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A characterization of Lorentz boosts

WALTER BENZ AND JENS SCHWAIGER

Summary. Suppose that X is a real inner product space of (finite or infinite) dimension at
least 2. The following result will be proved in this note. A bijection A # id of the space-time
Z = X & R is an orthochronous Lorentz boost if, and only if,

(i) There exists e 20 in X and 7: X — R\ {0} with

A <x, \/1—1——3:2> = <x + 7(x)e, \/1 + (z+ T(m)e)2>

for all x € X, and
(ii) {(v, w) = 0 implies ! (A(v), A(w)) = 0 for all v, w € Z where l(z1, z2) designates the Lorentz—
Minkowski distance of z1, 29 € Z.
Moreover, we characterize (general) Lorentz boosts by distance invariance and the behavior on
certain subspaces of Z.
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1. Introduction

Let X be a (finite- or infinite-dimensional) real inner product space, i.e., a real
vector space equipped with an inner product
0: X xX >R o(z,y) = zy,

satisfying zy = yx, x(y + 2) = zy + 2z, a(zy) = (ax)y for all z,y,2 € X, a € R,
and moreover, x2 = zx > 0 for all z # 0 in X. We assume that dim X > 2. Define
the vector space Z = X @ R consisting of all (z,7) with z € X and v € R. If
y = (¥,y0), 2z = (%, 20) are elements of Z, put

Yz :=YZ — Yoo, (1)

and observe 2120 = 2921, 21(22 + 23) = 2122 + 2123, a(2122) = (az1)2y for all
21,22,23 € Z and a € R. The Lorentz—Minkowski distance of y,z € Z is defined
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by
Wy, 2) = (y—2)° =T —2)?— (o — 20)*. (2)

The mapping A : Z — Z is called a Lorentz transformation of Z if, and only if,

Uy, z) = L(Ay),A(2))
holds true for all y,z € Z. Special Lorentz transformations are the so-called
Lorentz boosts. Suppose that p € X satisfies p> < 1, and k € R the equation
k*(1 — p?) = 1. Define A,(z) := (20p, zp) and
2
k+1
]{32

= (E—F (kzo + T 12p> D, k(2o —l—Ep))
for k # —1 and z = (%, 20) € Z. Moreover, put By, _1(2) := (Z, —2p). The Lorentz
boosts

By i(z) = z+ kA, (2) + Af,(z)

3)

72— Byi(z)
are bijective Lorentz transformations of Z, they are linear and they satisfy
By -Bpr=id (4)

with id (2) := z for all z € Z. The boost By, j is said to be orthochronous or proper
provided k > 0, i.e. k > 1, since k(1 —p?) = 1. If k < 0, ie. k < —1, B,y is
called improper. All Lorentz transformations A of Z are given by

A(z) = By (@ (2),20) + A0) ()

for all z = (Z,20) € Z where B, , is a Lorentz boost and w : X — X a linear and
orthogonal transformation of X. For these and many other informations in our
context and our notations, see the book [4].

2. A functional equation

We would like to show that proper Lorentz boosts A : Z — Z, X\ # id, satisfy the
following functional equation.
Find all f: Z — Z such that there exist e #0 in X and 7: X — R\ {0} with

f (:c, V1+ 502) = <x +7(z)e,\/ 1+ (z + T(I)B)Q) (6)

forallx € X.

In fact! Suppose that B, j is a Lorentz boost with & > 1. Observe p # 0,
because otherwise B, = id would hold true, in view of £ = 1 from k?(1—p?) = 1.
Put p =: ||p|le and

T(x) == klp||vV1+ 22+ (k- 1)ze
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Hence, by (3) and k?p? = k? — 1,
By (w14 22) = (24 7(@)e, bv/T+ 22 + lp|lae) .
Observe 7(x) # 0 for all z € X, because otherwise
Pr(+a?) = (MplVIF ) = (1 - Bae)® < (1 - Ka?
would hold true, in view of the inequality of Cauchy—Schwarz, i.e., by k2p? = k2—1,
(k* = 1)(1 +2?) < (1 — k)22,

But this is a contradiction, on account of k > 1. Moreover, applying the inequality
of Cauchy-Schwarz again, we get

EvV14 22+ k||pllee =k (\/ 1+ 22+ xp)
k(VIta? = lplliel]) = &k (VI+a? - Va?) > 0.

A:

Y

Notice, finally

A2 =14 (z47(x)e)’.

Remark. Suppose that B, ., k > 1, is a Lorentz boost, and define f : Z — Z by
f(Z) = prk(z)v z = (Ev ZO)?

for 2o = v/1+ %%, and by f(z) := z otherwise. Obviously, f is a bijection of Z, it
solves (6), but is not a Lorentz boost. So we need something more than a bijective
solution of (6), in order to characterize boosts. The further and, moreover, mild
requirement that f preserves distance 0 turns out to be sufficient for this purpose.

3. All bijective solutions preserving distance zero

We now are interested in all bijective solutions A of the functional equation (6) of
Section 2 satisfying
l(v,w) = 0= 1(A(v), A(w)) =0 (7)

for all v,w € Z.

Theorem 1. A bijection A #id of Z = X ® R is an orthochronous Lorentz boost,
if (7) holds true for allv,w € Z, and if there existse # 0 in X and 7 : X — R\ {0}

satisfying
A (m, V14 xQ) = <x + 7(x)e, \/1 + (z+ T(x)e)2> (8)

forallz € X.
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Proof. Because of Theorem 2 in Section 4.1 of the book [4], A must be of the form
Mz)=0-Bpi(w(Z),20)+d 9)

for all z = (%, 29) in Z whered € Z,p € X, k € R with k(1 —p?) = 1,0 # 0 € R,
and where w : X — X is supposed to be linear, orthogonal and bijective (see also
[5]). Observe dim Z > 3, because of dim X > 2. Theorem 2 ([4, Section 4.1]) was
proved under the stronger assumptions dim Z < oo and that A and A~! preserve
Lorentz—Minkowski distance 0 by A.D. Alexandrov (see [1, 2, 3]), however not
precisely in the form (9), but in the form A = o\ with

(v, w) = L(N (v), N (w))

for all v,w € Z.
1) We will show that it is sufficient to assume o > 0 in (9).
With ® =wo (—id|X) we obtain

—Bp i (w(2), 20) = Bpk (& (2), —20) = By, (Bo,—1 (&(2), 20)) -
Thus, by Theorem 1 of Section 4.1 in [4],
—Byi (w(2),20) = By s (W' (2),20) +d.

for all z € Z, where p2 < 1, k2(1 — p?) =1, d € R and where o’ : X — X is a
linear and orthogonal bijection. Accordingly, for o < 0, we get for all z € Z

A(z) = 0By (w(2)20) +d = o] (By po (' (2),20) +d ) +d
= lo| By (& (2),20) +

where d’ = |o|d + d.

2) k? must be # 1 in (9), and hence p # 0 because of k?(1 — p?) = 1.

Assume k? = 1 in (9). Take arbitrarily j € X with j2 = 1. Hence, by
Bp,k = BO,k and (8), (9)

(44 71+ G+ 7000 ) = 2G.vE)
=0- (w(j),k\/i) +d,
ie. j+7(j)e =ow(j) +d with d = (d,do), and
1+ (ow(i) +d)° = (kov3+ d0)2 .
This equation also holds true for —j instead of j. Hence ow(j Yd =0 forall j € X,
42 = 1. Since w is linear and bijective, this implies that dz = 0 for all 2 € X and

thus d = 0. Similarly,

(T(O)e, 1+ (T(O)e)2> =A0,1) =0 (0,k) + (d,do) ,
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i.e. with respect to the first components, 7(0)e = d = 0. But 7(x) # 0 for all
zecX.

3)d=0and o =1.

Take arbitrary ¢ € R and j € X with j2 = 1. With the abbreviations s := sinh ¢,
¢ := cosht and by (8), (9), we obtain

(421 (A DF) = A7 50,0
= o0-Bpi(sj,c)+d
where we put
At,§) == sw () + 7 (swil(j)) e.
Hence, by (3) and k%(1 — p?) =1, ie. (K*p?)/(k+1) =k — 1,
A(t,7) =d+ osj+ ockp + os(k — 1)J—Z2)p,
P (10)
1+ (A(t,)* = do + oskjp + ock.
Thus we obtain
L2
(do + oskjp + ock)® —1 = (E +o0sj+ockp+ os(k — 1)%1}) (%)
p
for all t € R and all j € X satisfying j2 = 1.
Choose, especially, j € pt == {z € X ‘ xp = 0}. Then (x) implies
(do + ock)®* — 1= (d+osj + ackp)2 , (11)
a formula which also holds true, if we replace j by —j. Hence, by j € p*,
0 = (d+ ockp)osj = osdj
for all + € R. Thus dj = 0 for all j € p*. Now (11) implies
&2+ 20ckdy =1+ d — o2 + 2ockdp
for all t € R, i.e. for all ¢ > 1. Hence dy = dp and d3 = 1 + 4> — o2. Observe

- d
w::d—p—];pEpJ‘ (12)

and wj = 0 for all j € p*, j2 = 1, since dj = 0. Hence w = 0, since otherwise
wj =0 for j = w/||w||. Thus, by (12),

_ d _
d=ap,a:= p—];,dozdp:ap2, (13)
and, moreover, by d3 = 1 + - o2,
2
—1
a?= 2 " (14)
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Looking again at formula (), but now under the restriction jp # 0, we get with
(13),

((ap2 + ack) + Uskjp)2 -1

. 2
= (((a +ock) + os(k — 1);—5) p+ O'Sj) .
This formula also holds true, if we replace j by —j. This yields
(ap? + ock)oskijp = (o + ock)os(k — 1)jp + (a + ock)ospj,
i.e. ap?cks = aosk, i.e., by t # 0,
a(l —p?) =0.

Hence a = 0, i.e. d = ap = 0, dy = ap? = 0. Thus d = 0, and, by (14), 02 = 1,
i.e. 0 = 1 since o > 0.
4) Up till now, we know that (9) has the form

A(z) = Byp1 (w(2), 20) (15)
with k2 # 1 and p # 0 (see 2), 3)). We would like to show that A must be
orthochronous. In order to be sure that A is orthochronous, we must prove k > 1
(see [4, Theorem 5, Chapter 4]). If we apply (10) for j € p* and ¢ = 0, we obtain,
by observing d =0, i.e. dg =0, and 0 = 1,

k=1\/1+[A00,/)] > 1.

Hence from k # 1,
k> 1. (16)

5) Put p =: ||p|| - b, by observing p # 0, and k =: cosht with ¢t > 0. Note that
t > 0 is uniquely determined by k. Also here we will apply the earlier notation

c:=cosht,s :=sinht.
Observe k2p? = k? — 1 = sinh®t = 2, i.e.
lp|l = tanh ¢, p = btanht.
From (15) we get

A (% \/H—332> = Byptanht,cosh ¢ (W(I)7 \/H—IQ> (17)
for all x € X; ie. A (m7 \/1+—x2) is given by
(w(x) + (s 1+22 4 (c— 1)w(x)b) bye/1+ 2%+ sw(m)b) ,
in view of (3). Hence, by (8),

w(z) + (w(x)b(c -D+v1+ ac?s) b=z+T1(x)e

w(@)bs + V1 + 22¢ = /1 + (z + 7(x)e)’.

(18)
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Without loss of generality we may assume e? = 1, since otherwise we would work
with
(@) =7(2) - |lell, €’ = e/lle]
instead of 7(z) and e. For x = 0 we obtain from (18) that sb = 7(0)e and that
c=+/147(0)?, ie.
e =" for 7(0) > 0 and e = —b for 7(0) < 0.
Again, without loss of generality, we may choose a special situation, namely e = b,

since otherwise we would work with

'(2) = —1(x),¢" = —e

instead of 7(x) and e. From (18) we get
w(x) —x=px)- e (19)
for all x € X with a suitable function p: X — R. If u(z) = 0 for all z € X, we
obtain the solution w = id from (19).
6) There is exactly one linear, orthogonal, bijective solution w # id of (19),

namely

w(x) =z —2(ze)e. (20)

Obviously, this w is linear and orthogonal. w # id follows from w(e) = —e. Since w
is involutorial, it must be bijective. Assume now that w’ # id is a linear, bijective
and orthogonal solution of (19). Then there exists r € X with «’(r) # r. From

2 = (o) (2) = 2% + 2u(w)ze + 3 (2),
we get p(x) = 0 or pu(z) = —2(we). By assumption, pu(r) # 0. Thus 0 # p(r) =
—2(re). Then, for arbitrary « € X, we have

zr =W (2)w'(r) = (z + p(x)e)(r — 2(re)e)

which, by re # 0 implies u(z) = —2(ze), i.e. W’ satisfies (20).

7) If we are able to show that w(z) = z for all z € X, i.e. that w = id, the
proof of the theorem will be finished. So assume that w of (17) (see also (15)) is
given by (20),

w(x) =z —2(ze)e.

Define 2’ := esinh(¢/2). Hence, by (18), b = e (see step 5)), (20) and w(z’) = —a’,
7 +7(2)e = 2’ + (—x’e(c -1+ V1+2? s) e

(—csinh(t/2) 4+ scosh(t/2)) e

esinh(t/2) = 2’

holds true, i.e. 7(z')e = 0. But 7: X — R\ {0}. Hence w of (17) has not the form
(20). Thus w = id, and from (15) it follows that

A(2) = Byi(2)
with & > 1, in view of (16). O



Vol. 72 (2006) A characterization of Lorentz boosts 295
4. How to find the form of Lorentz boosts

Lorentz boosts play a crucial role in the description of all isometries of Z (see [4,
Theorem 61, Chapter 3] and also the results from the previous sections). So one
might wonder about the definition of By, in (3) which could appear to be rather
far from being obvious. In this section we want to find some “natural” conditions
ensuring that an isometry A : Z — Z is of the form (3).

Let ¢ := (0,1) € Z, let p € X and let k € R. Looking at the proof of
Theorem 61 in [4] one realizes that the following properties of A = B, : Z — Z
are used:

i) A(j) =j forall j € p* :={z € X |ap =0}

ii) A(Rp+Rq) C Rp + Rg
iii) A satisfies I(y, 2) =1 (A(y), A(2)) for all y, z € Z.
iv) Aq) = k(p+q).
A = By, ), also satisfies
v) Alg —p) € Rq.

It is clear that Z = p* @ Rp ® Rq. Thus every z € Z may be written uniquely

as

z2=34pp+oq, Z€pt,p,ceR (21)
if p # 0. Concerning the first three properties we may state the following theorem.

Theorem 2. A mapping A : Z — Z satisfies 1)-iii) if, and only if, \ = By 11 in
the case p =0 or if

AMZ+pp+0q) =Z+ (pa+oy)p+ (pB + 0d)q

for all 2 € p*, p,o € R in the case p # 0, where with arbitrary B € R and arbitrary
1,62 € {£1} the numbers a,~,0 € R are given by

o =g 1+ﬂ2/p2,’)/2521%,528182\/1+ﬁ2/p2. (22)

Proof. In the case p = 0 it is clear that By 11 satisfy i)-iii). Moreover, if, still for
p=0,\:Z — Z satisfies i)-iii), we get, by 0 € p~ = X that A(0) = 0 and thus
by [4, Theorem 61, Chapter 3] that A has to be linear. Thus

MzZ+o0q)=Z+0aq

for all Z € X, all 0 € R and for some a € R. Property iii) for y = Z + o¢ with
o#0and Z=0yields a®> =1, i.e. A\ = By 11.

Now, let p # 0, and assume first, that A\ satisfies i)-iii). Then we again have
A(0) = 0. So A is linear also in this case. Moreover

AZ+pp+oq) =2+ (pa+oy)p+ (pB+0d)q (23)
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for some a, 3,7,6 € R, all Z € p* and all p,c € R. Property iii) together with
zZp = 0 implies
(pa+ 07)*p* — (pB + 06)* = p*p* — o

for all real numbers p and . Thus

a?p? — 2 =p p?—0°=-1 and ayp®—pB5=0. (24)
For o/ := ay/p?, 8 := 3,7 := vy/p? and ¢’ := ¢ this means

0/2 _ 6/2 _ p27 7/2 _ 6/2 =_1 and a”y/ _ 6/6/ —0. (25)
The first two equations of (25) imply a2 > p? > 0,1i.e. @’ # 0, and §"% = 1+4/% > 1,
ie. 0’| > 1 (and &' #0).
The third equation in (25) means that the vectors (¢/, 3’) and (¢’,7') are lin-
early dependent. Thus with x := ¢’/a/, which is well-defined and # 0,

(¢,7) = k(e 8').
This, together with the second equation of (25), implies x?(3'? — a'?) = —1. Now,
from the first equation, we get
1

N

p2=a/2—ﬂ/2=1/fi2,fi=:|:

Thus o, 3',~', 6" satisfying (25) also satisfy

o =¢q /pz —|—ﬁ’2,5’ — EzLO/?W/ = 52#5'
VPP VP2
where €1,e9 € {£1}. It is obvious that for arbitrary 3’ € R and arbitrary e1,e2 €
{1} the values given by (26) indeed solve (25). Thus, using the connection
between « and o etc., we see that «, 3,7, d satisfy (24) iff there is some Gy € R
and there are €1,e9 € {£1} such that

a=cei\/1+85/p% 8 =007 = 52%,5 = e1e0y/ 1+ B3 /p%. (27)

Thus (22) is fulfilled.
If, on the other hand and still for p # 0,

(26)

AMZ+pp+o0q) =2+ (pa+oy)p+ (pB+ 0d)q

and if (22) is satisfied with some real 3 and some e1,e5 € {£1}, then it is obvious
that properties i)—iii) hold true. O

The proof of Theorem 61 in [4] already uses the properties of the lorentz boosts
By k. A theorem similar to our Theorem 2 may be proved independently of The-
orem 61 of [4] when iii) is replaced by

iii’) A is a linear isometry, i.e., A is linear and satisfies 1(0, z) = 1 (0, A(z)) for

all z € Z.
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The same remark applies to the following theorem.

Theorem 3. Given p € X and k € R a mapping \ : Z — Z satisfies conditions
i)-iv) if, and only if, k*(1 — p?) = 1 (which implies p* < 1) and X = B, or, if
p#0, A= B, ow, wherew'(Z, z) === (E—Qi—é’p, 20) for all z = (Z,29) € X BR.
A = B, i holds true if, and only if, v) is satisfied, too.

Proof. Obviously A = By, with k*(1 — p?) = 1 satisfies i)-v). If, on the other
hand, A : Z — Z satisfies conditions i)-iv), we have, by Theorem 2, A = By 4 if
p = 0. Otherwise we know, also by Theorem 2, that

AZ+pp+oq) =2+ (pa+oy)p+ (pB+0d)q
where for § € R and €1,¢2 € {£1}

a=cV1+52/p?y = 52]%,6 =c1e2y/ 1+ 52/p?.

Condition iv) implies v = § = k. Thus 521% = g1e94/1 4 52 /p? implying (1 —
p?)% = (p?)? > 0 and therefor p? < 1. Moreover 7% = k? = 32/(p?)? = (1-p?)~!

or k = 5\/11_2 with some ¢ € {£1}. So k?(1 — p?) = 1 holds true. Then
-p

k=0=c1e24/1+ 'g—z implies € = €165. Accordingly

a=ek,f=ecp’k,y=56=k

holds true.

Since A\(q —p) = k(p+q) — (ap+ Bq) = (k — e2k)p + (k — e2p?k)q condition v)
implies 5 = 1.

If condition v) is not satisfied e = —1 holds true.

Note, finally, that for e =1

for all Z € p* and that, using (3),

Ap) = (kp, kp®) = Bpi(p), AMq) = k(p + q) = Bpi(q).
If E9 = -1

for all Z € p* and

Ap) = —(kp,kp*) = (Bprow') (p), Mq) =k(p+q) = (Bprow') (q). O
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