LT

— Applying time-reversal property:

1
X(z) = P 2| > |a
— This yields
PR
X(2) = 1 a 'z

l—-az 1-—a-1z71"

-1
1z] < la"|.
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e Convolution in time-domain

x[n] % x2[n] <> X\(2)X2(z),  ROC contains R, N R,

e Pole-zero cancellation

e An important role in LTI system analysis

z[n| —

Y(z) = H(2) X(2),

LTI h[n||— y[n| = z[n] * h|n]
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e Exam P I €. xin] =a"uln] and x2{n] = u[n]

— We compute ZT:

oC

1
X1(Z)=Za"2_"= m [z] > |al.
n=0
- 1
Xo()=) 2" =1——. ld>1
n=0

50
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e And if <1,

1 B z?
(1-az"")(1-z") " (z—a)z-1)'

Y(z)=

Region of
convergence

1z| > 1
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* How to obtain y[n]?
— The inverse ZT!

e Using partial fractional expansion

Y(Z)zlla(l—]z“-l—‘;z“)' 11> 1
e therefore,

(u[n] — a"*'u[n]).

yinl=1—,
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e |nitial value theorem

If x[n] is zero for n < O (i.e., if x[n] is causal), then

x[0] = lim X(z2).

I—>00

— Simple proof

e Be careful of ROC when applying properties
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 Table of some properties
SOME z-TRANSFORM PROPERTIES

Sequence Transform ROC

x[n) X(2) R,

xq[n] X1(2) R,

x2[n] X2(2) R,

axy[n] + bxa[n] aX(2) + bX2(2) Contains Ry, N Ry,

x[n — no) 27" X(2) R, except for the possible
addition or deletion of
the origin or oo

zpx[n] X(z/z0) |zo| Ry

nx[n) - zd);iz) R, except for the possible

addition or deletion of
the origin or oc
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* Properties (cont.)

x*[n] X*(z*) R,

Re(x[n]) %[X(z) + X*(z")] Contains R,
Jmix[n]} ;-;,[X(z) —~ X*(z")] Contains R,
x*[—n] X*(1/z%) 1/ R,

Xy [n] * x3[n] X1(2) X2(2) Contains Ry, N Ry,

Initial-value theorem:
x[n]=0, n<0 lim X(z) = x[0]

=00
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* |nverse ZT
— We need it for coming back from Z-domain
— Convolution example
— LTI systems

e Methods
e 1) using well-known pair/properties
— We have seen already
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e Example:

— Note that

— thus:

1
X(2) = (T—_%F) ; Izl > 3,

1
1 —az" V'

a"uln) < 1z > |a|

x[n] = (3)" uln]

57

Mohammad Mahdi Naghsh
ECE. Dept., Isfahan University of Technology



LT

e 2) Partial fractional expansion (PFE)

— rational X(z)

M
Z ka_k

X(z) = =3 .

S ac
k=0

— M zeros
— N poles
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e \WWe can write

M
(1 —ckz™h)
Y-
2) P ,
HU—de_l)
k=1

where the ¢;'s are the nonzero zeros of X (z) and the d;’s are the nonzero poles of X (z)
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e Which leadsto (casei wm-n~ )

— with
Ay=(1-dzHYX(2)|__,

— First-order poles only
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e Example:
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— First-order poles:

A A>
X(z) = +
S (e vy R (e e
— with
A = (l —}'Z'l) X(Z)':='/4 = -1
A= (1-327") X(@)|,_,, =2
— hence:
-1 2
X(z) = =Rty — x[n]:Z(
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e PFE case 2: wm=>nw~

X(2) = Z B,z + Z — dkz"

— Obtain B:s via divisions

 The situation with multiple-order poles

M-N N
X(z)= z—; B,z + Z . dkz" Z g —d Z_l)m

k=1.k#i
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e Example:
1+2z7 '+ 772 (1+2z71)?
-3t +3e? (-3 a-a)

X(z) =

Im

z-plane

Izl > 1
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— PFE

X(z) = By + 1 -
— First-order poles

-1 4577

X(z) =2 .
(2) +(l—%z")(l—z")

65

Mohammad Mahdi Naghsh
ECE. Dept., Isfahan University of Technology



Il

[ ~1+5z7" 1,
_(2+ (1- %Z")(l—z")) (1 A )]
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— Finally

— therefore,

2 <, 25(n).

l Z 1 n
_-——'—l - %z—l «—> (2) u["].
1 z
o u[n).

x[n] = 28{n] -9 (%)" u[n] + 8u[n].

ROCis |z] > 1
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e 3) Power series expansion

e

X(z) = Z x[n]z"

n=-—0o0c

=+ x[-2]2? + x[-1]z + x[0] + x[1]z7" + x[2]z7% + - - -,
— Useful for finite-length sequence

X=2"(1-3z") 0+ -zY=22-Jz-1+}z7"
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* SO,
1, n=-2
-%. n=-l1
x[n]=¢ -1, n=0,
3, on=1,
0, otherwise.
x[n] = 8[n+2] — 38[n+1] = 8[n] + 38[n — 1].
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