DEFLECTIONS: ENERGY METHODS

External Work and Strain Energy
Principle of Work and Energy
Principle of Virtual Work

Method of Virtual Work:

Trusses
Beams and Frames

Castigliano's Theorem
Trusses
Beams and Frames



External Work and Strain Energy

Most energy methods are based on the conservation of energy principle, which states
that the work done by all the external forces acting on a structure, U, is transformed
into internal work or strain energy, U..
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* Strain Energy-Axial Force.
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* Strain Energy-Bending
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* Strain Energy-Torsion
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* Strain Energy-Shear
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Principle of Work and Energy
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Principle of Virtual Work

Then apply real load P,.

5(]@ - éI]i
(%I)H-A:ondeu-dL
t i Real Work
i ] Virtual loadings
leAd = ZuedL
A A

Real displacements

In a similar manner,

i ] Virtual loadings
1«8 = ZugedL
A A

Real displacements
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Method of Virtual Work : Truss

* External Loading.

Where:

nNL
AE

JleA=X

1 = external virtual unit load acting on the truss joint in the stated direction of A

n = internal virtual normal force in a truss member caused by the external virtual
unit load

A = external joint displacement caused by the real load on the truss

N = internal normal force in a truss member caused by the real loads

L = length of a member
A = cross-sectional area of a member

E =modulus of elasticity of a member 13



* Temperature
l+A = SuedL P

Where:
A = external joint displacement caused by the temperature change
a = coefficient of thermal expansion of member
AT = change in temperature of member

* Fabrication Errors and Camber

° — ° dL

Where:
A = external joint displacement caused by the fabrication errors
AL = difference in length of the member from its intended size as
caused by a fabrication error 14



Example 8-15

The cross-sectional area of each member of the truss shown in the figure is

A =400 mm?and E = 200 GPa.

(a) Determine the vertical displacement of joint C if a 4-kN force is applied to the
truss at C.

(b) If no loads act on the truss, what would be the vertical displacement of joint C
if member AB were 5 mm too short?

(c) If 4 kN force and fabrication error are both accounted, what would be the
vertical displacement of joint C.
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SOLUTION

Part (a)

*Virtual Force n. Since the vertical displacement of joint C is to be
determined, only a vertical 1 kN load is placed at joint C. The n force in
each member is calculated using the method of joint.

*Real Force N. The N force in each member is calculated using the
method of joint.

1.5 kKN 1.5 kN

16



nINL (kN2em)

kN (Be) =Y ’”’AN;

1
Apy =——(-10.41+10.41+10.67) =
cv AE( )

10.67 kN e m
(400x10~°m*)(200x10

oy
Ay =+0.133 mm, m -



Part (b): The member AB were 5 mm too short

n (kN) — [ 5 mm

(D)(A¢y ) =2n(AL)
A, =(0.667)(=0.005)

Ay =-3.33 mm, ?

Part (c): The 4 kN force and fabrication error are both accounted.

Ay=0.133 -3.33=-3.20 mm

Agy=-3.20 mm, 1
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Example 8-16

Determine the vertical displacement of joint C of the steel truss shown. The
cross-section area of each member is 4 = 400 mm?2 and E = 200 GPa.

4kN 4kN
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SOLUTION

*Virtual Force n. Since the vertical displacement of joint C is to be
determined, only a vertical 1 kN load is placed at joint C. The n force in
cach member 1s calculated using the method of joint.

*Real Force N. The N force in each member i1s calculated using the
method of joint.

0.333 kN n(kN) 1 kN 0.667 kN AKN 4KN 4kN 4kN

N(KN)
20



nINL(KN2em)

(kN AG) =T

015,07 +3(5.33)+ 2(10.67) + 16+ 30.18)] = 724 kNem _
~ (400x107°m*)(200x10° =)
m

Aopy=123 mm, | N

ACV -



Example 8-17

Determine the vertical displacement of joint C of the steel truss shown. Due to
radiant heating from the wall, members are subjected to a temperature change:
member 4D 1s increase +60°C, member DC is increase +40°C and member AC is
decrease -20°C.Also member DC is fabricated 2 mm too short and member AC

3 mm too long. Take oo = 12(10-9) , the cross-section area of each member is A =
400 mm? and £ = 200 GPa.

wall c 10kN

S

—
3m§
-
IR
&A B
2m 20 kN
——»]
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SOLUTION

* Due to loading forces.

1 kN 1 kN

R,

P e,

nNL(kN2em)

20 kN

23.33 kN D 2333 C 10kN

A

AN

13.33 kN

N (kN)

nNL
AE

(LEN)(Agy) = Z

Acy = :
(400)(200)

A= 2.44 mm,

G,

(60+31.13+104.12)




. C s D +40 C N2 C 3
b b
% % \ %
3 3 3 3
3 3 3 3
3 3 N 3 3
3 0 3 ¥ 3
3 3 3 ¥
3 3 3 3
3 3 X 3
3 ¥ ¥ b
L O
X B X B X B 3 B
A A A A

n (kN) AT (°C) L (m) Fabrication error (mm)
- Due to temperature change.
(1AN)Y(Apy) =Zna(AT)L
Ay, = (12x10°)[(1)(60)(3) + (0.667)(40)(2) + (—1.2)(=20)(3.61)] = 3.84 mm, L
* Due to fabrication error.
(LAN)(A¢y) = Zn(AL)
A, =(0.667)(=0.002) + (~1.2)(0.003) = —4.93 mm, T

 Total displacement .

(Apy oy = 2-44+3.84—-4.93=1.35mm, 24



Method of Virtual Work : Bending

Virtual loadings
ds=pd6f
M
leA, = do) = —d
"o I(m o) JL‘(mA)EI * d@zldsz%dx
o,

Real displacements
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Method of Virtual Work : Beams and Frames

Virtual loadings Virtual loadings
M M
TeAc = [(m )(d0) = [ (m,) - 1o = [ (m)(d0) = [ (m;) -
L L
Real displacements Real displacements
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Method of Virtual Work : Beams and Frames

 Vertical Displacement

Real load

Virtual unit load

27




* Slope

Real load

Virtual unit couple

w
X
| o om, My et
B l} ¢ T 73
\4
Vo1 02 R,
R, A
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Example 8-18

The beam shown is subjected to a load P at its end. Determine the slope and
displacement at C. EI is constant.
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SOLUTION Displacement at C

*Virtual Moment m, *Real Moment M

LA, =| myM dx—izg(—ﬁ)(— RPN +ij(—x )(=Px, )dx
A Efy 27 2 ' EIy YT
3|2 3" 8Pa® Pa® Pa’
ooy ey 2R LT 0y
12EI'|  3EI'\ 12EI 3EI 3EI
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Slope at C

*Virtual Moment m, *Real Moment M

j (-5t +— j (~)(~Px,)dx,

1 X, B
Oc = (EI)(4 =)

sz P _8a’ 1 Pa’ 7 Pa’

1
(EI)(4a)( 3 )+(EI)( 2 )= 6 EI AN

(—)(

)

31



sConclusion

Pa’
ey
3E]

7 Pa’

A RN
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Example 8-19

Determine the slope and displacement of point B of the steel beam shown in the
figure below. Take £ =200 GPa, /= 250(10%) mm?.

3 kN/m
IA B
< A )

33



SOLUTION Vertical Displacement at B

*Virtual Moment m, *Real Moment M
X
1 kN 3KN/m
5m ‘4 ’{
) g
3x
3x° KE*E
e E I Y5 7%
VvV X
543 43 2.3
3x 1 3x 234375 kN- em
j( )(——)d [P )-
132 El 8| El
3
A, = 234. ;Z[S KN o m = 0.00469 m = 4.69 mm, 4
(200x10° )(250><10 “m*)
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SOLUTION Slope at B
*Virtual Moment m, *Real Moment M
3 KN/mfe—
%X_{ l)kNom I
5m ‘4 ’{
> .
3x
3x? B KE*E
d=my e X {1 kNem N 2
i 4 ik
A% \4 }‘x_(
1332 1 38 62.5kNm’
j( 1)(——>dx— [=-=— -
EIY 2 EI' 6| El
2
0, = 62.5 kN e m =0.00125 rad, "~
¢ kN
(200x10 )(250><10 m*)
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Example 8-20

Determine the slope and displacement of point B of the steel beam shown in the
figure below. Take £ =200 GPa, /= 60(10%) mm?.

14 kKNem 5 kN
(‘A i C D
B
|< 2 m >|4 2 m >I4 3 m ’}

36



*Virtual Moment m, Displacement at B +Real Moment M
1 kN l4kNem KN

13 L L
- ! (0.5%) (14— )d, +— ! (0.53,)6x, s + 7 [ )0y,

2

B O.5x13‘ 3X2 )

3, E

1 f 2 1 [ 2 7X1
= ] [(7x,—0.5x, )b +— ! (3x, )dx, = ( X ( )

0

A, = 20667 | 20867 _, 6172w =1.72 mm,

EI  (200)(60) 37




Virtual Moment m, Slope at B +Real Moment M

%, 14KkNem . OKN %,
DEE— (‘H —c
D
.
_ ()I'S/(;»nezz-o.zsx2
(LN e m)(6,) = j M o =L j (0.25x,)(14 — xl)dx1+— j (- 025x2)(6x2)dx2+— j (0)(0)dx,

1 2 5 1 7 2
- ! (3.5% 0253 )dy, + ! (—1.5x,")dx,

2

2
1 3.5x° 0.25x
=—( - )

3
N 1 1.5x, )
El 2 3

T3

0

0, = 2.333 __ 2.333 =0.000194 rad, A
EI (200)(60) 38




Example 8-21

From the structure shown. Determine the slope and displacement at C. Take £ =
200 GPa, 7=200(10¢) mm*.

20 kN

B
| 4 m pie 3m —¥

39



20 kN

30 kNem
A i~ Hinge
§¢ 4 m {|< 3m —»[
' i “j 30 kKNem
C
B
'10 kKN ' 30/3=10 kN
20 kN ’
| 30 kNT él 10 kN
120 kNemi |
' A B

30 kN ‘ i 30 kN

-120

3()

E—

] x (m)

40



Displacement at B
*Real Moment M *Virtual Moment m,

{y 4 N

C
M (kNem) Y| < l > X, 3q§
-120 | M, =-30x, M, = 10x,
m.M . 4 dx
A, = ——tdx =|(—x,)(-30x L+0
B Z_[ 1 X _([( N I)ZEI
1 30x° |4
=——(0=)|,
2EI 3
32 32

=== =0.008m <
El 40x10° moy = 41



Slope at the left of B
*Real Moment M *Virtual Moment m,

120 kNem 20 kN 30 kNem | 1 kNem

{pa

1 kNem

-120 | M, =-30x, M, = 10x,
dx
= —dx = (-1)(-30x,)—-+0
Zj j( )(30x) L+
1 30x% s
_2EI( 2
120 120

_ — =0.003rad —< <

EI  40x10° 42



Slope at the right of B

*Real Moment M

120 kNem 20 kN 30 kNem

. tp l > X
M (kNem) 34
-120 | M, =-30x, M, = 10x,

Opr :Z_"m—jwldx. j:( —)(=30x,

4

1 (10x13)
2EI" 3
_106.67

ET

1

*Virtual Moment m,
4/3 kNem
‘ N 1 kKNem
A 2E1

1/3 kN 1/1:3 kN
| | |
M(Nem) R
-4/3 | m; = -x,/3 -1 m,=-1+x,/3

2)108) dxz

+
" EI

+L(—45+30) = 3
EI 40%10

_IOx2 N

2
91.67

=0.0023rad =% <= 43



Deflected Curve

20 kN

— e, o :

A, = 8 mm| @y, =0,0023 r.

05, =0.003 rad

44



Example 8-22

(a) Determine the slope and the horizontal displacement of point C on the frame.
(b) Draw the bending moment diagram and deflected curve.

E =200 GPa

I = 200(10%) mm?*

5m
B }4 >‘C 4 KN
A
EI
2 kKN/m
1.5 EI 6 m
A A 4




‘Real Moment M x o | Virtual Moment m
> m N x2<—|
C ,4kN
—_—
M,= 12 x,
12 kN
1.5 EI
6 m
M,= 16 x;- x,
16 kN v
12 kN
LAy, =| MM e~ j (x,)(16x, —x>)dx, +— j (1.2x,)(12x, )dx,
) EI 1.5EI
=T SE[I(16X1 —x,”)dx, +—I(14 4x,)dw,
Lo 6w’ x*|' 1 1440’ [ 552 600 1152
Aey = (— ) +—= ()| = +28.8 mm,—>
\.5E° 3 4°| EI 3 EI " EI  (200)200)

46



‘Real Moment M x o | *Virtual Moment m,

5m

6 m

M
I Mo™ dx =
El 1.5E1

j (0)(16x, — x2)dx, +— j (1- )(12x2)dx2

1 3 12x.°
—0+—[(12x, = =Z22 ) dx
Ell( > 5 Jax,

5

2
o, =L (2 12 ) 001000125 rad, A
EI° 2 5x3°| EI (200)(200)

47



Ary = 28.87 mm

2 kN/m

-

6 m

12 kN

16

-12

V., kN

60

KN__—7— 0,.=0.00125 rad

60

T~

M , kKNem

48



Example 8-23

Determine the slope and the vertical displacement of point C on the frame.
Take £ =200 GPa, I/ = 15(10%) mm*.

5 kN

3m

2m

49



Virtual Moment m, Displacement at C *Real Moment M

1 kN 1 kN 5 kN 5 kKN

1 kN 1 kN

1.5 kNem 1.5 kNem
I lxz
2m Xy Va2
A oy _ N. _
my,=-1.5 ) | M,=-15
3 2
_ (M _ L _ Lt _
leA,, = ! Ly = ! (=0.53,)(=2.5)dbx +— ! (—1.5)(=7.5)dx,
1 1.25x° |+ 1 : 3375 3375
Apy =— (2200 42 (11.25x,%) = - — 11.25mm, v
EI° 3 ’|v EI o EI  (200)(15) 50




Virtual Moment m, Slope at C *Real Moment M

I kNem 5 kN

AN
e

\}1 kNem ngy [Mer — -1

ql kNem /wl kNem

R
2m Xy Voo
A Ly,

mg, = -1

3 2
B m,M B 1 Ve 1 v
led, = ! dx = ! (=1)(=2.5)dx +— ! (—1)(=7.5)dx,
1 25x° |0 1 2 2625 2625
0, =—:( al ) +—(7.5x,) = = = 0.00875 rad, \7
El- 2 ‘|lo EI o EI  (200)(15) 51




Virtual Strain Energy Caused by Axial Load, Shear, Torsion, and Temperature

* Axial Load s aa

B

U, = j ndA = j @(%)d;‘)

L \

Where
n = internal virtual axial load caused by the external virtual unit load

N = internal axial force in the member caused by the real loads
L = length of a member

A = cross-sectional area of a member

E = modulus of elasticity for the material

52



* Bending > 40

—————

U, =[mdo=| m(%)dx

Where
n = internal virtual moment cased by the external virtual unit load

M = internal moment in the member caused by the real loads
L = length of a member

E =modulus of elasticity for the material
I =moment of inertia of cross-sectional area, computed about the the neutral axis

53



* Torsion

= do

U, =[1do =] ;g’/GiJ)d;)

-
_-

Where
t = internal virtual torque caused by the external virtual unit load
T = internal torque in the member caused by the real loads
G = shear modulus of elasticity for the material
J = polar moment of inertia for the cross section, J = zc*/2, where c is the
radius of the cross-sectional area

54



e Shear

Where

_zdo

U, = Ivdu = Iv(%)dx
L(\ B

-
-

v = internal virtual shear in the member, expressed as a function of x and caused
by the external virtual unit load
V' = internal shear in the member expressed as a function of x and caused by the
real loads
K = form factor for the cross-sectional area:
K = 1.2 for rectangular cross sections
K =10/9 for circular cross sections
K =1 for wide-flange and I-beams, where A4 is the area of the web
G = shear modulus of elasticity for the material
A = cross-sectional area of a member

55



Temperature Displacement : > dA

]

. Axial U, = [ n(aAT)dx
L

:,__J\:"> do
AT
* Bending U, = J. mo—)dx,
y [ 2¢ -

_-

Where
AT = Differential temperatures:
- between the neutral axis and room temperature, for axial
- between two extreme fibers, for bending
o = Coefficient of thermal expansion

56



* Temperature

/
/
/
/

\
\
\
\
\
\
\
\
\
/
M '
~— — e e
/
/
/
/
/
/
/
/

,}:y 4)
M

AT=T,-T,

H_Tz_"

(de)/é = a(é—f //)dx

(d0) = a(%)dx

Uy = | md6

L
Uiemp = Im(a
0

Al
2c

T e Y

7 2+|_m AT

H_Tl_"
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Example 8-24

From the beam below Determine :

(a) If P =60 kN is applied at the mid-span C, what would be the displacement at
point C. Due to shear and bending moment.

(b) If the temperature at the top surface of the beam is 55 °C , the temperature at
the bottom surface is 30 °C and the room temperature is 25 °C.

What would be the vertical displacement of the beam at its midpoint C and the
the horizontal deflection of the beam at support B.

(c¢) if (a) and (b) are both accounted, what would be the vertical displacement of
the beam at its midpoint C.

Take oo = 12(10-%)/°C. E =200 GPa, G =80 GPa, I = 200(10%) mm*and A4 = 35
(10%) mm?. The cross-section area is rectangular.

AHB

58



SOLUTION * Part (a) :

diagram ! I diagram |
, P2 0.5
X RL4A P i i
2 5 X m. 5 1
M | diagram, 0.
diagram '
mM. P2 x Px_dx 2 P w2 PD 60(4)’
Abending :I ——dx = 2_‘. (_)(_)_ = al ) = = ( ) =2 minm, ¢
. EI " 27 2 El  EI 4x3’|°  48EI  48(200)(200)
KvV, M1 P dx KPx|t»  KPL  1.2(60)(4)
A, =|"Lidgy =2 | K(=)(=)— = = = _
shear ! Ga ! QDG "G4l "ac4 agozson) 0026 mm, ¥

Ac=Aprting T Dsper =2+ 0.026=2.03 mm, v 59



SOLUTION *Part (b) : Vertical displacement at C

2
60 m o 55°C,
Am]? T.=550C
2m 2m ! r =230 45
< *‘ + 260 mm
i Troom - 25 OC ?
T,=30°C

Temperature profile

m |

diagramM
- Bending
L 2 -6/ _ 20,
(1kN)(AC)=j%dx :2“§T)j(o.5x)dx _, 12x107)(729) 0507,
% c 3

(260x107%) 2 e

0

Ac=-231mm, !

60



* Part (b) : Horizontal displacement at B

2
0m . s50c
A 'HM'B T,=55°C
2m 2m T Tm:55+30242'5
‘4 +< + 260 mm
X
1 kN 4 B . r=300c  eem = 2%
1 kN 2
Temperature profile
0 0
. n | 1 - Axial
agram
gram| (LN)(A ) = [ na(AT)dx
L
4
Ay =0.84 mm = a(AT)[ (Hdx
Ar =231 mm, 0
Y Yl ~— 4
~ 4 ~~. =(12x107°)(42.5-25)(x)
_i C =y 0
A Deflected curve B Apyy = 0-84 mm , =

61



e Part (c¢) :

P Ap, = 0.84 mm
260 i
T lC- 22 °C
AH
30 °C B

A.=-2.03+2.31=0.28 mm, *

62



Example 8-25

Determine the horizontal displacement of point C on the frame.If the
temperature at top surface of member BC is 30 °C , the temperature at the bottom
surface is 55 °C and the room temperature is 25 °C.Take o = 12(10-6)/°C, E = 200
GPa, G =80 GPa, / = 200(10°) mm*and 4 = 35(103) mm? for both members.
The cross-section area is rectangular. Include the internal strain energy due to
axial load and shear.

ELAE GA
2 kN/m

1.5 EL1.54E, 1.5GA 6 m
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Virtual load
L me
—, ;| e
B I 1.2 - _‘_
1.2 kKN @
6 m Axial, n (kN)
X
L 1 kKN v 12
AL
1.2 kN ¢ -
2x,
B C B |~ - C
Y 0 6 -
-1.2 -1.2
Ix;”
Shear, v (kN) Moment, m (kNem)
1
AL

64



16 - 2x,

16

x,«— Realload

5m »‘ 4 1
C .4 kN 1o B _‘f
12 kN
6 m Axial, NV (kN)
16 kN v
12 44
12 kN 60 12x,
3 'y C
-12 -12
Shear, V' (kN) 16x, - x,? ~ Moment, M (kNem)
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*Due to Axial X, «—|

1 1 4 4
L2 T ¢ 122 -
AE
—1.54F
Virtual Axial, n (kN) ¢, Real Axial, NV (kN)
X
12 L o m > v TR

(1N (Agy) = Z” Nk,

_1.2)A2)(6)  (H(4)O)

1.54E AE
_77.6 kN? em
AE
77.6 kN em

A, = =1.10910) m=0.0111 mm,—
CH 6kN ( )

(35000x10~°m*)(200x10 66
m’



*Due to Shear X, ]

1

B Vi C B C
1 > T 3
-1.2 -1.2
- 1.5GA4 16 - 2x, -12 -12
Virtual Shear, v (kN) 6 m Real Shear, V' (kN)
X

) 4
(LN )(Agyy) = j K( s

= [ ‘1 D06=2x) _5[1.2 CLHCR)
0 ) GA

1.5GA
6 5
1.2 2x, 1.2 134.4 kN* e m
= (— 16)(,' — 1 +(— 144x -

(I.SGA)( R )0 (GA)( 2)0 =y
A, = Z\‘;A KN o m = 4.8(10°) m = 0.048 mm, —>

(80x10°=)(35000x10™°m?) 67
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*Due to Bending X, ]

6 - 60 12x,
) X9
B - c o B C

, oY Y

< =
A fLsE 16x, - x,?
X

Virtual Moment, m (kNem) 6m Real Moment, M (kNem)
X
fl s .
—> \ 4

(LkN)(Agy) = j —dx

15151I () (163, =37 )d + 1£(1-2x2)(12x2)dx2

6
_ 1 (16x1 _xl )
1.5EI 3 4

3
A, = LIS2 kN e m = 0.0288 m = +28.8 mm, —>

(200 x 106 kN =2)(200x10~°m™)

1 144x] [
N .xz)

EI( 3

1152 kN? em’
EIl
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*Due to Temperature
B 30°C

55°C
260 mm x2 4_|

T =25C

room

T,=30°C

T T, =42.5°C
260 mm

T,=55°C

Temperature
profile

6 o 1.2x, 1 1
Bl 7 C B D) |
C
7
1 D n (kN)
m (kNem)
1.2
Al
- Bending

i

0

Acy=0.0173m= 173 mm, —»
- Axial

(LKN)(Ay,) = jna(AT)dx = j(l)(lz x107°)(42.5 - 25)dkx,

0

Acy=0.00105m= 1.0OSmm, —» 69



eTotal Displacement

(ACH )Total = (ACH )Axial + (ACH )Shear + (ACH )Bending + (ACH )Temp

=0.01109 + 0.048 +28.8 + (17.3 +1.05)=47.21 mm

Acy=47.21 mm

>

2 kN/m
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Castigliano’s Theorem

(dP)Ay; = dU*

dP .|
dUza—UdB ~ v =Y gp
OP U*—7, or '

U.=f(P,,P,...,P) U= U*




Load Displacement :

0 ¢ N’ ON. N
° 1 A, = dx) =\|(—)—
Axial Load pi oP ('!2AE ) ‘L[(@B)AE
H_}
N
o +M? oM M
. i A, = dx) =|(—)—
Bending Pi oP ('[2EI ) j(ﬁPl.)EI
H_}
mu
o KV*? ov._V
. — — | k(YL dx
Shear Pi 81’1.('!.2(?14 I (6B)GA
VA

Where
A = external displacement of the truss, beam or frame

P = external force applied to the truss, beam or frame in the direction of A

N = internal axial force in the member caused by both the force P and the loads
on the truss, beam or frame

M = internal moment in the beam or frame, expressed as a function of x and caused
by both the force P and the real loads on the beam

V' = internal moment in the beam or frame caused by both the force P and the real

loads on the beam
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Temperature Displacement :

. Axial Ap = —( j N(@AT)dx)= j (—)(aAT)dx
H—’
N
* Bending Pi (_[M (05 )dx) j( éf )dx
H—’
LN

Where
AT = Differential temperatures:
- between the neutral axis and room temperature, for axial
- between two extreme fibers, for bending
o = Coefficient of thermal expansion
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Slope :

B oU
Mi aMl
o M? oM M
) 1 9 JR— d = _ )
Bending Mi oM. (-IZEI ) -[(GM)EI
L(_/
My

Where
0 = external slope of the beam or frame
M, = external moment applied to the beam or frame in the direction of 0
M = internal moment in the beam or frame, expressed as a function of x and caused
by both the force P and the real loads on the beam
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Castigliano’s Theorem : Truss

ON._ N.
AZE i lL.
(GP)AE l

Where:
A = external joint displacement of the truss

P = external force applied to the truss joint in the direction of A

N = internal force in a member cause by both the force P and the loads on the truss
L = length of a member

A = cross-sectional area of a member

E = modulus of elasticity of a member
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Example 8-26

Determine the vertical displacement of joint C' of the truss shown in the figure
below. The cross-sectional area of each member of the truss shown 1in the figure
is A =400 mm? and E = 200 GPa.

76



SOLUTION

1.5 kN
N: Real Load

ON. L
ACV - ZN(ﬁ—P)E

1
Aoy =——(-10.41+10.41+10.67) =
v = )

Acpy=0.133 mm,]

ON
N(=)L
Cp)

10.67 kN em

(400x10°m*)(200x1

kN
0°=)

m
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Example 8-27

Determine the vertical displacement of joint C of the steel truss shown. The
cross-section area of each member is 4 = 400 mm?2 and E = 200 GPa.

4kN 4kN

78



SOLUTION

F -0333p F

[ )

L]

\Y /. 4
QY
ZEX
P 06677 0.667P
B

0.667P
C

4KkN 4kN 4kN 4kN || 0333P p 0.667P

ON
N(=)L
)

ON. L
ACV :ZN(G—P)E

Ay = 115,07 +3(5.33) +2(10.67) + 16 +30.18)] = P2ANem N
AE (400x107°m*)(200x10° =)
m

Aopy=123 mm, |
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Example 8-28

Determine the vertical displacement of joint C of the steel truss shown. The
cross-section area of each member is 4 = 400 mm?2 and E = 200 GPa.

wall Cc 10kN
.
‘ss
N
3m§
v D B
A
2m Y20kN
|

80



SOLUTION

20 kN 1P P

23.333 kN §ID 23333 C 10kN  0.667P § |D 0.667P ¥ C N
’ B
X + \ 0 X
a \ a
A YA 2 5 >
13.333 kN 0.667 P m
20 kKN
N- Real Load N: Virtual Load P
ON . L
A, =Y N(E—)—
ov =2 QW)AE
A 1(&)313 104.12) 152> kN em
oy =——(60+31.13+104.12) =
AE (400x107°m*)(200x10° k]\;)
m

A= 244 mm, |
81



Castigliano’s Theorem : Beams and Frames

 Displacement

3 g by

2 B i B
0
X X \Y% 2 X
= p IR !
R, R, A Ry
A = I (aﬂ)ﬂ dx
. OP EI
Where:
A = external displacement of the point caused by the real loads acting on the beam

or frame

P = external force applied to the beam or frame in the direction of A

M = internal moment in beam or frame , expressed as a function of x and cause by
both the force P and the loads on the beam or frame
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» Slope

R, R,
_ J' ( oM )%
- OM" EI
Where:
A = external displacement of the point caused by the real loads acting on the beam

or frame
M’ = external moment applied to the beam or frame in the direction of 6
M = internal moment in beam or frame , expressed as a function of x and cause by

both the force P and the loads on the beam or frame
83



Example §8-29

The beam shown is subjected to a load P at its end. Determine the slope and
displacement at C. EI is constant.

84



SOLUTION Displacement at C

M
diagram
M = | _!
1 ) g M, = -Px,
oM M 1 % oM,
—)— = M ,)dx, + 2 d
£<5P>E] EI!((%,)( Dy, j( )(M.,)dx,

1% x. Prx 1 ¢
— j (- 5)(— — D+ j (=x,)(=Px, )dx,

Pa3
o EI’ i

Ac = ()(

EI 4 _(P)(
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Slope at C

P
M
A
M
0.5P+— M
1.5P+—
% ra %]
— —(0.5Px, + 2,

3 2
o rl - _/#'

X2
1 2a

oM, M,
Oc = [ (DM ) +— j( )M, )dx,

0

0
1% x 1
= J‘(—Z)(—O.Sle —%)dx1 +E£(—l)(—Px2 —%d)g

« 2Pa’ Pa® 7Pa’

2

L
o EI 2

Oc EI(4)(

+ - °
3EI 2EI  6FEI 3
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Example 8-30

Determine the slope and displacement of point B of the steel beam shown in the
figure below. Take £ =200 GPa, /= 250(10%) mm?.

3 kN/m
IA B
< A )

87



SOLUTION Displacement at B

Ap=

oM .M
OP " EI

(Ap) = [ () —dx

5 O 2
=il (o2

e

EIY 2

5

)

0

1 3x*
— (=

El 8

234375 kN* em’
EI

234.375 kN em’

0° kliv)(zso x107°m*)

(2001

0.00469 m = 4.69mm,
38



slope at B

]
3 kN/m M- _[ M' EI
IA s B) j( I)(- M——)dx

) >

X 3_x 1 3x

_M'_%: M KE*E M- E] 2

Vie X | =5 s )
_ 625 kN* em’

Deflected curve EI

A B
I———-—-F_ —r— y A = 4.69mm, 62.5 kN em’
- 6 kN 64
(200x10° “2)(250x 10 m*)
m

0 = 0.00125 rad

0,=0.00125rad, Sy



Example 8-31

Determine the slope and displacement of point B of the steel beam shown in the
figure below. Take £ =200 GPa, /= 60(10%) mm?.

14 kKNem 5 kN
(‘A i C D
B
|< 2 m >|4 2 m >I4 3 m ’}
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SOLUTION Displacement at B

P oM . M
14 kNem X X A )= | (22
(;}—w o e (85) I(aP)EJ
y 2
B D _ ij(ﬁ)(l4—h+ﬁ£)dxl
P P Bl 2
2 2 2 2 2
I ¢ x,. 7x Rx
2 2 3 2 2 2
Zm ,, 2m ,  3m +— [CE+ R,
V 3
0)(0)d
diagram I 1 | +I (0)O)d,
-0 7 P °
2 27 —(=+2) 1 2 ) 1 ¢ .
) - ! (T3, = 0.5%7 ) +— ! (3x,”)dx,
7x”  0.5x > 3x,” |
14 ( )( —— 1) (_)( 2)
Px,
M 2 :20.667: 20.667
diagram EI (200)(60)

Az =0.00172 m = 1.72 mm, ¢ 91



SOLUTION Slope at B

L
oM M
(9 _
14KkNem O KN !(8M')EI 0
( C ¢ ox lﬁ'
=— | (D)4 —x,+—)d
E]£(4>< X+ )y
0
1 ¢ M'xz
+ — dx
EIO( 22)(6x 2 )dx,
3
v + [(0)(0)dx,
diagram L o | I 0
—a-M T 1 :
4" —(6- 7 ) =E_(.;(3.5x1 —0.25x,")dx,
M' 2
M, =14—(1-")x 1 )
" 1 ( A )X, ” +EI(—1.5x2 )dx,
0
M, =(6-")x, : 3 3
M 4 1 (3.5x1 ~ 0.25x, | 1 (_1.5x2 |
diagram T B 2 3 El 3
B Ay=172mm _ _ == 2333 2333
ABRT="< M C 7 EI (200)(60)
0, = 0.000194 rad 0,=0.000194rad, _~F 0



Example 8-32

Determine the displacement of point B of the steel beam shown in the figure
below. Take E =200 GPa, I =200(10%) mm*.

—— 4m Me— 3y e 3m —*

93



SOLUTION
. P 20 kN

1 X, X5
10 kNem ( :Ji

)75+6P

___________________________

2.5 KN 22.5+P
10 kN» | =
?_’r‘n M, =10 - 2.5, : (225+P)x3 (75 + 6P)
(el SN
, \%

94



P . 20 kN

Asz(

i‘74m >|< 3m >|< 3m—’i

oM M
oP  EI

Ay =

=(22.5+ P)x3 (75 + 6P)

| bM —-(25+P)x2
2.5 kN vV,

) 0 3
é;[(()/)(w—/lgxl)d% +ﬁ;[(_xz)(_2'5x2 _x2}3)dx2

0 0
1 3
+ E}[ (.X'3 — 6)(225X3 + x3}g —75- 6]§)dx3

1 7 ) 1 7 )
— mﬁ [(2.5%,)dx, to ! (22.5x,> —210x, +450)dx,

11.25 303 75 315 315

El | El Elo0)200) 87 mm, ¥
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Example 8-33

Determine the displacement of hinge B and the slope to the right of hinge B
of the steel beam shown in the figure below.
Take £ =200 GPa, /= 200(10°) mm?*,

96



SOLUTION

30 kNem

A

2.5 kN

: D AP+ 175+ M

P+ 17.5
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M= (P + 17.5)x, - 4P+17.5) - M
M, M, 23035, 5x, ’ ?

y D 2 CT 4P +17.5)+ M
l v 2B C
7 5 kN 3 X, P+17.5

* The displacement of hinge B

j (—)x

_0+—j(/gx2+175x2 41; 70 zﬁ)(x2 4)dx,

_ 3800 _ 800 =0.01m=10 mm,¥ <=
2EI  2(200)(200) 98



M= (P + 17.5)x, - 4(P+17.5) - M
M, M, =305, 5x, ’ ?

y D 2 CT 4P+ 17.5)+ M
l v 28 C
2.5 kN 3 x, WP+175

* The slope to the right of hinge B

MG
_0+—j(w§cz+175x2 4}3—70 zﬁ)( Iydx,

= 300 = 300 =3.75%107° rad A <
2EI  2(200)(200) 99




Example 8-34

Determine the slope and the horizontal displacement of point C on the frame.
Take £ =200 GPa, / = 200(10°) mm?*

2 kN/m

EI

1.5 EI

6 m
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SOLUTION X, «—  Horizontal Displacement at C

36 6P
}4 >m > Mzz(?'i_—)xz
B C.P CT > C P
x2: ‘
(P+12) ? v 36 6P
X X - T
1 1 5 5
12+P
5 5 5 5 54
5
oM. M, B 6x,. 36x, 6Px,
o = [T —15E] j(xo(xfmxl X, ), + j( Yo 22,
1 5
- j (16x —x, )dx1+E— ! (14.4x,%)dx,
1 (16x13_x14)6+1(14.4x2)5_552 600 1152 _ ogs
HTVSELS 3 4 EIC 3 le EIEI (200)200) coommL,
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MV
M= M'+(12 -

)X,

t© oM, M 2 sz
¢ :;')‘(8—]\/[1') 1 15EI /)Q/ X, )dx, +— j (l—x—)(lﬂ +12x, ——2)dx,

1 7 12x,°
—04+— | (12x, ——=22 yax
Ezl( > 5 Jax,
1 12x22_12x2)

s 50 50
A 5%3 0.00125 rad

EI~ (200)(200) ’ 107




