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Since the advent in 2004, high-entropy alloys (HEAs) have been attracting a
great deal of research interest worldwide. Being deemed as a major paradig-
matic shift, the design of HEAs without base elements poses challenges to the
existing thermodynamic models and theories that were long established for
traditional alloys, one of which is related to the thermodynamic mechanisms for
the formation of random solid solution in a concentrated multicomponent alloy.
In this article, we discuss the design of HEAs from the perspective of correlated
mixing (nonideal mixing of atoms with interatomic correlations). In a quanti-
tative manner, we can show that the formation of a random solid solution in
HEASs depends not only on the number of constituent elements but also on the
alloy’s melting/processing temperature and on various interatomic correlations.
Through the correlated mixing rule, we further demonstrate a strategy to screen
out equiatomic alloys with the thermodynamic characteristics close to those of
random solid solutions from an expanded library of 20 candidate elements.

INTRODUCTION

Metals and alloys have been playing an essential
role during the course of human civilization. His-
torically, the ancient time of human beings was
named after the metals or alloys that were discov-
ered, made, and then widely used. As illustrated in
Fig. 1, this includes the Bronze Age that lasted for
over 1000 years and the Iron Age that lasted for
over 3000 years." In the early efforts for alloy
development, one primary metal was usually chosen
and alloyed with other elements of a low concentra-
tion to improve the properties of the original metal.
This paradigm of alloy design prevailed for millen-
nia. Today, the design of many important alloys
conformed to this classic alloy design paradigm,
including the Fe-based alloys,? the Al-based
alloys,>* the Mg-based alloys,’ the Ti-based alloys,®
and the Ni-based superalloys.” Nevertheless, the
chemical compositions of modern alloys are much
more complex to meet the increasing demand of
their functional and structural properties. For
example, the typical Ni-based superalloy (Inconel
718)° is made up of at least 13 elements and the
typical Zr-based bulk amorphous alloy® is made up
of five elements. In a simple word, it seems that
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alloy development in the modern times was still
bound by the classic design paradigm; nevertheless,
there is a general trend that the chemical complex-
ities in the alloys so designed have been increasing
steadily with time, as seen clearly in Fig. 1.
Cantor et al.’® and Yeh et al.'' independently
reported the discovery of the formation of a random
solid solution in multicomponent equiatomic alloys.
In sharp contrast to the classic alloy design
paradigm, these multicomponent alloys contain no
base elements and all constituent elements are
mixed in an equi- or nearly equiatomic composition.
Going one step further, Yeh et al. proposed that the
formation of the random solid solution should be
attributed to the high configuration entropy in these
multicomponent equiatomic alloys and, thereby,
coined the name of “high-entropy alloy” (HEA) for
them. Since then, a 2%reat deal of research interest
has been evoked,'*" and HEAs with 5 up to 12
elements have been reported. At the fundamental
level, although it is still a matter of debate whether
and under what condition a multicomponent equia-
tomic alloy possesses a high configurational entropy
of mixing,?'®! some HEAs already exhibited the
properties unparalleled by conventional alloys.
Apparently, this agrees with the general trend that
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Fig. 1. Rising trend of alloy chemical complexity versus time. Note that “IMs” stands for intermetallics or metallic compounds and “HEA” for

high-entropy alloy.

property enhancement in alloys may go hand-in-
hand with their chemical complexities (Fig. 1). To
set an equal footing for comparison, here we adopt
the simple formulas of ideal mixing to quantify the
chemical complexity of different alloys, namely,
Sia = —ks > ;_;cilnc;, where kg is the Boltzmann
constant, n is the number of constituent elements,
and ¢; is the composition of the ith element. Please
note that S;; should be only taken here as a
measure of chemical complexity, which could differ
significantly from the real configurational entropy
of mixing of a real alloy, particularly at a low
temperature.?*°-3% Evidently, HEAs distinguish
themselves from all other alloys by displaying the
greatest chemical complexity, as shown in Fig. 1.
Conceptually, this enhanced chemical complexity
may lead to the improvement of alloy properties, as
already witnessed in some of the HEAs, such as a
balanced combination of high strength and ductil-
ity®® and ultra-high fracture resistance at low
temperature.?” Today, there are many fundamental
issues yet to be fullg resolved for HEAs, such as
lattice distortion,*®?? dislocation strengthening
mechanisms,*® and thermodynamics for phase
selection.?*1™3 In this article, we would like to
focus on the issue of phase selection in HEAs and
discuss the underlying thermodynamic mechanisms
from the perspective of correlated mixing and
potential energy landscape (PEL).

COMPARISON OF EMPIRICAL RULES FOR
RANDOM SOLID SOLUTION

Before we discuss our approach, it is worth
revisiting the variety of emgirical or semi-empirical
11,18,22,29,44-50 _ 1 :
rules so far proposed, which are sum-
marized in Table I.

Indeed, the earliest effort could be dated back to
the 1920s when Hume-Rothery established a set of
empirical rules for the formation of random solid
solution in binary alloys. In general, these include
(I) the difference between the atom sizes of solute
and solvent elements is less than 15%; (2) the
difference between the electronegativities of the
constituent elements is small; and (3) the valence
electron number of the constituent elements is
similar.** This contrasts the seminal proposal of
Yeh et al.'! the latter of which suggested that
random solid solution is thermodynamically favored
if the configurational entropy of mixing outweighs
the thermodynamic potential of other competing
phases, known as the rule of entropic stabilization.
Mathematically, this rule was formulated as
S;q > 1.5kg under the assumption that the config-
urational entropy of mixing of an equiatomic alloy
can be approximated as S;; = kgln(n).'® Under such
an assumption, one could envision a general trend
that the more elements are mixed, the higher is the
configurational entropy of mixing of the alloy and,
therefore, the more likely it is to form a random
solid solution. Unfortunately, the experimental data
hitherto reported are seemingly not supportive of
this general trend.'®°"2 To guide the design of
HEAs, Zhang et al. proposed a two-parameter
empirical rule based on the reported experimental
data in 2008,*6*° which simply suggests that ran-
dom solid solutions tend to form if the following
criteria are met, namely, —15 kd/mol<AHix<
5 kJ/mol and 0<J <5, in which the mixing enthalpy

n
AHmix = Z .QijCiCj with Qij = 4AHij and AHij being
i=1iAf
the mixing enthalpy for the equiatomic alloy of ith
and jth elements based on Miedema’s model®*°* and
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Table I. Summary of the empirical rules proposed for the formation of random solid-solution HEAs and BMGs

References

Contents

Year

Empirical rules

Formation of random

Mizutani**

1. The atomic size difference <15%
2. Similar electronegativities of the con-

1920s

Hume-Rothery rules

solid solution

stituent elements
3. Similar valence electron number of the

constituent elements
S;q > 1.5kp or the number of elements in an

Yeh et al.114?

2004

Yeh’s rule

equiatomic alloy n > 5
0<d<5, —15 kJ/mol < AH ;5 < 5 kd/mol

FCC: VEC =8.5+1.0; BCC: VEC =5.04+0.7;

et al.*®
Ye et al.,l% Guo et al.¥”

Zhan

2008
2011

Other empirical rules

2.8+0.2
Q>11

HCP: VEC
0<0<6.6

Formation of bulk

Inoue®

Yang and Zhang*®
Ye et al 2248

>

¢>20
1. More than three constituent elements
2. Atomic size difference of above about 12%

2012
2015
2000

Inoue’s rules

metallic glass

3. Negative mixing enthalpy

2
0= 100%\/2?_1 c; (1 - ri/ZJ'-lzl cjrj> with r; being
the atomic radius of the ith element. Later on,
Zhang et al.*® modified his early criterion by
adding in the contribution of the configurational
entropy of mixing, which leads to a dimensionless

parameter Q = \Z?Iiﬁ\’ where T, is the melting
point of an alloy. Furthermore, Guo et al.*’
reported that the weighted average of the valence
electron concentration (VEC) also plays a role in
determining the specific crystal structure of solid
solution HEAs, VEC=7,¢;(VEC),, where
(VEC); is the VEC of the ith element.‘ﬁ Alterna-
tively, by taking into the account the excess
configurational entropy of mixing, Ye et al. pro-

3 3 id —|AHmix|/Tm
posed a dimensionless parameter ¢ = %

to guide the design of HEAs further, where Sy
denotes the excess configurational entropy of
mixing.'*?%%® Regardless of the mathematical
details, the rules of Zhang et al.*®*° and Ye
et al.l‘I’22 48 are indeed similar. They all suggest
that to obtain a random solid solution, one has to
minimize the atomic size difference and the aver-
age mixing enthalpy in HEAs. Notably, these are
in the same sl)irit of the Hume-Rothery rules for
binary alloys,** but they are in sharp contrast to
the rules proposed by Inoue in 2000 for the design
of bulk metallic glasses (BMGs).?° According to
Inoue,”® one has to mix more than three types of
elements with significant atomic size difference
(>12%) and negative heat of mixing to obtain
BMGs. By comparison, it seems that both rules for
HEAs and BMGs are similar in that both encour-
age mixing multiple metallic elements (more than
three or even five types) although the former rule
aims to form a crystalline random solid solution
while the latter aims to form metastable noncrys-
tals. Nevertheless, regarding the specificities asso-
ciated with constituent elements, such as atomic
size, the rules for HEAs suggest minimizing the
difference, whereas those for BMGs suggest the
opposite.

CORRELATED MIXING AND CONFIGURA-
TIONAL ENTROPY

Now let us discuss our approach with regard to
the design of HEAs. Unlike the previous
works, 12714414255 the jssue we want to address
here is NOT that which phase is most thermody-
namically or kinetically feasible in a multicompo-
nent alloy but what the specificities of constituent
elements would be if the obtained alloy appeared
to be a random solid solution. In other words, in
theory, we will be discussing the solutions to the
issue of a necessary NOT sufficient condition. As
such, we do not need to discuss the thermodynam-
ics for phase selection that has to take into account
the fact that, like BMGs, most random solid



solution HEAs reported so far are indeed
metastable at a low temperature, including the
famous Cantor (CoCrFeMnNi) alloy.®*

Compared with other phases, an ideal random
solution possesses the highest configurational
entropy of mixing, which can be quantified by the
ideal mixing rule S;; =—kp)> ;. ,cilnc;. Yet, as
discussed in many previous works,'%132131 3 golid-
solution alloy can hardly be an ideal solid solution.
Interatomic correlations can result in chemical
short-range ordering, thereby reducing the alloy’s
configurational entropy of mixing. This means that
not all configurations being constructed through the
permutation of atoms are thermodynamically equiv-
alent. As a result, the solid-solution alloy tends to
take on a certain type of configuration or micro-
states with a higher probability than others. In the
case of correlated mixing, the configurational
entropy of mixing of the solid solution should be
formulated in terms of Gibbs entropy:

Scorr = —FkB Zpi In p; (1)

=1

where p; is the probability of the ith configuration or
microstate that corresponds to a given macroscopic
potential energy. According to Eq. 1, if one wants to
compute S, he has to know how the macroscopic
potential energy varies with the microscopic config-
urations or, in other words, the potential energy
landscape (PEL) of the alloy system.

In the langue of PEL, the PEL of an ideal random
solid solution may be represented by a straight line
in its 1D construct, as illustrated in Fig. 2a. This
means that all configurations as computed through
the permutation of atoms are thermodynamically
equivalent, and therefore, it is equally likely for the
alloy to be in any one of the configurations. In such a
case, p; = 1/Q with Q the total number of the
configurations and, hence, S, = kgln(Q), which
produces the same result as the ideal mixing rule.
Yet, in the case of correlated mixing, one can
envision that the PEL cannot be a straight line
anymore. As shown in Fig. 2a, “basins” and “saddle”
points appear on the PEL because of the interatomic
correlations. As a result, the alloy system prefers to
stay more in the “basins” rather than on the
“saddle” points, causing the reduction of the config-
urational entropy of mixing. On the basis of Eq. 1,
He et al.3"%® recently developed a thermodynamic
model by assuming that the PEL of the random
mixing only undergoes a small fluctuation because
of the interatomic correlations, which yields the
following formula for S,

Scorr = Siqg + kB

: 1+g_1n(x)+1n(1_e*x)__-
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Fig. 2. (a) Potential energy landscape for ideal and correlated mix-
ing. (b) Variation of the correlated configurational entropy of mixing
with the reciprocal of the normalized energy fluctuation for a quinary
equiatomic alloy.

where x :kA—’“‘T is a dimensionless parameter that

represents the potential energy fluctuation and Ac¢ is
the range of the potential energy fluctuation. Fur-
thermore, He et al. analyzed the energy fluctuation
caused by the atom size difference x. and the
chemical bond misfit x.,>"%%%7 which yielded the

results of Xe = 4.126 - ,ﬁ% and

. .. ,.CiCj AHi'ng 2 _
Xe = 2\/\/Zl Zj'lﬁkB;( ) . Here K is the aver-

aged bulk modulus; V is the averaged atomic
volume; and AH is the averaged value of AHj;.
Consequently, the total energy fluctuation can be
expressed as x = x, + x.. Here it should be noted
that other forms of correlations, such as magnetism,
can also perturb the PEL and change the configu-
rational entropy of mixing. According to Eq. 2, S¢opr
reaches to its maximum value S;; when x<1
(Fig. 2b). This is feasible only for a high-tempera-
ture T, a small atomic size difference, a low
chemical bond misfit, or all three. Interestingly,
this echoes well some of the empirical rules listed in
Table I and many recent experimental and
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simulation results. For example, Otto et al.’!
observed the precipitation of intermetallic phases
in the single-phase CoCrFeMnNi HEA after long
annealing at intermediate temperatures Through
CALPHAD simulations, Ma et al.*® reported a
similar behavior in a series of non-equiatomic
Fe,Mngs_,NizgCogCrs alloys, which exhibit a single
FCC solid solution phase at a high temperature but
two phases (FCC + BCC) at an intermediate tem-
perature and three ghases(FCC + BCC + ¢) at the
room temperature.*’ Theoretically, lowering the
temperature reduces not only the Gibbs energy
through the term TScorr but also the configura-
tional entropy of mixing, which is temperature and
atomic size dependent. 1,29.35

SEARCH OF A “RANDOM” SOLID SOLUTION
THROUGH Scorr

On the basis of Eq. 2, we can compute the
configurational entropy of mixing for different
alloys under the assumption that they all form a
solid solution with correlated mixing. Furthermore,
unlike S;;, Scorr 1S temperature dependent according
to Eq. 2. Figure 3a compares the values of S, for
the variety of alloys at the temperature 7' = 3000 K.
As expected, S, reaches S;; at such a high
temperature. Meanwhile, we also computed the

Scorr Values of the alloys at their melting points
T.>! Evidently, as the temperature goes down, the
influence of the atomic size and chemical bond
emerges and the S, values drop for all the alloys.
Nevertheless, it can be noted that the values of S qr
drops much less for the alloys that form a random
solid solution upon casting than for the others that
do not. As one can infer from the empirical rules
listed in Table I, this is sensible because there is a
lesser degree of atomic size and chemical bond
difference in these solid-solution alloys'**®*¢ than
in the other alloys, particularly in the glass-forming
alloys.?® Therefore, their S.o, values become less
temperature dependent.

As S .+ gages the combined effect of atomic size
and chemical bonding on the configurational
entropy of mixing of a multicomponent alloy, one
may ask, “Can we use S¢,, to distinguish alloys of
different phases?” In theory, S, could provide a
good indicator if one also takes into account S;;, the
configurational entropy of mixing for an ideal case.
This is because the number of elements also
changes the value of S, according to Eq. 2.
Therefore, it is likely that the configurational
entropy of mixing of a solid-solution alloy is smaller
than that of a non-solid-solution alloy if the latter
contains more elements For the general case of
variant S;4, He et al.®! proposed that the normalized
entropy or the ratio of S ../S;qs could be used for
initial alloy screening. As demonstrated in Fig. 3b
and in Ref. 31, He et al. found that random solid
solutions are likely to form if the ratio of S.,,,/S;q of
an alloy evaluated at T}, is greater than 0.85. This
delivers a strong message that the elemental mixing
in the solid-solution HEAs should be close to ideal
mixing at their melting points. On the other hand,
this also implies that if solid-solution HEAs are
annealed at a low temperature, the effect of inter-
atomic correlations will be intensified and the
configurational of entropy of mixing will decline.
This could lead to chemical short-range ordering,
de-mixing, or both and even to the precipitation of
second phases.

Following this line of reasoning, we now go one
step further to search for the possible equiatomic
HEA compositions that could form solid solutions
from the expanded library that consists of 20
elements,'? namely, Li, Mg, Al, Ti, V, Cr, Mn, Fe,
Co, Ni, Cu /n, Y, Zr, Nb, Mo, Pd, Sn, Hf, and Ta. In
theory, this could lead to 616,455 equiatomic alloys,
including the ternary, quaternary, quinary, to
denary alloys. Figure 4a shows the probability
distributions of S.,../S;q for some of these alloy
systems. Evidently, with the increase in the number
of constituent elements, more alloys are distributed
into the region of a mild S.,,/S;4 ratio (~0.5 to 0.8).
In view of the previous finding that a random solid
solution corresponds to Son/Sig > 0.85,3! this
behavior implies that forming a random sohd solu-
tion HEAs would be hampered by randomly increas-
ing the number of the constituent elements. Based
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on the rule of S.,,/S;q > 0.85, we can screen out the
possible solid-solution compositions as a function of
the number of elements. Interestingly, as shown in
Fig. 4b, it can be seen that it is most likely to obtain
random solid solutions in quinary, senary, and
septenary alloys if one randomly mixes different
types of elements within the given library. Notably,
using the Calphad calculation as the method of
screening, a s1m11ar trend was also reported by
Senkov et al.?

SUMMARY

To summarize, from the perspective of correlated
mixing, we discuss a new approach for the search of
solid-solution HEAs in this article. On the funda-
mental level, our approach is based on the notion
that one has to take into account various inter-
atomic correlations to assess the configurational
entropy of mixing of a real alloy. Through the
thermodynamic model of correlated mixing (Eq. 2),
we demonstrate that the configurational entropy of
mixing of a multicomponent alloy not only depends
on its chemical composition but also on the
attributes of the constituent elements as well as

He, Ding, Ye, and Yang

on the alloy’s overall melting and processing tem-
perature. These findings rationalize various phe-
nomena associated with phase selection reported in
the HEA literature. Finally, based on these discus-
sions, we may argue that the design of HEAs is not
just like making a metal “buffet” by randomly
mixing a large number of elements. Like the total
number of the candidate elements, the properties of
the individual elements, the underlying interatomic
correlations, the estimated alloy melting tempera-
ture and even the processing temperature of the
alloy should be also considered in the search of
random solid solution HEAs.
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