Mixed-Mode Fracture
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Mixed-Mode Fracture 3 3 3
K [ + K Il + K I
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E E 2G
indicates that energy release rate contributions from each mode are additive. This
equation, however, assumes self-similar crack growth.

» When two or more modes of loading are present, G =

» Typical propagation from an initial crack that is not orthogonal to the applied normal
stress. The loading for the initial angled crack is a combination of Modes | and 11, but the
crack tends to propagate normal to the applied stress, resulting in pure Mode | loading.

A

Fracture path
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Mixed-Mode Fracture
(a)

» Through crack in an infinite plate
for the general case where the
principal stress IS not
perpendicular to the crack plane.

» A propagating crack seeks the path of least resistance (or the path of maximum driving
force) and need not be confined to its initial plane. If the material is isotropic and

homogeneous, the crack will propagate in such a way as to maximize the energy release
rate.
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Mixed-Mode Fracture

biaxial loading o, alzj in global frame (& &.)
1 2

Prrrt b

— expressed in local frame (€ €))
D Y A& — & =COSPE +SinPE,
e C, N . _ _
DR 2\ €, =—sinB€ +CosPE,
\"\ X =
- \"-.\\ / - = )
=3 — €-& §€-€ .
RS (Q):( . Zj Q = Rotation tensor
- - 1 - -
_— 2a — ez * el e2 y eZ
- -
— cosf3 —sin
Thus, (Q)=| . P P
-~ — sinf3  cosf
Gs
Stress tensor components :
L

015 Oy

oy O, T
KI(O):Gl\/E (021 Gézj:(Q) L(ylz Gzzj(Q)
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Mixed-Mode Fracture

o, O, _ cosf sing\ o, oy, \fcospB —sinp
Oy Oy —sinf cos p)\o, o, )\SINS  cosp

c’oc,, + 280, +S°0,, —csoy,, +(c?-s%)o,, +Cs0,,
—so, +(c’ —s?)o,, +CSo,, s’c,, —2cso,, +C°0,,
crack tip stresses oy = K, f i (0)+ Ky f i (6)
N2rr N2rr

with: K, =@poj,\ra; K, =yo,Nra

oy, “does not do anything”
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Mixed-Mode Fracture

0 O . |s’c  cso
o= mmm) O = ,
0 o, cso C'o

K, =K, cos*
Ky =K, Cosgsin g

K is the Mode I stress intensity when / = 0.
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Example multi-mode load

Crack in tube wall at an angle 8 with the tube axis.
059
' ot _L 0712
2a Tq
e B

02@20 ; a—pR:la
t ) a 2t 2
05 =850+ o : oy =cs(l—3)o=s5cs0
R
- Va

K = o5v/ma = (182+c Jo/Ta = (182—|—C )

pR
Krr = ojsv/ma = %csa = %cs T\Mm
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» criteria for crack growth direction :

Crack Growth Directio

“* maximum tangential stress (MTS) criterion

+»strain energy density (SED) criterion

requirement : crack tip stresses in cylindrical coordinates
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Mixed-Mode Fracture
: : _ G, = ki {Sctos[e]—lcos[%ﬂ
The crack tip stress fields (in polar 2nr | 4 2) 4 2
coordinates) for the Mode | portion of the
loading: < I3 o) 1 30
Gy = d —COS[—]+—COS[—
2nr {4 2) 4 2
Trp = Ki lsm(g)+lsiﬂ _9]
" J2mr | 4 2) 4 2
The singular stress fields for Mode I1: G, = Ky _Esm[ﬁ +§Sm @)
N2mnr | 4 2) 4 2 )]
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Crack Growth Direction

% Maximum tangential stress criterion

Erdogan & Sih (1963):

Hypothesis: crack growth towards local maximum of o,

2
a@j:o and %gg<o N

K Ic
27r

c,(0=6.)=0,(0=0)= —  crack growth
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% Maximum tangential stress criterion
00, 0
06

2\/57[—— In(— )——SI (—)} m{—%cos(?)—%cos(;)}zo
K,sind+K, [3cosd-1]=0

o’c,
06’

<0 -

1K,

[3005( ) +C0s
4 K

Ic

34 }iit[—?;sin(%)—%in(gg)}:
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% Maximum tangential stress criterion

> Mode /: K, =0
a"; =K,sin(@)=0 - 4 =0
o] g
06" |,
o, (0.) = ATt - K, =K,
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% Maximum tangential stress criterion

> Mode //: K, =0
0oy =K, [3cosé, -1]=0 - 0= iarccos(l) =+70.6°
00 3
T
azo-tt < O
2
o0 6,=—70.6
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% Maximum tangential stress criterion

Multi-mode load 360

K, _—sin(g) —sin(%)} +K, {—cos(g) —3cos(7)} =0

K, _—COS(g)—3COS(%)}+K“ {sin(g)+9sin(%)}<0

K, 3cos(§)+cos(%) +K, —33in(g)—35in(%)}=4K,c
i 2 2 2 2

( K

S S -2 f, =0
. Ic : [chj i
_Klfl_KlleZO K
-K,f,+K, f,<0 s R f2+(K”jf3:O
K|f4_3K||f1:4K|c N ¢

[&jf4_3(mjf1:4
L ch ch
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% Maximum tangential stress criterion

Multi-mode load
Determining the crack growth direction for multi-mode loading is only possible
using numerical calculations. The relations which have to be satisfied for crack
growth in a certain direction are written is terms of the parameter K/K .

0.9 0 !
T : : : : :
O L i i : e I
0.7_ ' . H i ‘.,-"J
: -20 s
0.6/ | /
i /
205 R —30f
X : o
X 0.4 *
: -40r
0.3 ;
: -50¢ - reree
0.2 : -
0.1 -B0F e
% 0.2 0.4 ois 0.8 1 -70L—=——i : : :
KK ) ' 0 0.2 0.4 0.6 0.8 1
I lc K /K

I e

In the first one K,/K,. Is plotted as a function of K,/K,. and it can be used to
determine which combination leads to crack growth. From the second plot the crack
growth angle 4. can then be determined.
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+» Strain energy density (SED) criterion
Sih (1973)

U; = Strain Energy Density (Function)
S = Strain Energy Density Factor= rU;=S(K,, K, 0)

The strain energy density U, Is the stored elastic energy per unit of volume.
For linear elastic material behavior this specific energy is easily calculated
In the crack tip region and appears to be inverse proportional to the
distance to the crack tip. The strain energy density factor S is now defined
as the product rU, as such being independent of r.
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< Strain energy density (SED) criterion O'rr

Sih (1973) y v
Ort

S =rU, :rj'ogij odg;
0 /< Ott

Hypothesis: crack growth towards local minimum of SED

2
é:O and 882 >0 — 0.
06 06

S(@=6)=S(@=0,plstrain) =S, — crack growth
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+» Strain energy density (SED) criterion

1 2 2 2 |4 1 2 2 2
= E (o), + o, t0y, )— = (o, o, t0,0, +0,0, )+ < (axy +0o,, +0,

Kt o5 1-sin(@)sin2) |-—Ko_sin® 2--cos()cos(
O = o cos(z)_l sm(z)sm(z)_ — Sln(z)[2+008(2)cos(2)}

K, o, . 6. . .30 ] K . 0 0 36
= Cos(=) | 1+sin(=) SiN(=) [+ ——1=sin(=) cos(=) cos(=
o >~ (2)_ (2) (2 )_ >~ (2) (2) ( 2)

I<|
27r

Xy

sin(g) cos(g) cos(329) + \/% cos(g) [1— sin(g) sin(%)}

m) S =rU, =S(K,,K,,0)
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¢+ Strain energy density (SED) criterion

S =I‘Ui :S(K| ,K|| 19):a11k|2+2612klkll +a22k|2|

1
=——(A+cos@ —Cc0osd
ayy 166( )(K )

a, = ésin O[2cos 0 —(k —1)]

a, - é[(x+l)(1— c0s ) + (1+ cos 0)(3c0s O —1)]

k. =K, N7
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+» Strain energy density (SED) criterion
Mode I: K, =0, K, =ovra

2

S=a.k’= %(H cos &) (xk —cos 6)

oS . —
E:sm@[Zcos@—(/c—l)]:O -  6,=0 or 90=afCCOS(KTl)

2
Z—;:ZCOSZH—(K—l)cosébo — 6. =0
o’a

S@) =1

(2)(x-1) =%a(1<—1)

. 2
S =S (g,,Pl. Strain) = LTVL=2v)o7a
2rE
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+» Strain energy density (SED) criterion

Mode IlI: I‘<| :O’ K|| =7~ 7ta

2

S —ak =%[(Hl)a—cose)+(1+cose)(3cose—1)]

§=sin9[—6cose+(z<—l)]=0 )
ol k-1
L > 0 = J_rarccos(T)

0°S 2
> =6-c0s" &+ (x—-1)cosd >0
0
2'23. 1 2
S(6) = — (—x“+14x -1
() 166[12(K w0

5(9)=S. 1 - 1\/ 192655,
Ja V—«x? +14x -1
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+» Strain energy density (SED) criterion
Multi-mode load

It is again not possible to determine the crack growth direction for a general multi-
mode loading. Numerically it can be done, however.

For this situation the scaled stress intensity factors &, and &, can be calculated, from
which follows the expression for S as a function of g and 6. The requirements
according to the SED criterion can be used to test a sequence of 4. values for a
sequence of B values and a plot can be made.

k, =o~asin® g ; k, =o+asin gcos j

S =S(K,,K, .0, B)=c’asin® pla, sin® B +2a,sin Scos B+a,, cos’ B]
% = (k—~1)sin(6, —28) — 2sin 2(6, — B) —sin 26, =0

0°S
7 =(x—1)cos(6. —2p)—4cos2(6. — f)—2c0s26. >0
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+» Strain energy density (SED) criterion
Multi-mode load

The requirements according to the SED criterion can be used to test a sequence of 6,
values for a sequence of B values and a plot can be made. The figure shows the result
for plane strain.

f 90
7 —0c g0
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Propagation criteria N\

General criteria:

Q(K,, K, K,Kye:Biyo) =0 explicit form obtained experimentally

Examples in Modes | and 11

[ﬁj +Co( Ky j =1 m,nand C, parameters determined experimentally
I<IC I<IIC

Erdogan / Shih criterion (1963):
Crack growth occurs on directions normal to the maximum principal stress
K, sinE+sin9 +K, cosg+3cos§ =0
2 2 2 2

Condition to obtain the crack direction



