Sampling theorem

* Notes:
— Discrete-time frequency

e Normalized
e Radian

e Maximum frequency

— Continuous-time frequency

e Radian/sec or Hz
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Sampling theorem

e Remark on D/C:

— Remember that x[n] 1, (1)

~ =

Ideal reconstruction system
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_ | |
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Sampling theorem

e Therefore, CTFT of both of

‘X\

x(ty= > x[nlh,(t —nT).
— Gives - I
X (jR) = Z x[n)H, (jS2)e 1"

— Now, observe that

X, (jQ)= H(jQ)X(e*)
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Sampling theorem

e Discrete-time processing of the continuous-
time signals

Discrete-time
system
x|n] .
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Sampling theorem

e We know that

x|n] = x.(nT).

— and the relationship between FT

|  — © 27k
e £ (5 5)

k=—00

— and from reconstruction (interpolation)

= sinfz(t —nT)/T]
W)= 3 T

n=-—-9o00
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Sampling theorem

e Hence, for the DT processing of CT signals we
have (see ideal D/C):

Y,(jQ) = H,(jQ)Y(e'?")

[ TY(eT), Q| <n/T,
10, otherwise.

e Special case: the identity system ylnl = xln] = x(T)
—then (1) = x()
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Sampling theorem

e We consider an DT LTI system:

Discrete-time

<[n] system

Y(e/”) = H(e!*) X (e/*)

Y,(jQ) = H,(jQ)H(/*") X (/97
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Sampling theorem

 We had
X(ei“‘)—— Z X, ('(“’ 2’;_"))

A—x

— Which results in (=27 )

1 o 27k
Y, () = H, (] 2Ty X (] ———
Vi) = HGDHE L S X (i (25

k=—oC

e Double check sampling frequency....

)
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Sampling theorem

e Reasonably
X (j) = 0for |Q > n/T

e Therefore

o JHET) X (jQ). 12 <a/T.
Y (jR) = {0. 1| = x/T.

e Finally

Y(jR) = He(jR)X ().

: He'*"), 19| <nx/T,
Hen(jS2) = {n. Q> /T
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Sampling theorem

e Detailed diagram

Continuous-time
——»{ LTIsystem  fp———a
x.(1) h(1). H.(jS1) v.(1)

(a)

Discrete-time
—pl  C/D »{ LTIsystem » D/C
x(1) x|n| hin]. H(e’*) v|n]

.“r( l) - \((’)

H.o (1) = H.()92)
(b)

(a) Continuous-time LTI system. (b) Equivalent system for bandlim-
ited inputs.
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Sampling theorem

* Note: important assumptions
— An LTI DT system
— Band-limited input signal x.(1)
— Sampling rate above the Nyquest rate

e Then the diagram can be modeled via a CT LTI
system
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Sampling theorem

e Example: ideal LPF ey = {4

0.

H(e’™)

[ g -

=, w 277' [0

|| < w,,
w, < |w| < m,

Y 1. |1QT) <w or || <w /T,
Then' He(j2) = o .
0. |QT| > w.or || >w/T.
H . (j2)
1
w, w, ()
T T
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Sampling theorem

e LPF of CT signals via DT ideal LPF

X.(j€)
/\
-y Oy 0

1 X.(jQ) = X(eM7)
'f 2T
/\ 4 ‘;‘)/\
| | L |
27 o Oy ™ 2w (
T T T T

Mohammad Mahdi Naghsh
55 ECE. Dept., Isfahan University of Technology



Sampling theorem

X(e™)
7\ /| N N\
. N 1IN 0N
=27 t -w, w, ONT $ 2m w
-\ T (2w - Q\T)
Y(‘_,i'v)

2w w, w, 2w W
| Y t,[!!'f)
T |7 H,(j)
AN O
| |
| |
! ] | |
e 7 @ 9w 2 0
T T T T T T
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Sampling theorem

e Finally, the output is given by

Y,(j§2)
1

W, @, Q2

T T

e Observation: cut-off frequency of the CT LPF

— Sampling frequency
— DT cut-off frequency
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Sampling theorem

e Example: select sampling period such that

QNT < W¢

— Herein, (1) = x.(¢)

 X(e™)
A\ T HER A
7N /( N 7N
/ | \ \ / 1 X
=27 ! -w, w, QT 1 2m w
—Q\T Q2w - Q\T)
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Sampling theorem

e Example: differentiator

— We know that

— Also,

Heq(jS2) = {

JS2,
0,

{
ye(t) = (‘;—I[xc(:)].

”{t“(].(l)[
m
Q </ T, T
Q| > n/T,
'3 w .()
T T
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Sampling theorem

e The corresponding DT system

Hel®) = ’7‘” w] < .

H(e'™)l

~

w
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Sampling theorem

— With the impulse response

THCOSTH —SINTTH

h[n] = —00 < N < 00,

antT

— Or

0, n=>0,
hinl = CcOS
7] mz‘ n# 0.

nTl

— And the implementation of CT differentiator is
done in CT domain!
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Sampling theorem

 Example: differentiation of sin

x(r) = cos(Lt) x[n] = cos(won)

, -
X('®) = = Y (7R — Qo — k) + 78R+ Q0 - kQ)).

k=-0c
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Sampling theorem

 And for the baseband,
X(e/%7) = ;5(9 — Q)+ ;_a(sz +Q) for|Q <n/T
—Using Q=w/T

X(e') = né(w — wy) + md(w + wyp). lw| < .

 Provethat  s5(w/7) = Ts(w)
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Sampling theorem

Always remember t

nat

. . . )
e |X(e) |s repeated with period 2x
. iﬂ”"”) is repeated with period /T,
e Straightforwardly:
Y(e'“) = H(e!") X (e”)
- j—;)[,'r(S(w — wy) + 18(w + wy)]
= ]‘w.’{-)ff Mw — wp) — jw-]l.'nfs(w-i’-wn). lw| < 7.
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Sampling theorem

e And,

Y,(jQ) = H,(jQ)Y(e'?) = TY(e/4T)

= 7| 2 5T - @, T) - —-—’?”3(974907")]
[ jwor 1 Jwor 1

=T —8(92 — Q) - _ Q
- T (2 — Q) T (2 + u)]

= jQ()ﬂ'(S(Q — Q") - ijS(Q <+ Q()).

— Which means

1 . 1
yelt) = jQUE"’Q‘H - }'Qnit’_’n"' = — sin(Qp?) =

d
d_f [.1'( (!)]
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Sampling theorem

 Impulse invariance

e Sampling of the impulse response of LTI CT

systems
hinl = Th.(nT),

)
H(e'*) = H. (;7) | < 7.

Q. =w. /T <na/T

e Example: LPF
1. 2] < S2..

Hc(j2) = {0: Q| < Q..
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Sampling theorem

e The impulse response of the CT LPF:

sin($2.1)

ud|

e The impulse response of DT system

h.(1) =

si(2.nT sin(w,
hln) = Th.(nT) = -,-*'“( cnl) _ s_m_((u n)

onT TN
e And,

w. = Q.T

H(el") = { 1. || < w,.

0, w < |w <m
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Sampling theorem

e Anti-aliasing filter
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