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DIGITAL SIGNAL PROCESSING (DSP)

Lecture 2

Discrete-time signals and
systems




Discrete-time signals

e Discrete-time (DT) signals
— A sequence of numbers: {x[n]}

* Index n: integer
x[0]

0] )

e Sample x[n]: generally complex
— CT signals & Sampling
— x[n]=x(nTs) | A2

http://kom.aau.dk/~zt/courses/DSP/MM1/Digital%20Signal
%20Processing,%20MM1,%20version%200.6.pdf
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Discrete-time signals

* Operations
— Sum of signals (element-wise)
— Product of signals (element-wise)
— Time-shift: delay
* y[n]=x[n-m]
* Integer m

— Multiplication by the constant a

e ax/[n]
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Discrete-time signals

e Basic DT signals

— Discrete-time impulse (unit sample sequence)

1
o[n]= 0 A Unitsample
1. n=0,

0 n

— A way for describing arbitrary signal
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Discrete-time signals

— Example:

pln] = a_38[n + 3] + a18[n — 1] + a26|n — 2] + a78|n — 7]

— General case

o0

x[n] = Z x|k)8[n — k]

k=-oc
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Discrete-time signals

— Unit step sequence

Unit step
o neo LI
uln] =
0, n <o,
L _
— Useful relationships
un] = Z 8[k] §[n] = u[n] — u[n — 1]

k=—00
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Discrete-time signals

— Exponential sequence: x[n] = A«

7 l Real exponential

I]IIITT?

0 n

x|n]=

Aa”, n=>0.
0, n<0

e Discuss various cases: real, complex, value of ¢
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Discrete-time signals

— A more detailed view

x[n] = Aa" = |Ale/?|a| e/

— | A| |a|"ef(won+¢)

= |A| |a|" cos(won + ¢) + j| Al |a|" sin(won + @)

— Complex exponential sequence (CES): |o| =1

x[n] = | Ale/@"+9) = | A| cos(won + ¢) + j| Al sin(won + @)
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Discrete-time signals

e Important properties of CES

— Periodicity with respect to wy

x[n] = Ael(@wot2m)n

— Aelwnpilnn — Aeplwon

e The considered interval

—nm <wog<morld<wgy<2m

e Difference with the CT case
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Discrete-time signals

— Periodicity with respect to n

x[n]=x[n+N], foralln

— The period is N iff

e.’wo(n+N) — ef“’o"
— Or

e Integer k woN =21k

e Not periodic necessarily!!

11

Mohammad Mahdi Naghsh
ECE. Dept., Isfahan University of Technology



Discrete-time signals
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Discrete-time signals

T
ety

U]
lHlHIIIIIlIlIl

hhhhhhhhhhhhhhhh



Discrete-time signals

e Some definitions

— Energy signals: limited energy

0

]2

A
E, =

z[n]

n

—0OQ

— Power signals: limited power

\.'
A, 1 \ 2
= SN T Z\_ 2[n]|”
S — |
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Discrete-time signals

— Bounded signals

lz[n]| < B; < o

— Absolutely summable signals

15
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Discrete-time signals

— Convolution

o0

yinl= ) x[kJh[n — K]

k=-00

e LTl systems

— Relation to correlation

e Important applications

» . ..
rez(l] = Z zn|z*n-1] = Z zin+ Il 2*m), | =0,+1,12,....

n=—0oC n=—00
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Discrete-time signals
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Discrete-time systems

* Discrete-time systems

— Maps the input to the output y[nl = T{x[n])

Input Signal

2[n] — | Discrete-time system

— Example: delay system

yln] = x[n — ng4), —-00 < N < 00,

—_—

Output Signal
y[n]
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Discrete-time systems

— Time reversal
* y[n]=x[-n]

— Moving average (MA)

= M1+M2+l{x[n+M1]+x[n+M1—1]+"°+x["]

+x[n—1]+--- 4+ x[n - M2]}.
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Discrete-time systems

e MA illustration:
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b. 11 point moving average
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www.analog.com/static/import
ed.../dsp_book Ch15.pdf
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Discrete-time systems

MA illustration:

2 I I T 1
1 1

c. 51 point moving average

Amplitude
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Sample number

www.analog.com/static/importe
d.../dsp_book Ch15.pdf
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Discrete-time systems

e Basic properties
— Linear

.I'[H] — _-l.l'l[ll] -+ I}..I'Q[H: -

— Memoryless

Discrete-time system

h y|n| = Ayp[n] + Bys[n!

e Current output depends only on the current input

y[n] = el //n =2
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Discrete-time systems

— Causal

y[n| = F{z[n|,z[n — 1],z[n — 2]|,.. .}

e Online/off-line processing

— Time-invariant:

z[n] = y[n] implies that z[n — k] KR yn — kI

— Behavior does not change with time shift

23
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Discrete-time systems

— Examples:
* Moving average
e Scaling: y[n]=x[3n]

e BIBO Stable (bounded input bounded output)

If M, s.t. |z[n]| £ M, < oo Vn, then there must exist an M, s.t. [y[n]| < M, < oo Vn
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Discrete-time systems

e LTI: linear time-invariant systems
— Physical systems
— Modeling
— Analysis tools

* Impulse response h[n] Sfn — K] % hifn]
— System response to the discrete-impulse

A LTI system is characterized completely by its impulse response h|[n]
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Discrete-time systems

* |nput-output property

z[n| — | LTI h[n] |— y[n| = z[n] * h|n]

 Notes (LTI systems)
— Causality

An LTI system is causal iff its impulse response h[n| = 0 for all n < 0.

— Stability: summability of impulse response
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Discrete-time systems

e Examples of LTI systems

— Accumulator

yn] = Y x[A]
k=—20
— Impulse response n
p p h[n] = Z 3[’(]
e Causal k=—00
o _J1, n=0,
Unstable = {0’ n=0
= ufn].
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Discrete-time systems

e Example
hln] = a"u[n] with la| < 1

— Causal

— Stable

S= Zlal —1—|a| 0.
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Discrete-time systems

 FIR and IIR concepts
— Finite impulse response

finite impulse response or FIR: only a finite number of k[n] are nonzero

hin] = 24[n]+ d[n — 1] —d[n — 3]

hin] = {ho,hy, ho, -+, hp,0,0,- -}
{2,1,0, 1)

— Infinite impulse response

infinite impulse response or IIR: an infinite number of i[n| are nonzero

* Impulse response of accumulator
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Discrete-time systems

 Connections of LTI systems

x[n| — | hi[n]

—

ha|n]

— yln)

x[n| — | hi[n] * hao[n]

z(n| — | ha[n| * hq|n]

x[n| — | ha[n]

—

— y[n

— y[n]

hy[n]

— y[n]
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Discrete-time systems

 Connections of LTI systems

;r[n.]

hiln] |
; iy

./
ha[n] 41

Distributive: z[n] —

h[n] = hy[n] + ha[n]

— yn)
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Discrete-time systems

Linear constant coefficient difference
equations (LCCDE): a way for describing LTI

systems

N M
Zaky[n — k] = Z bmx[n — m]
k=0 m=0

With non-zeroa Oanda N

32
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Discrete-time systems

n

e Example: accumulator yinl= 3 x4
k=—00
— Clearly =
yin—11=Y K]
k=—00
— and therefore, n-1
yln) = x[n]+ > x[K]
k=—00

— Which leads to

y[nl = yln — 1] = x[n]

N=1lag=1la=-1,M=0,and by =1
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