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A 3D 12-freedom beam element defined in a local system

,ﬁ u;, v, w;:Translation at node 1
0,5 : : :
Y "l )ﬁ: In X, y and z directions
Hﬁ'lrﬁ /"L = %_.wz
0. Ox1 O)1 @4, - Rotation at node 1 in
—

X, y and z directions
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y:Ls’y_Lz vy YT L

L= \/(Xz — X1)2 + (Y, — yl)2 +(z, - 21)2

G is the torsional modulus of the material and Jis the torsional proportional
constant for the cross section.
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A 3D global 12-freedom beam element

) g1 USTU T x T _

kK'u'=f :} KTu=Tf =T k'Tu=f
=

k=T'kK'T
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A 3D global 12-freedom beam element k — TTk'T
A0 00 Il m,_n
T=|" £ 09 A=l mn
0 0 4 O I m n
00 0 4 -t -
Direction cosines in A: O s 45

| =cos(x’,x), m, =cos(x’,y), n, =cos(x,z)
|, =cos(y’,x), m,=cos(y’,y), n,=cos(y’,z)
| =cos(z’,x), m =cos(z’,y), n,6 =cos(z’,z)
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L= \/(Xz o X1)2 + (yz o y1)2 + (Zz o 21)2

(y21 31 y31221)

Xg =X =X \ 2A1i3
Yo =Y =Y Kk /=1,2,3 mzzﬁ( X5 = Z31%51)
Ly =1L — 1 | 1

n, = 2A123 + (X21y31 - X31y21)

2 2 2
A123 - \/(y21z31 - Y31221) + (221X31 _ Z31)(21) + (X21Y31 _ X31y21)
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If a distributed load with components w), w, is applied on the element
Then the equivalent point loads at the ends of the member are:

w. L w2 w2 wl 2w L?
fropo s Wb o WL Wb o Wb Wb g Wil T 4
2 2 12 12 2 2 12 12

f=T"f'
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Input data for beam-bar elements.

* (X, Y, 2) for each node

*£,A G, J 1, | foreach element in local coordinates

Calculate:

* The directional cosines

» The element stiffness matrix in global coordinates

 The element force vector in global coordinates

» Assemble the stiffness matrices to obtain the global stiffness matrix
« Assemble the load vectors to obtain the global load vector

« Solve the final equation to obtain the displacement at different nodes
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Two-Dimensional Problems
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Plane Siress.  :olus ojle ¢S5 s ¢Sawl glamin (25 bl ol
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L Le=E'o+g,

dj»l.o G}Q}.w‘ﬁ wyc&\i WY‘ deﬁE M:.‘j‘ ui'-;;‘EO
el

E which means that there are only two
G= 2(1+v) Independent materials constants for
v homogeneous and isotropic materials.
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Example y
A plate is supported and loaded
with distributed force p as
shown in the figure. The
material constants are £and 1.
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gng, €, ==V,
o.=p, o, =0,

Exact (or analytical) solutions for simple
problems are numbered (suppose there is
a hole in the plate!). That is why we need

FEM!
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2D Elasticity

\Volume
element dV p AV Py S,: Portion of the

X d p, boundary on which
g displacements are
prescribed (zero or
S, nonzero)

X /2 S+: Portion of thg

S boundary on which

X tractions are prescribed
X (zero or nonzero)

Examples: concept of displacement field
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Displacement field v=u(x ))
Strain - Displacement Relation € =0 U

Stress - Strain Law o = £¢ = EOU 0 0
8X (O-X\ 6)( a

U — U(X,y) e=4g \ O_:%O_ . a: O N

v (X,y) g g oy

\7/)()// \TXJ/) 0 0

For plane stress For plane strain Oy Ox_

(3 nonzero stress components) || (3 nonzero strain components)

[t £ 1=v v 0
= E: | 4 1_V O
E 1—V2 v 1 1_OV CI_-I—VX]_—ZV) 0 0 1—2v
o 0 5
2 | |
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Strong formulation:

Equilibrium equations 0'oc+ X=0 jn Vv

Boundary conditions

1. Displacement boundary conditions: Displacements are specified on
portion S, of the boundary

specified

on S,

2. Traction (force) boundary conditions: Tractions are specified on
portion S-of the boundary
Now, how do | express this mathematically?

But in finite element analysis we DO NOT work with the strong
formulation (why?), instead we use an equivalent Principle of
Minimum Potential Energy
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Principle of Minimum Potential Energy (2D)

Definition.: For a linear elastic body subjected to body forces
X=[X,Xp]" and surface tractions 7g=[p,,p,]', causing
displacements «=[¢v,17 and strains & and stresses o, the
potential energy IT is defined as the strain energy minus the
potential energy of the loads (X and Ty)

[I=U-W
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Strain energy of the elastic body

Using the stress-strain law |0 = E &

_ ;jvarg av= ;jVaTEe av

In 2D plane stress/plane strain: U= ;jvare av
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Principle of minimum potential energy: Among all admissible
displacement fields the one that satisfies the equilibrium equations
also render the potential energy IT a minimum.

“admissible displacement field”:
1. first derivative of the displacement components exist
2. satisfies the boundary conditions on S,
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