(© Birkh#user Verlag, Basel, 1998
Aequationes Math. 56 (1998) 243-250 - .
0001-9054/98/030243-8 $1.50+0.20/0 | Aequationes Mathematicae

On isomorphisms of Grassmann spaces

ALEXANDER KREUZER

Summary. In this paper an embedding ¢ : P — P’ of a projective space (P, £) into a projective
plane (P’, £’) is constructed which satisfies |L N ¢ (P)| > 2 for every line L € £’. Such an
embedding induces a bijection 3 : £ — £’ which maps intersecting lines onto intersecting lines,
but not vice versa. This answers an open question about Grassmann spaces.
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1. Introduction

Let (P, £) denote a projective space with points P and lines £, and with dim P > 3.
Then £ is the point set of the corresponding Grassmann space (of index 1). A line
of the Grassmann space is the set of all lines of (P, £) which are contained in a
plane of P and containing a common point of P. Hence two points L,G € £ of
the corresponding Grassmann space lie on a line, if the following binary relation

L~GaLNG#D (1)

is satisfied. See [4] or [7] for an axiomatic approach for Grassmann spaces and [1]
for the Pliicker space, the classical example of a Grassmann space. Any collineation
and, if dim P = 3, any duality of (P, £) induces an isomorphism of the correspond-
ing Grassmann space, i.e., a bijection which preserves ~ in both directions. W. L.
Chow [3] has shown that conversely any isomorphism of the Grassmann space £
is induced by a collineation or a duality of (P, £) for dim P € N. W. Huang has
generalized in [7] Chow’s Theorem for Grassmann spaces of an arbitrary index:
Any bijection g of £ for which ” L ~ G” implies ”3 (L) ~ 3 (G)” is an isomorphism
of £. With that result W. Huang answers partly the following question: Let (£, ~)
and (£, ~') be two Grassmann spaces. The question is, if a bijection

B:8—&  with “L ~G = B(L) ~ B(G)’ (2)

is an isomorphism, i.e., (L) ~' B(G) implies L ~ G. In a paper of Brauner |2, Satz
2] this property is claimed, but H. Havlicek [6] pointed out a gap in the proof of that
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result. He proves in Theorem 1 of [6] that for projective spaces (P, £), (P’, £'),
a bijection 8 : £ — £’ which maps intersecting lines onto intersecting lines is
for dim P > 4 induced by an embedding ¢ : P — P’ or for dim P = 3 by an
embedding of P in P’ or in the dual space of P’.

An embedding ¢ : P — P’ of a linear space (P, £) into a linear space (P, £’)
is an injective mapping which maps lines of £ exactly into subsets of lines of £/,
i.e., ¢ maps collinear points into collinear points and non collinear points into non
collinear points. An embedding ¢ : P — P’ of two projective spaces (P, £),(P’, £’)
which induces a bijection 3 : £ — £’ must have the property that every line L € £’
contains the images ¢(G) of a line G € £, i.e.,

ILN@(P)| >2 foreveryline L € £. (3)

If ¢ is surjective, then ¢ is a collineation and hence dim P = dim P’. Therefore if
dim P > dim P’, then ¢ is not surjective.

In this paper we construct an embedding ¢ : P — P’ of a projective space
(P,£) with dim P > 3 into a projective plane (P’,£’) with the property (3).
Clearly (3) implies |L N ¢(P)| # 1 (property (G) of [9]). By Theorem (2.6) of
[9], for every embedding ¢ : M — M’ of linear spaces (M, 9M), (M', ') satisfying
dim M > dim M’ and property (G), there exist subspaces P C M and P’ C M’
satisfying dim P > dim P’ = 2 such that ¢|p is an embedding of P in the plane
P’. Hence we may restrict ourselves to construct an embedding into a projective
plane (P’, £').

The embedding ¢ : P — P’ is induced by an embedding f of a vector space
(V,K) in a 3-dimensional vector space (L3, L). We construct f in the following
way:

We start with a trivial embedding fy of a 3—dimensional vector space (Lg, Lg)
for a proper field extension Lq of the field K. Step by step for ¢ = 0,1,... we
extend the vector space V; to V;41 with dimV;y; > dimV; and simultaneous
the field L; to L;;+1 which is also a field extension of K with L; C L;41. Also
fi:Vi— L? is extended to the embedding f;4+1 : Vi1 — L§+1. With V.= | V;

i€N
and L := |J L; we obtain the wanted embedding f : V' — L3. In step I of
ieN
section 2 thg basic construction for one induction step is given and in step II the
whole induction step is explained. In step III then f:V — L3 is defined.

2. Embedding

In this section we give an example of an embedding ¢ : P — P’ of a Pappian
projective space (P, £) into a Pappian projective plane (P’,£’) satisfying that
|G N@(P)| > 2 for every line G € £'. For that we construct a mapping f of a
vector space (V, K) into a vector space (L3, L) for a suitable extension field L of
a commutative field K.
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We recall that the subspaces of the vector spaces (V, K) with dimension 1 and 2,
respectively, define the points P and lines £, respectively, of the projective spaces
(P,£) = PG(V,K), and that points g = Ko, ...,z, = Kr, are independent in
(P, £) if and only if the vectors rg,...,r, are linearly independent in (V, K) (cf.
[8]). Hence three points a = Ka,b = Kb,c = K¢ are non collinear if and only if
rank (a,b,c) = 3.

Let L; denote a field. For any 2-dimensional subspace E of (L?, L;) and any
subset W C L3 we denote with

dim’ (ENW) (4)

the dimension of the subspace of (L3, L;), which is generated by ENW. (We mean
the dimension relative to the vector space in which F is a subspace.)

First we mention some easy properties of vector spaces (L3, L;) and (F3, F)
for a field extension F' of the field L;, which we use in the following frequently.

Lemma 2.1. 1. For any vectors a,b,¢c € L? it holds that a,b,c are linearly

independent in (L?,Li) if and only if a,b, ¢ are linearly independent in (F3,F).
2. For a 2-dimensional subspace E of (L3,L;), E' := FE + FE is the unique

determined 2-dimensional vector subspace of (F3, F) which is generated by E.

Proof. 1. If a,b, ¢ are linearly dependent in (L?, L;), then clearly also in (F3, F).
If a, b, ¢ are linearly dependent in (F3, F), then also in (L3, L;), since else it would
follow that Lf’ C U for a proper at most 2-dimensional vector subspace U of F3
which is generated by a, b, ¢ .

2. For a,b € E with E = L;a+ L;b it follows that FE+ FE = FL;a+ FL;b =
Fa+ Fb. O

In the following for any ¢ € N, L; is a field extension of a given field K, (L?, L;)
the 3—-dimensional vector space over L; and let (V;, K) be a vector space with a
basis B;. Assume that
fi: Vi L3 (5)
is an injective mapping satisfying the following two properties:
(o) For \,p € K and a,b € Vi, fi(Aa+ ub) = Afi(a) + wfi(b).
(6) For a,b,c € V;, a,b,c are linearly independent in (V;, K) only if f;(a), fi(b),
fi(c) are linearly independent in (L3, L;).
Havlicek calls a mapping f satisfying («) a weak semilinear mapping (cf. [5]).
We denote by

¢ :={ECL}:dim E=2and dim’' (EN fi(V;)) =1} and (6)
§i={ECL}:dim E=2and dim’ (EN fi(V;)) =0} (7)

the set of all two-dimensional subspaces E of (L3, L;) for which the line E of
the projective space PG(L?, L;) contains only one point of the via f; embedded
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projective space PG(V;, K), or for which the line F contains no point of the
embedded projective space PG(V;, K), respectively. Furthermore let

@i = @i U S:z (8)

Now let i € N for the next two steps be fixed.

I. In a first step we choose and define for some fixed F € &;:

r€(Enfi(V;), ie, Kx=FEn fi{(Vi) for E€ ¢

.{anyxéE* for F € §;

neE\Lqx, ie,y¢ fi(V;) and E = Lir + Lin.

o L} := L;(t) , the extension field of L; for a transcendental or algebraic element

t over L;, with degree at least three, i.e., L? is a subset of (L})3.

(V/, K), a vector space with the basis B/} := B,U{b} with b ¢ V;, ie. V; C V/

is a proper subspace.

For the subspace E of (L3, L;) we denote by

E':=L/E+L,E the subspace of ((L})3, L}) generated by E. (9)

Every vector a € V;/ has the unique representation a = v + Ab with v € V; and
M\ € K. We map b to tr + t2y and define the following mapping:

FLVI— (L% =04 20 e fi(@) = filo) £ A(+ %) (10)

Lemma 2.2. The mapping f] satisfies the properties () and (8) and it holds
that dim” (E' N f/(V])) =2 for E € & and dim’ (E' N f/(V})) > 1 for E € §;.

Proof. (i). Since f; satisfies («), by definition also f] satisfies ().

Let u,v,10 € V;. First we show that u+ b, v, are linearly independent in
(Vi, K) if and only if f/(u+1b), f/(v), f/(w) are linearly independent in ((L;)?’, L).

(ii). Since b ¢ V; and u,v,t0 € V;, u+ b, 0,10 are linearly independent iff v, ro
are linearly independent, i.e, iff o' := f/(v) = f;i(v),w’ = f/(to) = fi(t0) are
linearly independent in (L3, L;), since f; satisfies (3).

(iif). Clearly f!/(u+ b) = w'+tr+t%y,v’, w0’ are linearly dependent in ((L;)g, L)
iff det(uw + tx + t2y, 0/, w0’) = det(w', v, 0’) + tdet(x, v, w0’) + t2det(y,v’,w’) = 0.
Since w', 1,9, v’, 1w’ € L3 and since ¢ has degree at least 3 over L;, the last equation
is equivalent to det(u',v’,w’) = 0, det(r,v’,w’) = 0, and det(y,v’,w’) = 0, i.e.,
', v’ 1w’ and ¢, v/, ', and y, v’, ', respectively, are linearly dependent in (Lf’, L;).

Assume that v',w’ are linearly independent, then r,y € L;v’ + L;w’, ie.,
E=Lj+ Liy= Ly + L;iw’ and v, 1’ € EN f;(V;), a contradiction to dim’ (E N
fi(Vi)) < 1. Hence det(u' + tx + t2y,v’, ') = 0 iff v/, 1’ are linearly dependent,
i.e. by (ii), iff u+ b, v, 1o are linearly dependent in (V;, K).

Now let @ = u+ Ab,b = v+ pb,c = w+vb € V/ with u,0,0 € V; and
A, v € K. Let b := f/(b),u := f/(u),v" := fl(v),w’ := f/(r0). We have to show
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that f/(a) =u + Ab', f/(b) = v’ + ub’, f/(¢) = w’ + vb’ are linearly independent in
((L;)?’, L) if and only if a,b, ¢ are linearly independent in (V;, K):

(iv). Since f; satisfies (3), we can assume that A # 0 or p # 0 or v # 0.
Let A # 0. Then rank (' + \b’, v’ + pb’,w’ + vb’) = rank (A\~1u/ 4 b/, Ao’ —
pu' A’ —ou’)  with  Av” — g’ = fi (Ao — pu), A’ — v’ = fi(Aro —vu) € f;(V).
By (iii) it follows that A= u' + b/, Ao’ — p/, Ao’ — v/ are linearly independent in
((L;)3, L)) iff A~ Mu4-b, Ao — g, Ao — vu are linearly independent in (V;, K). Since
rank (A~ u+4 b, Av — g, Ao — vu) = rank (u+ \b, v + pb, w + vb) = rank (a, b, ¢),
the assertion follows.

(v). Because E' = Lix+ Ly, it follows f/(b) = tx +t>n € (E'n f/(V})),
hence dim’ (E’ N fiv/ )) > 1. Since r,y are linearly independent in (L?,Li) and
by 2.1 also in ((L’)3 L}), rank (tr + t%y,1) = rank (y,r) = 2. If E € &, then
r,tr+t2y € E' N f/(V;) and hence dim’ (E' N f/(V})) = 2. O

II. In a second step we choose and define for every F € &;:
te € (ENfi(Vi)", ie., Kxp=EN fi(Vi) for E € €
.{any;EeE* for F € §;
e € E\ Ligp, ie, vp & fi(Vi) and E = Litp + Livg.
Ly := L;(T) the extension field of L; with an independent set T' = {tg : E €
®,} of transcendental or algebraic elements tg over L; such that degree s over
L;(T \ {s}) is at least three for every s € T.
(Vig1, K), a vector space with a basis 8,41 := B, U {bg : E € 6,;} with
bp ¢ Vi, ie. V; C Vjq1 is a proper subspace.

For every subspace E € &, of (Lf’, L;) we denote with
E:=L;1E the by E generated subspace of ((Li+1)3, Lit1). (11)

Every vector a € V41 has the unique representation a = v+ . Agbg with
Ec®;
v €V;, A\g € K and Ag # 0 only for finitely many £ € &;. We map bg to

tetg + 12 9g and define the following mapping:

‘/1,+1 (L1,+1)
fit1iq a=v+ > Apbp o~ firi(a):=fi(o) + X Ap(tzre +139E)
Eec®; Ec®; (12)

Lemma 2.3. The mapping fi+1 satisfies the properties (o ) and (). It holds that
dim’ (Eﬂ fi+1(Vig1)) = 2 for every E € €; and dim’ (Eﬂ fir1(Vig1)) = 1 for
every B € §;. - = fi.

Proof. (i). Since f; satisfies (o), by definition also f; 41 satisfies («).
(ii). Let a,b,¢ € Vj41. Then there exist a finite number n € N and vectors
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b1,...,b, € %i+1 \%z with

a:u+2)\jbj, b=U+Zujbj, c:m+Zijj
j=1 j=1 =1

for u,0,w € V; and Aj, pu,,v; € K. Since f; satibﬁes B, u, tl w are linearly
independent in (V;, K) iff v’ := fi11(u) = fi(u),0’ := fiy (tl) = fit1(0) are
linearly independent in (L2 '+ 15 Lit1). Let denote b’; := fl+1(b i) Now by induction
for k =1,...,n, we obtain by 2.2 that

k k
u+ Z Ajbj, o+ Zujbj, o + Z v;jb; are linearly independent iff

k k
o+ Z Ajbh, o+ Z b, '+ Z v;b};  are linearly independent.
, =
Hence we summarize that a, b, ¢ are linearly independent if and only if f;11(a),
fix1(0), fi+1(c) are linearly mdependent ie., (B) is satisfied.
(iii). Because E = L; 41t + Liy19, it follows fir1(bg) =tpre +t30p € (E N
ferl( z+1)) hence dim’ (Emferl( erl)) >1.IfE € ¢;, then FEvtEFE"_tE YE €

(E N fi+1(Vi41)) and hence dim’ (E N fix1( l+1)) 2 (cf. Lemma 2.2).
(iv). By definition of f;y1, i = fi a

ITI. Now in a third step we obtain the wanted result with the following
induction.
Let Lo be a proper extension field of K, Vp := K2 and

fo 1 Vo— L, v = (x0,21,22) — fo(r) =1 = (x0,1,72). (13)

Obviously fy satisfies (a), (8) and since K C Lo, €y := {E C L : dim E = 2 and
dim’ (BN fo(Vo)) < 1} # 0.

Using the second step (cf. Lemma 2.3), we construct for i =0,1,2,...:
e an extension field L;y1 of L;,
e a vector space (V;41, K) with the proper subspace V; C V;11
e and a mapping fi+1 : Vi1 — L?Jrl satisfying () and (3) with dim’ (E N
fi+1(Vig1)) = 2 for every E € €; and dim’ (E N fix1(Vig1)) > 1 for every
E €3
We define
Uwv 1= L (14)
1€N 1eN
Let for every a € V, ng := min{i € N: a € V;}. Then

f:V—=L3 a— f(a) = fn,(a) (15)
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is a mapping with the following properties:

Lemma 2.4. f is a mapping from the at least 4-dimensional vector space (V, K)
into the 3-dimensional vector space (L3, L) satisfying the properties (o) and (B).
For every subspace E C 'V with dim E = 2 it holds that dim’ (E N f(V)) =2.

Proof. Tt is easy to see that (V, K) is a vector space and L a field extension of K.
By the construction of V', clearly dim V > 4. For any a € V and every j € N with
J > ng we have by 2.3, f(a) := fn.(a) = f;(a).

For A\, u € K and a,b € V| there is a n = maz{nq,ne} € N with Aa+ ub € V,,,
hence f(Aa+ pb) = fr,(Aa+ ub) and («) is satisfied by Lemma 2.3.

Also for a,b,c € V, there is a k € N with a,b,¢c € V;. Again by Lemma 2.3,
a, b, ¢ are linearly independent iff f(a) = fx(a), f(b), f(c) are linearly independent.
Hence () is satisfied for f.

Now let E C L? be a 2-dimensional subspace and p, q € F linearly independent.
Then there exists an ¢ € N with p,q € L?, hence p,q € E; == EN L? and
E; is a subspace of L? with dim F; = 2. If dim’ (Ez N fi(Vi)) = 2, then also
dim’ (E N f(V)) = 2. If dim’ (Ez N fi(Vi)) = 1, then E; € €&;, and by Lemma
2.3 it follows for E; = Liy1E; = EN LY, that dim’ (B; N fir1(Vigr)) = 2,
hence also dim’ (E N f(V)) = 2. If dim’ (Ei N fz(Vl)) = 0, then E; € §; and
by Lemma 2.3 dim’ (E\z N fi+1(Vi41)) > 1. But then in the next induction step

dim’ (E; N fi42(Viso)) = 2 with E; = L1 B; = LipoB; = EN L3, hence also
dim’ (EN f(V)) =2 (cf. 2.1). O

Now Lemma 2.4 implies:

Theorem 2.5. For every commutative field K there exist a field extension L of K,
a projective space (P,£) = PG(V,K) and a Pappian projective plane (P',£') =
PG(L3, L) with an embedding ¢ : P — P’ satisfying |G N ¢(P)| > 2 for every
G e L. ¢ is not surjective.

Proof. We define with the above constructed field extension L of K
¢:P— P, Kars ¢(Ka):= Lf(a), (16)

then by («) and since K C L, ¢ is well defined and maps collinear points into
collinear points. By (), ¢ maps non collinear points on non collinear points,
hence ¢ is an embedding. For every 2-dimensional subspace E of L3, we have
dim’ (EN f(V)) = 2 by Lemma 2.4, and by (8), F := fTHEN f(V)) is a 2-
dimensional subspace of V. That means that the intersection of every line of P’
with ¢(P) contains at least two distinct points, hence it is the image of a line of P.
Since dim V' > 4 it follows that dim P > 3 and hence that ¢ is not a collineation,
i.e., ¢ is not surjective. U



250 A. KREUZER AEM

Theorem 2.6. For every commutative field K there exist a field extension L of K,
a projective space (P,£) = PG(V,K) and a Pappian projective plane (P',£') =
PG(L3, L) with a bijection 3 : £ — £ which maps any two distinct lines onto
intersecting lines. There exist in particular lines with an empty intersection which
are mapped under [ into intersecting lines.

Proof. Let ¢ : P — P’ be the embedding of Theorem 2.5, and let for a line G € £,
G denote the line of £ which is generated by ¢(G). We define

B:28— 8. GG, (17)

Since ¢ is an embedding, [ is injective, and since |L N ¢(P)| > 2, i.e., LN ¢(P) €
{#(G) : G € L} for every L € £, B is surjective. Because (P, 2’) is a projective

plane, for G1,Gg € £ every two lines Gl, Gg have a non empty intersection, and
because dim P’ > 3 there are lines G, G2 € £ with an empty intersection. O
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