Sampling theorem

* Avoiding aliasing in downsampling via DT anti-
aliasing filter

* The cut-off frequency:

LLowpass filter

wn <17/ M

—— Gan=1 (—
x[n] Cutoff = /M | X[n]
Sampling Sampling
period T period T

o
X [n] = xX[nM]

Sampling

period T = MT

General system for
sampling rate reduction by M.
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Sampling theorem

 Modified version of the aliased example

X[f""m]

1
/\ T
| | /\ | /\
2= . -ty Wy = T T 2
: )

w= T
H (e)
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l ]
2 i o w =T g 2 w=1T
M M
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Sampling theorem

X(eh) = Hy(e/®)X(e*)
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Sampling theorem

* Increasing the sampling rate by an integer
factor xln) = x[n/L) = x.(nT/L).  n=0,+L.+2L.....
— Expander/upsampling
[ x[n/L), n=0.%L, 2L, ...,
Xeln] = {U. otherwise,
Lowpass filter
—_— 1L b—31 Gain=[ }—
x[n] x.[n] Cutoff = /L. x;[n]

Samplin_g S;lmpling .f-.i:im_p]ing General system for
pL‘I"iUd I ]'Jt:rlfld T=T/L ]'H.'rll.'lli I"=1T/L Samp“ng rate |ncrease by L+
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Sampling theorem

* |llustration a5 .
Y s a
/5
ot I { ‘ { I [ty .
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Sampling theorem

e We saw that

Xe[n] = {01

— Meaning that

a_._h.

x[n]

Sampling
period T

x[n/L), n=0,+L +2L, ...,

otherwise,

xe[nl= Y x[k]d[n — kL].

k=—oc

=

_‘-..

x.[n]

Lowpass filter
Gain = L
Cutoff = 7w/L

—

x;[n]

Sampling

period T' = T/L

Sampling

period T' = T/L

General system tor

sampling rate increase by L.

95

Mohammad Mahdi Naghsh
ECE. Dept., Isfahan University of Technology



Sampling theorem

* The role of the LPF is interpolation!!
— Note that

Xe(e) = i (i -f[k]fﬁ[nkL])

N=—p \Vk=—rg
oc

— Z X[k]f Jka=X(€"ML).
K=—00

— Frequency scaling
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Sampling theorem

. X.(j§))
* [llustration |
1
27 —ar T 2 w=0T
’ Xll {{_. j.:u;l — X{f’ j'uu’,}
|
T (L =2)
\/L\/[\/\M/
4 _im _m @ Zm r _ 4 w=Q7"
’ I L L il L
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Sampling theorem

— And, the filtering:

| Xo(el) = X (")

1
T (L=2)
\N\/\/W
_dw _m T @ Zm T g @ =07
L I L L I L
H(e/)
I
| 1 1 |
27 —T T T T 2 w =80T
I I
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Sampling theorem

— Output

Xi(e)
L _L
T T
/1\ | /\ /\
2 —T o kg T 21 w =0T
L L
— Note that T'=T/L
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Sampling theorem

* Time-domain analysis

— The impulse response of the LPF

_sin(mn/L)
il o rn/L
— We also had N
xe[n] = Z x[k]8[n — kL].
— Thus:

& sin[r(n — kL)/ 1}
alnl = Y k= P

k=—nC
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Sampling theorem

* This is the sinc interpolation
— Note that

h;‘[{}] = (1}
hi[n] = 0, i = (el 2 L

— Which means that

xiln) = x[n/ L] = x.(nT/L) = x.(nT"), n=0 %L £2L, ...,

* Linear/quadratic/qubic interpolators
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Sampling theorem

* Changing the rate by a non-integer rational
factor

Interpolator Decimator

Lowpass filter
»|  Gain=1 - M |——

—Ll {1 »  Gain=L

I
'
Lowpass filter | |
|
|
|
|
|

x[n] | x.n] | Cutoff = w/L x;|n] Cutoff = w/M | X;[n] }de[n]
| {
| [
Sampling
period: . T T T ™
L L L L

Mohammad Mahdi Naghsh
102 ECE. Dept., Isfahan University of Technology



Sampling theorem

* The equivalent system

—_—
x[n]

Sampling
period:

T

x,[n]

1=

e Example 7 =@/2)7

Lowpass filter
Gain = L
Cutoff =

min(w/L, w/M)

';EI[”I 'Erf[”]
T ™
I L
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Sampling theorem

o | X (j)
Example |
-y 0y 9]
X(E,jw)
] | |
27 -7 T 2 w=07T
Xc.(t‘“jw}
1 (L=2)
T
\/W\A/l\/
4= 2m om T Im A _ 5 w =§77/1.
L L L i I L
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Sampling theorem

e Cont.

H{I(t,jru)
(M =3)

=21 - ™ 2w w = T/

T 2m w = 0T/L

=27 - T 2 w = QTM/L
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Sampling theorem

e Applications

— Multi-rate signal processing

* More efficient signal processing algorithm via using
upsampling/downsampling

— A/D and D/A
— Filterbanks
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