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4 (-1, +1) 3(1,+1)
Ay (Ug, V) (U3, va)
An [ L
4 (X4, Ya) 3 (X3, Ys)
(U4, V4) (US, V3) ‘ g
2h —9&» :>
2b :
1 (X1, Y1) 2 (X2, Y2)
(Ul, V1) (Uz, VZ) . .]_ (-1, -1) g(l, -1)
(U, V1) (U2, V)
X, u

u(x,y) =N(x,y)d where | N O N 0O Ny 0 N, 0
0O N, O N, 0 N, 0O N,

Node 1 Node 2 Node 3 Node 4
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N, =;(1-5)1-n) R "o Sl oL Jg“@““

Ne=HRA0) LN S (14 £ E)(L+ )

N;=;1+8)A+n)

- 3(1, +1
N =2d-c)d~ 77) ’ gui’vtx)l) Eu3,+v3
., ) ® ®
Na| oy =2 @+ S)A+ 77) g=1=0
n=-1 4
Nolinoser =7 1+ )AL +7)es =0 . Delta function ‘
N3 atnode3 =4 (1+ é:)(l—l_ 77) f]j =1 prOperty 4
Nyl owes =7 @+ E)A+77)|e=2=0 ® ®
n=1 ) 1(-1, -1) 2 (1, -1)
™ (Ug, va) (U2, V2)

iN N, + N, +N;+N,

-7+ @ A7)+ @+ HA+n)+ Q- A+ )] (- Partition of unity
= 1[2(L-9) +2(L+ 9)] =1
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Coordinate mappin
AY 4 (X4, Ya) 3 (X, Va) ppIng .
ﬁ.\ \4.(_1’ +1) ‘3 (1’ +1)
\ {
2 (XZ’ yZ) ® ®
1 (X1, Y1) X 1(-1,-1) 2(@,-1)
>
Physical coordinates Natural coordinates
u(&,n) =N(&,n)d (Interpolation of displacements)
X(¢, 77) =N(¢, 77)xe (Interpolation of coordinates)
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X(&,1m) =N(&,m)Xx,—

where

N, =;(1-5)A-7)
N, =;1+S5)A-7n)
N, =2 (1+8)1+7)
$(1-5)A+n)

N4

Y1

X5

Y,
X3

Ys
Xy

Y4

X

y

b Ol oKns 4 (X,Y) Slaasbes o&s 1 Jlaz!

le

> coordinate at node 1

> coordinate at node 2

> coordinate at node 3

> coordinate at node 4

Z N; (S, m)X

Z N; (S, 7)Y,
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4
Substitute £ =1linto  X= Z N. (&, )X
=1
X=51-m)X, +51+m)X, or X:%(Xz +X3)+%77(X3 —X,)
y=31-n)y,+30+n)y, y=5(Y, +Y3) +371(Y; = Y,)
_ (y3_y2)

Eliminating 7, y {X=35 0%+ %)+ 35 (Y, +Ys5)

(Xs o Xz)




@Qw)k&ﬂ)\.@e-dw‘

Remarks

e Shape functions used for interpolating the coordinates are
the same as the shape functions used for interpolation of
the displacement field. Therefore, the element is called an
/soparametric element.

e Note that the shape functions for coordinate interpolation
and displacement interpolation do not have to be the same.

e Using the different shape functions for coordinate
Interpolation and displacement interpolation, respectively,
will lead to the development of so-called subparametric or
superparametric elements.
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3
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Parent Element
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X=a,+a,d taytacn
y=a;+a,¢ tantagn

X = %((1-5)(1- m)x, +(1+E)I-n)x, + (I +E) +n)x, +(1-E)(I +1)x,)

=5 (@-OU-my, + (U -n)y, + U+ O m)ya + (-6 + 1))

S
L=
Y 4
{X} {Nl 0O N, 0O N, O N, O}y2 2 4
= >
y 0 N, 0 N, 0 N; 0 N,||Xx N (A+EU+y)
Ys 3 4
AN RS ()
=
(Y ) 4
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Coordinate transformation Is unique and invertible.
X =X(<,7) ¢=<(x,p)
| y=Y(n) n=n(x,y)
Chain Rule:
of oOf ox afay (of
0F  ox 0F 0y O& <%>:
of of 8x of oy of
on - Ox 8}7 0y 0Onf on,
Jacobian matrix: [ ox oy |
,_|o¢ o
ox oy
o on.

OX

05
OX
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a ["Phap Ty P g PR L 1

077 | ©3 LY | 077 | O On_

: . oy o) aya() 0 '

o()_Liayo() oyo()| ( y |on o o on

ox ||| on o0& o0& on | <€x&:i 0 ox o( ) oxa() {
o) _1faco() axo()] ) Pl ) mol) s DE

o —_ § J X X

o DILes on an o 3 on o7 02 on 0F 0 on |
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& =DNd

o) _eaya() 0

on d¢  Og 0n B - D N
1 oxo() oxo()

D=— — 3x8 3x2 2x8

0 T (3<8) (3x2) (28)

x0() oxo() ayo() ayo()

|0 on  oOn O& on o OF on |

(- -m)x, + (I +E)I-n)x,
+(L+ ) +n)xy +(1-$)( +1)x,

|

=(—@-mx,+ (-m)x, + (I +7)xy = (I +0)x,)

:%(

ax 1
654

K 2 (-0 = U+, + U+ + (-0,

an

:1((1-4‘)(1-77)%+(1+§)(1-f7)y2

A +QA+E) (I +n)y, +(1-E)U+n)y,
oy 1
65 4
ay 1
677 4

|

=(-@-my+U-n)y, +U+n)y,—U+n)y,)

=(-Q-Op -+ y, + U+ y, +(1-&)y,)
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[B(f’ﬂ)]:ﬁ[Bl . B, | By B4]

[Bi]:

a(Ni,f)_b(Ni,n)
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N, _Ai-n)_(=1) _oN, _(I=5)()_(£-1)

Mt e T T 4 e 4 4
_oN, _(Y(A-n) _(U=n) N, _(U+E)() _=(e+])
2 0E 4 4 21 oy 4 4
N :8N3 :(1)(1+;7):(1+77) N :6N3 :(1+§)(1):(§+1)
& 4 4 M on 4 4
N N () () N, _(I=6)() _(I=¢)
Yo 4 4 Yoy 4 4
a=1/4]y,(E-1)+y,(=6-1)+ Y, (E+1)+Yy, (1-¢)]
b=1/4y,(n=1)+y,(1-n)+y;(n+1)+y,(-1-1)]
C:1/4_Xl(n—])+x2(]—;7)+x3(77+])+x4(—]—;7)]

4 =4[ (£-1)+ X, (~E- 1)+ 1 (£41)+x,(1-8) ]
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Gauss Integration

e For evaluation of integrals in k (in practice)
In 1 direction: | = rll f (§)d§ — Z W, f (éjj)
_ =

/m gauss points gives exact solution of polynomial
integrand of n=2m-1

Ny I’ly

In 2 directions: | = J.jll.‘:l f(&,n)dédn = Z Z WW, f (§i,77j)

i=l  j=1
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e This Is the most widely used element for 2-D problems due
to its high accuracy in analysis and flexibility in modeling.

Quaaratic Quadrilateral Element (Q8)
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e In the natural coordinate system (¢ ,7)), the eight shape functions are,

N; = R (&, m)Gi(S,m)

- Give a value of zero along the sides of the element that the
1) :
given node does not contact

G.(£,1) Select such that when multiply by £;, it will produce A value of
(S unity at node 7and a value of zeroat other neighboring nodes.

Example: Consider A,

F(S,n)=01+5)1+n) oo
G,(&,m)=c,+C,¢+Cynp L E=-1 =1
G,(L,0)=0; G,(01)=0; N,(1)=F@1)G,(11) =1

naSikila -|ladal |Nada AlSuila
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G,(10)=0=c,+¢, =0
G;(0)=0=c, +c,=0
N,(11) =1=4(c,+c,+c;)=1

s.c,=-1/4
c,=1/4 7
c,=1/4

N, = @+ LN +n-D
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e In the natural coordinate system (¢,7)), ! 3

the eight shape functions are, LAY o e

[?:_l E=-1 E=1

N =2(-HM-DEN+D N, ~Laema-g)
N = (+OM-DM-E+D N, Lavoa-m)
No=@+OA+mERN-D oy, ~Laema-g)
No= E-DMHDE-n+D ~La-ga-m)
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8
e atany point inside the element: ) N, =1
i=1

e The displacement field is given by:

e which are quadratic functions over the element. Strains and
stresses over a quadratic quadrilateral element are linear
functions, which are better representations.
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Notes:

e Q4 and T3 are usually used together in a mesh with linear
elements.

e Q8 and T6 are usually applied in a mesh composed of quadratic
elements.

e Quadratic elements are preferred for stress analysis, because of
their high accuracy and the flexibility in modeling complex
geometry, such as curved boundaries.

naSikila -|ladal |Nada AlSuila
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O-_T g_"f
1o, r=Eq¢, r=EBd
T,n /4 xy

where B is the strain-nodal displacement matrix and d is the nodal
displacement vector which is known for each element once the
global FE equation has been solved.

Stresses can be evaluated at any point inside the element (such as the
center) or at the nodes. Contour plots are usually used in FEA

software packages (during post-process) for users to visually inspect
the stress results.
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The von Mises stress Is the effective or equivalent stress for 2-D
and 3-D stress analysis. For a ductile material, the stress level is
considered to be safe, if o, < o,

where o, Is the von Mises stress and o, the yield stress of the
material. This is a generalization of the 1-D (experimental) result
to 2-D and 3-D situations.

The von Mises stress is defined by

(o _0-2)2 +(0o, _0-3)2 +( 0o, _0-1)2

]
Uezﬁ\/

In which 0,,0, and 05 are the three principle stresses at the
considered point in a structure.
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The von Mises stress Is the effective or equivalent stress for 2-D
and 3-D stress analysis. For a ductile material, the stress level is
considered to be safe, if o, < o,

where o, Is the von Mises stress and o, the yield stress of the
material. This is a generalization of the 1-D (experimental) result
to 2-D and 3-D situations.

The von Mises stress is defined by

(o _0-2)2 +(0o, _0-3)2 +( 0o, _0-1)2

]
Uezﬁ\/

In which 0,,0, and 05 are the three principle stresses at the
considered point in a structure.
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For 2-D problems, the two principle stresses in the plane are
determined by

2 2
c.+o, o.—0, o.+0, o.—0,)
o = 5 “‘+\/[ 5 }] t7, o= *’2 }'—\/( x2 J) +7,,

Thus, we can also express the von Mises stress In terms of the

stress components in the xy coordinate system. For plane stress
conditions, we have,

o, = \/(O'x +o0,) -3(c,0,—1.)
Averaged Stresses.
Stresses are usually averaged at nodes in FEA software packages to
provide more accurate stress values. This option should be turned

off at nodes between two materials or other geometry discontinuity
locations where stress discontinuity does exist.
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(1 - X,
N T

The dimension of the plate is Z0in. x 10 in., thickness Is 0.1 in.
and radius of the hole is 7 in. Assume £ = 10x10° psi, = 0.3

and p = 100 ps/. Find the maximum stress in the plate.
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From the knowledge of stress concentrations, we should expect the
maximum stresses occur at points A and B on the edge of the hole.
Value of this stress should be around 3p (= 300 psi) which is the
exact solution for an infinitely large plate with a hole.

Elem. Type | No. Elem. DOF Max. o (psi)
T6 966 4056 310.1
Q4 493 1082 286.0
Q8 493 3150 327.1
Q8 2727 16,826 322.3
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ANSYSB 5.3

MAR 4 1957
19:22:47
NODAL SOLUTION
STEP=1

sue =1

TIME=1

SEQV {RVG)
DMX =.117E-03
SMN =25.061
SMNBw15.422
SMX =327.07
SMRXB=335.239
25.061
58.618
92.174
125.731
159.287
192.844
226.4
259,957
293.513
327.07

ORNNERNAC

B
g
;
:
i

I
4
E
B
£
B
E
Lf:
3
E
=
2
B
B
E,
B
E
B
=
5
:
B
r

FEA Mesh (Q8, 493 elements) FEA Stress Plot (Q8, 493 elements)
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Discussions:

e Check the deformed shape of the plate
e Check convergence (use a finer mesh, if possible)

e Less elements (~ 100) should be enough to achieve the
same accuracy with a better or “smarter” mesh

naSikila -|ladal |Nada AlSuila

e 30 dgaaa 151jal pan)



