumption
of injectivity. O

A permutation p € D = (I o I) will be called a rotation if Fiz p # ). Let
D, :={pe€ D | Fiz p # 0} be the set of all rotations. By (1.3) D,, C N.
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2. The defect function

If (P, 1) is a reflection structure, following [3] (where the definition is slightly
different from the original one given in [5]), we call the map

§: PP — SymP;(a,b,c) = Sap.e :=Goa,cob,coa,b

the defect of (P, I). Since dqp,c € D and a € Fiz(0g;p.c), 0ab,c iS a rotation.

The defect ¢ of an invariant reflection structure (P, I) has the following prop-
erties (cf. also [5], (3.2), (3.8.2), (3.8.3), (3.8.5)):

Proposition 2.1. Let a,b,c,d € P and 0 € N = Aut(P, ), then:

(1) g o §a b,c © o= 50’(11 ;0(b),0(c)s ; Zf b= N(b)a = 5,\6(6) then 5a;b,c =
o, a05oblcloo a.

(2) bap,e = a,cocob,coa,b =acobcoboa,b=a,cobcoaboa,
G0 0g:b,c = Oabc © Q.

(3) 6a;c,d o 6a;b,c © 5a;d,b =a,do 5d;b,c oa,d.

asb,c = id.

_ -1 _ ~ ~
(5) 5a;c,b - (5a;b,c) =a,co 5c;b,a ca,c.

Proof. (1) and (2) follow, respectively, from (1.4.1) and (1.4.2), and the defini-
tion of 4.
(3). By (2) we obtain

5a;c,d © 6a;b,c © 5a;d,b:a;d o ¢d o aco acobcoaboabobdd
od o a,d
= a,d o ¢,d o b,c o byd o d o a,d

=a,d o dd;b,c © a,d.
(4) is immediate if a = b or a = ¢ ; if b = ¢, by (1.4.2) we have:
dapp = @ 0 a,b ob o a,b = a oa =id.

(5), (6). We set in (3) d = b, or, respectively, ¢ = a, and obtain by (4):

Oaie,b © Ogip,c = a,boa,b=1id, or, respectively, 4.4 = a, a,do Od:ba © G, a,d. O

Proposition 2.2. § satisfies the following “addition property’:

Ya,b,c,d € P with 6b;c,d =1id: 5a;c,d o 6a;b,c = 5a;b,d-

Proof. By (2.1.6), with dp;c,q = id also 4, = id and so (2.2) is a consequence
of (2.1.3) and (2.1.5). O

With respect to the defect one can split the invariant reflection structures into
two classes:

(P, 1) is called singular if §(P3) = {id} and ordinary if §(P3) # {id}.
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3. Loop derivation

We recall (cf. e.g. [2]) that, given an invariant reflection structure (P, I), after
fixing an element o € P we can define a loop-operation

+:PxP—P; (a,b)—a+b:=0,a00(b).

So (P,+) is a loop with o as neutral element, and denoting by —a the right
opposite of an element a € P, one has —a = 0 o o,a(o) = 0(a), hence
0= —a,a.

Note that, fixing another element o' € P as base point, we obtain, by the
regularity and the invariance of the reflection structure, an isomorphic loop
(P,+").

Moreover, considering the map a™ : P — P ; x + a*(2) := a + x, for any
a € P, we see that a™ =o0,a00 and get immediately:

Pt :={at|a€eP}=I06CD.
From the definition of +, it follows by (1.3, 1.4):

Proposition 3.1. If (P,+) is the loop derived (in a point o € P) from the
invariant reflection structure (P,I) then P+ C Aut(P,I)= N(I) and

Aut(P,+) = {o € Aut(P,I) | 0(0) = o} C Aut(P,I)
hence, for any o € Aut(P,+) and a € P we have : (0(a))t =coaToo™1,
(For a detailed proof, cf., e.g. [7, Sec.7]).

In a loop (P, +) the precession map d,p := ((a+b)*)"toat ob™, for a,b € P,
such that for any z € P: a+ (b+x) = (a+b) + dap(x) (cf. e.g. [9]), gives the
deviation of the loop-operation from associativity.

We recall some algebraic properties of the loop associated to an invariant
reflection structure.

A loop (P, +) is called a K-loop, or Bruck loop if it satisfies one of the following

equivalent conditions:

(K1) Va,be P:atobtoa®™ = (a+ (b+a))" (Bol condition) and if v : P —
Pz — —x,v € Aut(P,+).
(K2) Va,b € P:6ap = dapra = datvp € Aut(P,+) and v € Aut(P, +).

Moreover, for a K-loop it holds:
VYa,be P:(a") ' =(—a)", a+(—a+b)=b and a—b=0b & a=0b+b.

In fact, since by (Ky), 2b — b = (2b)T(=b) = bT c 0T 0 bT(—b) = b, we get :
b=a—-b=2b—-b < a =20

The relationship between invariant reflection structures and K-loops is clarified
by the following proposition (cf. [2]):
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Proposition 3.2. The loop (P,+) derived from an invariant reflection structure
(P, I) is a K-loop.

Conversely, if (P,+) is a K-loop, denoting for any p € P, by p° := pTov and
by P° :={p° | p € P}, then (P, P°) is an invariant reflection structure.
Between the d-functions (rotations images of the defect) of an invariant reflec-

tion structure (P, I') and the d-functions (precession maps) of the K-loop (P, +)
derived from (P, I) in a point o there is the following connection:

Proposition 3.3. Let a,b € P then it holds:

(1) bap =00i—batt and if b=c—a then 6o.qp = Oc,—q-
(2) Gape=a" 00 _g4e, a—po(at)L.
(3) a+b=0apo © Oboa (b+a), equivalently Jq.0p(a—+b) = dp.oq(b+ a).

Proof. The proof of (1) can be obtained directly from (4.4.1) of [5].

(2). Since o,a(x) = a —x for any x € P, by (2.1.1) we have 045, = 0,a0
Sora—b.a—c©0,a=0a" 00y _aip—ateo (aT)7! for 6(x) = —x, and this is equal,
by part (1), to a* 0 644—p 0 (a™)™! with —a + ¢ = d + (a — b). Finally, using
(K3) we are done.

(3) is an easy consequence of (2.1.2). O

Let (P,+) be a loop. Every n € Z defines a map
n :P—P;x—n-z:=nr:=(a")"(0o).

The loop (P, +) is called n-divisible, or divisible by n when n = is surjective,
and uniquely n-divisible when n " is bijective.

A K-loop (P, +) is left power alternative (cf. [9]), that is, (na)™ = (a™)™ for all
a € P,n€Z hence na+ma= (at)"o(at)™(0) = (aT)"*™)(0) = (n+m)a
for all a € P,n,m € Z, that is, P is left associative.

So we can state the following proposition:

Proposition 3.4. Let (P,+) be a K-loop and a € P, then Za := {na | n € Z}
is a cyclic subgroup of the loop (P,+).

The order of the cyclic group Za is called the order of the loop element a.
Let us consider again an invariant reflection structure (P,I) and the associ-
ated K-loop (P,+). It turns out that id € I if and only if the loop (P, +) has
exponent 2, that is, each a € P\{o} has order 2.

For a € P let {a} := (2" )7!(a) = {z € P| x + = = a} be the preimage of a
with respect to the map 2" ; then:

Proposition 3.5. Let id ¢ I and a € P* := P\{o}. Then:
(1) {a} = Fiz o,a.

(2) a=o,2a.
(3) {2a} = Fix a.
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Proof.

(1) By (1.1.2) and (1.1.4), € Fixzo,a implies T = 0, a # id which is equiv-

alent to a = ( ); then, by (1.4.2): a = Z(0o) = x,000 0 x,0(0) =
xt (o) =2t (z) =2+ 2 =2z.

(2) By (1.4.2) 2a = at oat(0) = 0,a0000,a(0) = a(o) and then @ = o, 2a.

(3) 2 € {2a}’ means x 4+ x = 2a which is equivalent, by (1) and (2), to 2z =

a(o), i.e. Z(0) = a(o) and by the regularity: © = a and so Fiz T = Fiz a.

0

An invariant reflection structure (P, I) such that Vo € I : |Fiza| =1 is called
invariant point reflection structure. This implies, by (1.1.3) and (1.1.4), I = P
and id ¢ I , while the converse is not true. Furthermore (by the regularity of
the set I on P), the condition |Fiza| = 1 for all a € P is equivalent to the
existence, for any x,y € P, of a unique @’ € P such that a = z,y and this, in
turn, is equivalent to saying that, for any a € P there is a unique a’ € P such
that o’ = o0,a, i.e. by (3.5), 2a’ = a. This implies 2a # o for any a € P*, i.e.
{o}' = {id}.

Thus (P, I) is an invariant point reflection structure if and only if the corre-
sponding K-loop is uniquely 2-divisible.

According to (3.2) there is a one to one correspondence between invariant
reflection structures and K-loops where the singular ones correspond with the
commutative groups. More precisely we have:

Proposition 3.6. Let (P,I) be an invariant reflection structure and (P,+) the
corresponding derived K-loop.

1. The following statements are equivalent:
1) 6(P3?) =id.
2) ToPolICI.
3) IololICI.
4) Tol is a commutative regular subgroup of Sym(P).
5) Va,be P:atobt =(a+0b)"
6) (P,+) is a commutative group, isomorphic to I o I.
II.  The following statements are equivalent and a consequence of the state-
ments of I:
(1) Ya,b,c € P: 5a;b,c = §c;b,a-
(2) IToPolIC.J.
(3) Va,be P:atobt =bToa™.

Proof. 1. See, e.g. [1].
IL (1) =(2): Let o,y € I, be P, a = a(b) and ¢ := y(b). Then a = a,b ,
—bcand6abc—a CO’yOboa—écba—a COOzObo'yhenceOcObO'yEJ

(2) = (3): at obt = (0;a0000,b)00 = (0,bod00,a)00=btoat.
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(3) = (1): From
6a;o,b = C;;/b o o, 1

0,b o 0o o0a = abob" oat o0
=b,a oat obT 00 = dhoa
we obtain like above dq.ct, = 0pic,o for all a,b,c € P.

Furthermore the statements of II are a consequence of the statements of I
since, e.g. 1.2 implies I1.2. O

4. Blocks and three reflection axioms in (P, I)
In this and in the following sections, let (P, I) be an ordinary invariant reflec-
tion structure with id ¢ I.
We consider the following three reflection axioms, for i € {0,1,2,3}:

Vo, a9, a3 € T with |[{h € {1,2,3} | Fiz ap, £ 0} > i : (R;)

aroazsoaz € J = ajoazoasé€ l.
Furthermore:
Va,b,c€ P :Gobocec J« aoboceP; (Rs)
and
Va,b,c€ P : baodoaceJ<=abobobceJ. (R

We observe:
Proposition 4.1. (Rg) = (R1) = (R2) = (R3); (R1) = (R/) and,
if Yag,az,a3 €1 Fiz(agoagsoaz)#0 then (R3) < (Ras).
Proof If b,aodoa,c € J then by a € Fiz @ and b,acdoa 1,¢(c) = b, (Ry)

1mphebbaoaoa c-bcandsmceb—ab( )1mphebb—aboaoa b we
have a,bobob,c=aoa,bobc=acelCJ.

The last statement is a direct consequence of (1.1.3). 0

We define the following types of blocks, for all a,b € P with a # b:

o ab—{x€P|aboa0a$€J} ﬁG—{x?J \{xy}E()}

o ab.={a:€P|aboaoaxel}andﬁ.z{xy|{a:y}€(P)}

o —{m€P|aObox€J}anng—{xy\{xy}e()}
e ab:={zrcP|doboicP}andB:= {m|{x,y}€(2)}

Then
Proposition 4.2. For all a,b € P with a # b:
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(1444) {E(a)|c€ a,b} C a,bN a,bla).
Proof.

(1) ByIcJ, a,b Ca,b andsince a,bodoa a,z(x) =b wehave: z € a,b <
abodoaz=bx <:>zd—bzoaboaoaz—5xab(by(212))
Hence a,b —{xeP\éwab—zd} Now by (2.1.5) followsab—ba
and by (2.1.4), a,b € a,b. Slncea(b)—aOboa(by(142)) (b) b=a
(by (1.1.2)) and a(b),a = a(b),a(a) = a o b,aod (by (1.4.1)) , we have:

Sa(b)iap = (@oboa)oaoaboaoaboa=aoboboa=id Hence

a(b),b(a) € a, b.

%ogoﬁiﬁ s bodoFe€bodgoPodaob=0P (by (1.1.3))
< z €b,a.

have only to prove a,bC a,b. Let x €a,b hence a, 1,b o d o a,r € J.

Since b = czvl)()impliesgz c;vboaoa,bwehave&'o?;OE:
aoabO(aoa boa,x)o aoca,x = (aoa,boa,xr)o a,b cacaoca,r=
azoabo aoaboawePby(lli’))

3) @1 LethabandyEabthenaoboc aOboxEJaOboyEP
and by (1.4.1) ( )=CoZToc. Henceaoboc( )_aobocoxoc—
CObOaO,CL'OC_COanObOC_COxOCObOa,_

'ci(/)Oboaejle c(x )Gab Slncea0boy—y0boa€P
(:)yo(yoboa)oy—boaoyepweobtam a0boc()

Gobotojoc=co(boaof)oceP, ie &y) €a,b.
(il) We have a o boceJa,bla)=band a,é(a) =¢ hence a,b(a) o

a o aTE\/M) —bodoceJ, ie ¢la) €a,bla).
(iii)  is a consequence of (i) and (ii).
U

Between the blocks of L, Ly, £ and Bg, B we can find the following relations
that descend directly from the definitions and Proposition 4.2:

Proposition 4.3. Consider the sets of blocks Lg, L4, L and Bg, B, then:
(1) YVLeLdl'eLg : LCL' and YVBeB3dB € B : BC B
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(2) If (Rg) is satisfied then B = Bg.
(3) If (Ra) is satisfied then L, C L and B = Bg.
(4) If (Rq) is satisfied then L, C L = Lg, i.e. for all {a,b} € (123) ra,b=a,b.

For the blocks of B and B we can prove the following:
Proposition 4.4. Let a,b € P with a #b, then:

(1) z€a,b = FizrzC a,b andZ(b) € a,b
(2) a.b =aab) < ba(b)

(3) z€ab = Fiz%Cabandi(b)€a,b
(4) @b =a.a(b) Cb,a(b)

bod(b)oZ=bodobodoi=bodoZoaobeJ. Hence a,b C b,a(b). O

Finally, considering the action of the automorphism group of (P, I) on the sets
of blocks, from (1.4) we obtain:

Proposition 4.5. For any 0 € N = Aut(P,I) and for any {a,b} € (123) :

(1) o(a,b)=0c(a),o(b): hence N C Aut(P, Lg).

(2) o(a,b) =0(a),o(b): hence N C Aut(P, L).

(3) o(ab)= a(a),a(b) hence N C Aut(P, By).

(4) o(a,b) = o(a),o(b): hence N C Aut(P,B).

(5) Moreover, if o€ P and c:=0,a(b) then .c'z,.,'5=5,\6('b',"c'), a,b=0,a(0,¢),

a,b =o0,a(0,¢) and a,b=o0,a(0,c).

x € P\{a}} or B(a):={a,z|x € P\{a}}.

Then £ = U{L(a) | a € P} is covered by the bundle set {L(a) | a € P}.
In the same way, Lo = U{Lg(a) | a« € P},B = |J{B(a) | a € P} and
Be = U{Bg(a) | a € P}. By (4.5.5) we see that the set I of involutions acts
transitively on each set of bundles of the same type.
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5. Centralizers

Now let 0 € P be fixed, let P* := P\{o} and let (P, +) be the K-loop derived
from (P,I) in o. On P* we consider two binary relations and two types of
centralizers:

B = {(a,b) € (P")* | a* o b7 =" 0 a*} ={(a,b) € (P")* | 0, © & o o,be ]},
B:={(a,b) € (P)* |a* o b" € P*} = {(a,b) € (P")* | 5,a © & o o,b€ I};
and for a € P*:

[aly ={rePlatoaxt =atoa"} andlet F, :={[p|. | pe€ P*},
la] :={z € P|atoxt € Pt} andlet F:={[p]| p€ P*}.

Proposition 5.1. Let a € P* such that 2a # o and o € Aut(P,+); then:

0, [a] Cla]y, 0%[a]+)=[0(a)]+ and o([a]) = [o(a)]-

(2) la]y = [-aly = —[d]y , [a] = [-a] = —[a].

(3) VneN:n-a]l+ Clal+ and n-[a] C [a].

(4) Vzelay:z+([ay +x)=[as, Voela]:z+ (o] +2) = [d].
(5) a+la] = [a] = [a] +a.

(6) 2[aly Clal, [a]y € [24] ; 2a +[a]y = [a]y and 2a+ [a] = [a]

(1) Since at =0,a00,
x E€la)ly <= 0,40000,L00=10,20000,400 < 0,40000,T €

x € [a] <:> Jy € P withat oz™ =yt ie. 0,a0000,z =0,y 1
<< T €o,a. .

Now, let z € [a], hence a* ozt =dt =0,doo < atoxt 0o =0,a000
07 =0,d=0,70000,a=atoat0o=atoxt =ztoat <z € [d,.
Finally, by (3.1) we obtain : = € [a] & at ozt = (a+2)" &
cgoat oo togoaztoo ™t =(o(a)to(o(z)T =co(a+a)t oo™t =
(o(a+2z))" = (0(a)+0(x))" & o(x) € [0(a)], ie. o([a]) = [o(a)]; fur-
thermore = € [a] & aToxT =2t oat & ooat oo logort oo™t =
(o(@)* o (0(@)* = (o(@)* o (o(a)*, Le. o(laly) = [o(a)]s.

(2) InaK-loop x €la]ly ©atoxt =azToat e ato(at) ™t =(a") o
zt S arto(—a)t =(—a)T ozt & e—a;.

Letd:=a+xthen:z € [a] & aToz™ = (a+2)T =dt & 2To(—a)T =
zto(af) = (a")tod o (a*)" = (—a)F od o (—a)" € P* (by
(K1) © z € [—a].

(3) Let z € [a]y. By definition (nz)™ = (z7)" and so (nz)Toa™ = (z7)"0
at =ato(zt)" =at o (nz)t | ie nx € la];. If z € [a] and n = 2m
then (nz)toat = ((z+)™)%0a™ = (z7)moato(zt)™ € P (by (Ky)),
ie. nz € [a]; if n =2m +1 then (nz)" o at = (z7)™o (zT 0a™)o
(xt)™ = (mx)T o (x +a)T o (mz)T € P thus also here nz € [a].
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(4) Let z,y € [a]l4 then by (K1) (z+ (y+x))Toat =zt oyt oatoa® =

at ozt oytoxt =ato(x+ (y+x))*. Hence =+ ([a]+ + ) C [a]4.
By (2) we have —zx € [a]4+ and by the previous considerations, z :=
—2+(y—=x) € [a]y. Since 2T = (z7) Loyt o(zT)™t and z+(2+2) =
(x+(z+2) (o) =2T 0zt oxT(0) wehave z+ (z+2)=y"(0) =y
showing [a]y C =+ ([a]+ + ).
Now let z,y € [a], then aTo(z+ (y+ )T =aToaxt oyt oaxt =
ztoatoytoat =ato(a+y)toat =(@+ ((a+y)+2)t € PF
hence z + ([a] + x) C [a]. This time z:= —z + (y — x) € [a] implying
y=x+ (z+x) €x+ ([a] +z) hence [a] C x4+ ([a] + ).

(5) Let z € [a] , i.e. at ox™ = (a+ x)*. Then firstly : (a+2)t oat =
atozrToa™ = (a+(z+a))* and this means a+z € [a] hence a+[a] C [a]
and secondly a™o(z+a)t =aToxtoa’ = (a+(z+a))*,ie. z+a € [a]
hence [a] 4+ a C [a]. Now let b € [a] and 2 € P be the solution of
a+x=at(x) =0, then by (2), z = (a¥)"'(b) = —a+b€ —a+a] =
—a+ [—a] € [—a] = [a], thus a + [a] = [a]. Finally, [a] + a C [a] and
a+[a] = [a] and by (4) [a] = a+ ([a] +a) C a+ [a] = [a] thus
[a] + a = [a].

(6) Let z € [a]y then, by (Kj) firstly (22)T ca™ = 2t oz 0oa™ =
ztoatoxt = (z+(a+x))t € Pt ie. 2z € [a] , secondly (2a)T ozt =
atoatozt =at ozt oa®™ =(a+ (v +a))" € Pt ie. z€[2a], and
thirdly 2a+z = (2a)T oz (0) = (a+ (z+a))*(0) = a+ (x+a) hence
(2a+x)T = atoxtoa™. Therefore ato(2a+z)* =ato(aToxtoat) =
atoxtoatoa™ = (2a+z)toa™, ie. 2a+[a]y Clal; andso [a]; =
2a+(—2a+[al+) = 2a+(—2a+[—a]+) C 2a+[—al+) = 2a+][a]+ C [a]4.
From (5) we obtain 2a+[a] = (2a)"([a]) = at oa™t([a]) = at([a]) = [a].

U
Proposition 5.2. For a,b € P* : (a,b) € 3 <= aTobt = (a+b)T <+
§a,b =1id — (a, b) S ﬁg.
Proof. a™ o b¥(0) = a*(b) = a+b = (a +b)"(0) thus a™ o b+ € P implies
at ob™ = (a+b)" which is equivalent to d, = id and furthermore implies,
as in the proof of (5.1.1), a* o bT =bT oa™ | ie. (a,b) € fg. O
For A C P we define A’ := (2" )71 (A) = {x € P|2x € A} and A" :=
(2°)71(24) = {z € P |2z € 2A}.
Besides the sets of centralizers F, and F, we consider F/ : = {([2a]{)" |
a€ P*} and F':={[2d] | a € P*}.
Then (5.1) has the following supplements:

Proposition 5.3. Let (P, I) be such that 2z # o for any x € P*, let a € P* and
A C P; then:

1) ACA «— 24CA.
(2) 2[a] € 2[aly € [a] € [a]4 € [20] € [2a)4 C [2a]" C ([2a]4)".

(3) [2a] =0;a C o,a = ([2a]4+)" hence F' = B(o) and F' = Bg(o).
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(4) belaly+ = aec(20)].
(5) 2[2a) C 2([2a]+) C [2da] C([2a]+)" hence 20,a C 20,a C o,a

i.e. 0,a C o,a C (o,a).

Proof.

(2) Except for [2a] C [2a]’ all inclusions follow by (5.1.6) and (5.1.1). Let
€ [2a)+ hence z70(2a)" = (2a)Tox™ and so by (K1) (22)To(2a)t =
ztoxto(2a)t =2t o(2a)T ozt € PT, ie. (2z) € [2d],ie. x € [2d].

(3) By (3.5.2) @ = 0,2a, therefore: € 6)d = 4,6 < aoooZ € J &

P& (20)T o (22)t € Poo = Pt & 22 € [2a] & z € [2a] and the
inclusion is stated in (2).

(4) b € [a]+ implies bt oat =atT obT andso at o (2b)" =at obt obt =
bt oat ob™ € PT, ie. a € [2b)].

(5) Let z € ([2a]+) = 0,a (cf. (3)) hence 0oa@ox € J. Since by (3.5.2),
=02z andso (ToooX)(2z) =2z, wehave 22 =T 000X hence

0oao2r=o0oaoxoooxr=2xoaol € P, ie. 2x €0,a=[2a].

Proposition 5.4. Let A C P then:

(1) A ={Fizo,alac A} and AC A" =|J{Fiza|ac A}
(2) ForaeP, if a#o0#2a then ([2a]1) =0 a = (0;a)” = (([2a]+)")"
and [2a)' =0;a = (0,a)" = ([2a])".

Proof.

(1) is a direct consequence of (3.5.1) and (3.5.3) since A” = (24)".

bodoFfeJandz €20 =0,a< 60doF e P. Therefore, by
(1), (1.1.2) and (5.3.2), (([2a]+))" =U {Fizz | =z € ([2a]4+)} =U

{Fizz | ocaoz e Jt=0/a and ([24f')" =U {Fizz | z €
20} = {FixZ | 0ooaoZ e P}=0,a.

O

6. Representation of blocks by centralizers

As we have seen in (5.1.1) and (5.3.3), there is a strict relation between the
different kinds of blocks through a fixed point o of the invariant reflection
structure (P, I) and the centralizers of the corresponding K-loop derivation in
o. With the following Theorem we show that all the blocks of (P,I) can be
represented as left cosets of suitable centralizers of the loop (P, +):
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Theorem 6.1. Let a,b € P,a # b and ¢ := a — b then:
(1) a,b= a+[dy = a+[—a+bl,, hence Lo = {z+[y]s |z € P, y € P*}
and Lg(a) =a+ Fy.

(2) ab = a+]] = a+][-a+b = b+][-b+a = bya, hence
L:{x+[y]\l€ P, ye P*} and L(a)=a+ F. -

(3) ab = a+ 06,6 = a+([2dy) = b+ ([2(=b+a)ly) = b,a, hence
Be = {z+ ([2y]+) |33€P y € P*} and Bg(a) =a+ F.

(4) = a+0,¢ = a+[2d = b+[2(-b+a)]’ = bya, hence B

a
{x+[2y]’|x€P, yeP*} and B = a+F.

Proof. By the definition of +,0,a = at00 (cf. Sect. 3) hence ¢ = 0,a(b) = a—b

—c = —a+b and so by (4.5.5), (5.1.2) and (5.1.1), a,b= at 00 (0,¢) =

a*oa([c}+):a+[c]+ =a+[-dy, a,b=a+]|d]=a+[-c, while by
(4.5.5), (4.2.3) and (5.3.3), a,b = a* 006 (6,¢) = a*(6,¢) = a+ ([24)". The
same holds for a,b. O

If a loop (P,+) is provided with a structure ¥ we call (P, +,%) a X-loop if
Pt C Aut(P,Y). By (4.5) we have:

Proposition 6.2. If ¥ is one of the structures Lg, Ly, L or Bg,B defined in
Sect. 3 then (P,+,X) is a X-loop.

7. Ternary equivalence relations

An involution set (P, I) is called a point reflection set if we claim :
Vpe P : |p|=1and Fizp= {p}. (p)
Then P:={p|pe P} C I.

Now let (P, I) be a point reflection set . Let us define on the set P the ternary
relations

o kg:=1{(a,bc)c P3| aobocGJ} and
e w:={(a,bc)c P? | Goboce P}.

Remark: k C k¢.

We recall (cf. [6]) that a ternary relation p C P3 is called ternary equivalence
relation if Va,b,c,d € P the following conditions are satisfied:

(tl) (Teﬂea:ivity) ((L, a, b)7 (017 b) a)7 (a/a b7 b) €p
(t2) (symmetry) if (a,b,c) € p then (b,a,c) (c b,a) € p and
(t3) (transitiwvity) if a # b and (a,b, ¢), (a,b,d) € p then (b,c,d) € p

If p is a ternary equivalence relation on a set P then any two distinct elements
a,b € P determine an equivalence class |a,b| :== {z € P | (a,b,x) € p}. So,
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defining the set R of all ternary equivalence classes determined by p, we can
state:

Proposition 7.1. (P,%R) is a linear space.

Proof. The proof can be obtained directly by comparing the definition of a
ternary equivalence relation and the definition of a linear (or incidence) space
(cf, e.g. [8, Sec. 1]). O

A point reflection set (P,I) may obey the general three reflection aziom (cf.
8], p. 115 (18.8)):

Ya,b,x,y,z € P, with a #b and EOEOE, Gobo 7,
GobozeJ: Fogoze P, (DS)
or one of its alterations:
(DS) Ya,b,xz,y € Pwitha#b and EOEOE, ZioEoﬂ €J: §ogzog €J.
(DS”) Va,b,x,y € Pwitha #b and aoboZ, aoboy € P : boxoy € P.
We see immediately that (DS) implies (DS’) and (DS").
Proposition 7.2. Let (P,I) be a point reflection set; then
e kg is a ternary equivalence relation if and only if (P,I) satisfies (DS').

e K is a ternary equivalence relation if and only if (P,I) is invariant and
satisfies (DS").

The point reflection set (P,I) is called exchange point reflection set if (P,I)
satisfies (DS).

Proposition 7.3. If (P,I) is an exchange point reflection set then:

(1) Va,b,ce P witha#b and GoboC€E€J : GoboC€E P (hence kK = kg).
(2) (P, P) is an invariant point reflection set.
(3) The relation kg =Kk is a lernary equivalence relation.

Now we consider an invariant reflection structure (P, ) and define the follow-
ing ternary relations on the point set P:

o ={(a,b,¢c) € P3 |a,bobob,ce J} and
o :={(a,b,c) € P3| a,bobob,cecI}.

Clearly 0 C 0g,0q and o are reflexive, ¢ is symmetric and o¢g is symmetric
if, and only if, (P,I) satisfies (R’) (cf. (4.2.1)).

Moreover, if o¢ is transitive then it is immediate to see that it is also symmet-
ric, hence a ternary equivalence relation, and L is the set of the corresponding

ternary equivalence classes since og = {(a,b,x) € P3| x €b,a}. Similarly, if
o is transitive then £ is the set of the corresponding ternary equivalence
classes since o = {(a,b,r) € P? |z € b,a}. Therefore by (7.1):




H. Karzel, M. Marchi and S. Pianta J. Geom.

Proposition 7.4. (P, L¢), respectively, (P, L), is a linear space if and only if
oq, respectively, o, is a ternary equivalence relation on P.

From (1.1.3) we obtain (recall p = Fizp and P = {p | p € P}):

Proposition 7.5. Let (P, I) be an invariant reflection structure then:

(1) Yael, Vpe P : alp)=a(p) and so @ : P — ?;ﬁﬁ — «(p) is a
permutation of P (hence @ € Sym P) in particular if |P| > 2 and a € P
then a is an involution of P with Fiz a = {a}.

(2) For P:={p | p e P} the pair (P, P) is an invariant point reflection
set.

If (P, 1) is an invariant reflection structure then (P, P) is called the correspond-
ing point reflection set and we can define, as observed before, the following
ternary relations:

fig:={(@hbe)eP |doboce J} and

%= {(@bc)eP |dobocel}

These are well defined since by (1.1.3) © =7 <= v € u. By (44.1) and
(4.4.2),if B € Bg, or B€B,and x € B then T C B. Therefore we set
B:={Z|x€B} and B:={B | Be€ B} and Bg :={B | B € Bg}; thus
we can formulate the theorem:

Proposition 7.6. Let (P, I) be an invariant reflection structure and assume that

oq, respectively, o, is a ternary equivalence relation on P. Then, if (P, ]3) 1s
the corresponding point reflection set, it holds:

(1) ®g, respectively, &, is a ternary equivalence relation on P.

(2) Bg, respectively, B, is the set of equivalence classes with respect to the
ternary equivalence relation g, respectively, &.

(3) (P,Bg), respectively (P, B), is a linear space and, for any o € I, the map

a: E — P ; p~ alp) is an automorphism of (P,Bg), respectively, of
(P.B).

(4) (P, P) is an invariant point reflection set satisfying (DS'), respectively
(DS").

Proof. By definition and (7.5.2) the relations g and % are reflexive and sym-
metric. It remains the transitivity. Let a,b,c,d € P such that @ # b and
(a,b,¢), (@,b,d) € Rg, or, respectively, € &, hence a o bo ¢, aobo d¢€ J,
or, respectively, € I. By (1.1.2), @ = a(b),b then we obtain @ o boC =
a(b),bobob,&(b) € J, or resp. € I, and so (a(b), b, &(b)), (a(b),b,d(b)) € o, or
resp. € 0. Now, @ # b implies a(b) # b and so the transitivity of o, or resp. o,

forces (b,¢(b),d(b)) € og, or resp. € o, and the symmetry, (¢(b),b,d(d)) € oq,

or resp. € 0. Consequently, Cobod= ¢(b),b o bo b, c?(b) € J, orresp. € I,
ie. (¢,b,d) € Rg, or resp. € k.
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The remaining parts follow from the definitions of Bg and B, and from (7.1)
and (7.2). O

Finally we remark that an invariant reflection structure (P, I) and the cor-
responding point reflection set (P, ﬁ) coincide if, and only if (P,I) is an
invariant point reflection structure (i.e. Voo € I : |Fiza| = 1) and, by (1.1.2)
and (4.2.2), we have the following

Proposition 7.7. Let (P, I) be an exchange invariant point reflection structure
(i.e. the general three reflection aziom (DS) is fulfilled) then Va,b € P,a # b:

a,b=a,bC a,b= a,b. Furthermore (R3) and (R3) are fulfilled.

8. Exchange conditions for centralizers

In this section let (P, I) be an invariant reflection structure, let o € P be fixed,
let P* := P\{o} and let (P, +) be the K-loop derived from (P, I) in o.
We will consider the following ezchange conditions (cf. [10] for (E) and (Ek)):

(Eg) Ya,be P* if befaly then [b]4 = [al+
(E) Va,beP* if bela] then [b] = [a]
(Ex) Va,bce P* if §4p =g, =id then & . =id

The first two exchange conditions, expressed in terms of the two kinds of cen-
tralizers introduced in Sect. 5, have also their counterpart in terms of the
corresponding binary relations 8¢ and [ (introduced in Sect. 5 too), further-
more, by (5.2), (Ex) is an equivalent version of (E) in terms of the J-functions
of the loop (P, +) (the equivalence of these two conditions was also shown in
[10]). So we can state:

Proposition 8.1. The binary relation (g, respectively, 3, is an equivalence
relation if and only if (Eqg), respectively, (E), is satisfied; moreover the
exchange conditions (E) and (Eg) are equivalent.

Proposition 8.2. For the K-loop (P,+) derived in a point o € P from the
invariant reflection structure (P, I), the following hold:

(1) If (P,+) satisfies (E) then for all a € P*, ([a],+) is a commutative sub-
group of (P,+) (c¢f. [10]) and F is the set of all equivalence classes of
the relation 3. Moreover [a]+ = [a] for all a € P* such that 2a # o.

(2) If (P,+) satisfies (Eg) then for all a € P*, 2[a]+ + [a]+ = [a]+ and Fy
is the set of all equivalence classes of the relation B¢ .

Proof.

(1) Let b € [a],b # o then by (E) and (5.15.1.5), b+ [a] = b+ [b] = [b] =
[a] hence [a] + [a] C [a] and by (5.1.2) —[a] = [—a] = [a]. Now if
x,y,z € [a] and z # o then y € [z], i.e. since [a] C [a]4 by (5.1.1),
x“‘oy‘*‘:(m—i—y)*‘ yToxt = (y+x)" hence z+y=y+z and
r4+ (y+z2) =zt oy (2) = (x+y)*(2) = (r +y) + 2. Thus ([a],+) isa
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commutative subgroup of (P,+). If 2a # o then by (E), [a] = [2a] and
hence, by (5.3.2), [a] C [aly. C [2a] = [a], L.e. [a]y = [a].

(2) Let z € [a]4\{o} then [z]; = [a]; and by (5.1.6), 2z + [a]; =
2z + [z]4 = [z]+ = [al+.

O

A loop (P, +) is called an exchange loop if the exchange condition (E) is satis-
fied. From (8.2.1) we obtain, for an exchange K-loop with 2a # o for all a € P*,
that [a]+ = [a], for all a € P*, hence also the condition (E¢) is satisfied.

If (P, I) is an invariant point reflection structure (hence I = P), then we recall
that the corresponding K-loop (P, +) (derived in any fixed point o) is uniquely
2-divisible and, in particular, 2a # o for all a # o.

So, we can state:

Proposition 8.3. If (P, I) is an invariant point reflection structure satisfying
the exchange condition (Eg) then Ve € P*: ([2¢]4) = [c]+ and this implies

(¢f. (6.1)) Va,be P, witha#b, a,b = a,b.

Proof. By (5.3.2), [c]+ C ([2¢]+)" and 2¢ € [c]4; then by (Eg), [2¢]+ = [c]+ and
by definition of ([2¢]+)’,z € ([2¢]+) < 22 € [2¢]+ = [¢]+. Hence if z € ([2¢]4+)’
and z # o then = € [2z]4 = [2¢]+ = [c]+, Le. ([2¢]4) = [c]+. O
As a consequence, we see that in the case of an invariant point reflection
structure the general three reflection axioms (DS), (DS’), (DS”) introduced

in Sect. 7 may be compared with the three reflection axioms (R;) and (Rs)
introduced in Sect. 4. In fact we have the following results.

Proposition 8.4. Let (P,I) be an invariant point reflection structure. Then,

between the three reflection awioms (Rs) and (Rg), the general three refiec-
tion azioms (DS), (DS’), (DS”) and the exchange conditions (Eg), (E) the
following connections hold:

(1) (DS) = (Rs) © (Ra).
(2) (DS') < (Eg).
(3) (DS") = (E).

In particular, (DS"”) = (DS’) since (E)= (Eg).
Proof.

(1) Since I = P the statements (Rs) and (R3) are the same. Let Go bo ¢ €
J. Ifa—bthenaObOC—CEP Ifa;ébthenaOboa aObOb—a
together with @ o boce J, imply by (DS),a o boc¢e P =1 Hence
(DS) = (R3)

(2) (in the same way 3) First assume (DS) and let a,b,z € P* with
anda;ﬁb Henceby(351)and(352) 0,4 © 0 © ob—a ©0 o b’
0,6 © 0 o o,xr=a o o0 o z' € Janda# b, and so by (DS’),
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Goboael = obodooz=booo0urecl= x € [b]+.
Therefore (DS’) = (Eg).
Now we assume (E¢g). For a,b,x,y € P with a # b and ¢ := a — b we
have by (4.2.2) and (8.3):

a+[cy (cf. (6.1.3)) <= —a+z €[]y < —b+x€]c]+. There-
fore @ o b o 7€J and @ o b o FeE J implies by (*)
—b+z,-b+y€[ds. fx=y then boio Q:ge I C J. Hence,
suppose x # y , so we may assume —b+ x # o. Then by (E¢),—b+y €
[t =[-b+ 2]+ 2;5 o oy e Jshowing (Eg) = (DSY).

O

By (8.3) and (8.4), we can improve the first part of Proposition (7.7) by the
following

Proposition 8.5. Let (P, I) be an exchange invariant point reflection structure
(i.e. the general three reflection aziom (DS) is fulfilled) then Va,b € P,a # b:

Finally we can prove the main Theorem:

Theorem 8.6. Let o and o be the ternary relations defined for (P,I) on P
according to Sect. 7, let B and [ be the binary relations defined for (P,+)
on P* according to Sect. 5 and let L, L be the sets of blocks defined in P
according to Sect. 4. Then:

(1)  The following conditions are equivalent:
e 0 1S a ternary equivalence relation,
e (¢ is a binary equivalence relation,
e the exchange condition (Eq) is fulfilled,
o (P, Lg) is a linear space.
(2) The following conditions are equivalent:
e 0 s a ternary equivalence relation,
0B is a binary equivalence relation,
the exchange condition (E) is fulfilled,
(P, L) is a linear space.

Proof.

(1) We already remarked (see Sect. 7) that the ternary relation og is
reflexive by definition and that its symmetry is a consequence of the
transitivity. Moreover, since Bg = {(a,b) € (P*)? |0,a 00 oo0,b € J}
is trivially reflexive and symmetric, in order to prove the equivalence of
the first two statements we have only to prove that the transitive prop-
erty holds for (g if anc/lv only if it holds for og. In fact, by definition
oa = {(a,b,¢c) € PP | a,bobob,c € J}, then (a,z) € B¢ if and only
if (a,0,z) € 0g, so (a,b),(b,c) € Bg implies (a,c) € B¢ if and only if
(a,0,b) and (b,0,c) € o¢ implies (a,0,c¢) € og. Now, if we consider any
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triple (z,p,y) € P? and define 2’ := o0, p(z) and y' := 0, p(y), from (1.4.1)
we deduce that (x,p,y) € o¢ if and only if (2/,0,y’) € o¢ and this com-
pletes the proof.

By (8.1) B¢ is an equivalence relation if and only if the exchange condi-
tion (E¢) is satisfied, and this proves the equivalence of the second and
third sentence.

Finally, by (7.4) also the equivalence between the first and the last state-
ment is valid.

(2) In this case the proof of the equivalence of the first two sentences is like

as in the previous case and even shorter since the relation ¢ is automat-
ically symmetric. For the equivalence of the second and third statement

we refer to (8.1) and, for the equivalence of the first and the last one, to
(7.4).

O

We conclude by remarking that if (P, &, =, ) is an ordinary absolute geometry
and P := {p| p € P} is the set of all point reflections then (cf. [4]):

The pair (P, }3) is an exchange invariant point reflection structure (cf.
Sects. 3 and 7), so that x = {(a,b,¢) € P3 |aoboé € P} is a ternary
equivalence relation and & is the set of all equivalence classes of k.

If (P,+) is the K-loop obtained by fixing a point o € P and setting
a+b=1a 00o(b), where a’ denotes the midpoint of o and a, then (P, +)
is an exchange uniquely 2-divisible K-loop and the set of lines & can be
written in the form & = {a + [b] | a,b € P, b # o}. In particular, if

a,b € P with a # b then a,b =a,b= a,b = a,b = a+[b—a] is the unique
line of & joining the points a and b.
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