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Y 500 1b/ft

3000 b || [ D >
E 14| [ | P!

12 ft

— -
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Given: E=30x10°psi, /=65in.", 4=68in.’
Find: Displacements and rotations of the two joints 1 and 2.
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Solution: For this example, we first convert the distributed
load to its equivalent nodal loads.

3000 Ib 3000 1b
(}72000 Ib-in. 4)
3000 1b @ -

ak 2 1172000 1b-in.




In local coordinate system, the stiffness matrix for a general
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2-D beam element 1s
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For element 1

l(l

k,'=10* X
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Element Connectivity Table

Element | Nodei (1) | Nodej(2)
1 1 2
2 3 1
3 4 2

u,
141.7
0
0
—141.7
0
0

Vi
0
0.784
564
0
—0.784
564

0,
0
56.4
5417
0
~564
2708

u, Vs
—141.7 0
0 -0.784
0 -564
141.7 0
0 0.784
0 -564




k,'=k,'=10* x

where 1=3, =1 for element 2 and 1=4, =2 for element 3.
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—2125
0
0
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0
2.65
127

0

—2.65
127

0
127
8125
0
— 127
4063

'
J

—2125
0
0
2125
0
0

'
vj

0
—2.65
—127

0

2.65
—127
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In general, the transformation matrix T Is,

[ m 0 0 0 0
-m [ 0 0 0 0
0 01 0 0 0
T =
0 00 [ moO
0 0 0 -m [ 0
0 00 0 0 1

We have | = 0, m = 1 for both elements 2 and 3. Thus,
 SlSe et -l e oS 8 el gy,
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0 1.0 0 0 0
100 0 0 0
0 01 0 00
T =

0 00 0 1 0
0 00 -1 00
0 00 0 0 1

Using the transformation relation, K = T 'k'T

we obtain the stiffness matrices in the global coordinate
system for elements 2 and 3,

SeilSe 008zl - ylgiol inio ol 9 Sgazme glyzl b,
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u, Vv, 0, u, Vv, 6,
[ 2.65 0 —127 -2.65 0 —127]
0 2125 0 0 -=2125 0
. | —127 0 8125 127 0 4063
k, =10" X
—2.65 0 127 2.65 0 127
0 -2125 0 0 2125 0
| —127 0 4063 127 0 8125
and u, v, 0, u, v, 0,
[ 2.65 0 —127 —263 0 —127]
0 2125 0 0 =2125 O
i | —127 0 8125 127 0 4063
k,=10" x

—2,65 0 127  2.65 0 L27
0 —-2125 0 0 21235 0
| —127 0 4063 127 0 8123 |
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Assembling the global FE equation and noticing the following
boundary conditions,

u,=v,=0,=u,=v, =6, =0 — lb{i’”‘“’o“"g J)
Fy =3000Ib, F,, =0, F, = F,, =-3000lb, ||| o
M, ==720001b-in., M, =720001b-in. : 4

we obtain the condensed FE equation,

(1443 0 127 -1417 0 0 T(u)] [ 3000 )

0 2133 564 0 -0784 564 ||v, ~3000

Lty 127 564 135420 -564 2708 |6, _ |-72000|
~1417 0 0 1443 0 127 ||u, 0

0 —0784 -564 0 2133 —564|, ~3000

0 564 2708 127  —564 13542]|6,] | 72000 |

SeilSe 008zl - ylgiol inio ol 11 Sgazme glyzl b,
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Solving this, we get (4] [ 0092in.
v, ~0.00104in.
, ~0.00139rad
lu, [T] 00901in. |
v, ~00018in.
6, |-388x107rad]

To calculate the reaction forces and moments at the two ends,
we employ the element FE equations for element 2 and
element 3. We obtain,

F,.] [ -67271b (F,,| [ —2338Ib
VF,t=1 22101b |\  {F,t=1 3825l |
M,| 60364 Ib-in. M, | (112641 1b-in.

SeilSe 008zl - ylgiol inio ol 12 Sgazme glyzl b,
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Check the results: Draw the free-body diagram of the frame.
Equilibrium is maintained with the calculated forces and moments.

3000 1b 3000 1b
72000 1b-in.
3000 IbN )} |
72000 Ib-1n.
60364 1b-in. 112641 1b-1n.
672.7 1b 2338 Ib
2210 1b 1875 [h
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A 3D 12-freedom beam element defined in a local system

,ﬁ U;, V;, W, : Translation at node 1
0,5 : i i
iy L, )ﬁz In X, y and z directions
O rﬁ /"L = %_' "
0. O, Oy1, @y, - Rotation at node 1 in
e X, y and z directions
Zul

SeilSe 008zl - ylgiol inio ol 14 Sgazme glyzl b,



3 =

) .J _

¢ emm ~

.ﬁ £ o g0o o o

_

3 i % >

vy O O L o

2 wn

R 9 o o o - o

>

Y) YW o o © o o

3 ) _
v o ©® o o o

M. = _

DI
3 Aﬂn O O O o
™
S O o o o
= o >
v o O o
S _ ©
v 0 o o P o
N
U — > %
o O O g o =
= _
em.w_ O @ © o o

{ v
AS
0
0
0
0




\
ufj.:‘tf
as=PE 58]
L L
12EI, . 6El, _ 4El 2EI,
aZ: 3 ’bZ: 5 ’CZ: ’ Z:
L L L L
L _12El,  GEl, 4Bl  2EI,

L= \/(Xz - X1)2 + (Y, — yl)z +(z, - Zl)2

G is the torsional modulus of the material and J is the torsional proportional
constant for the cross section.
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A 3D global 12-freedom beam element

Z - 6'_:13 T e Vge
- I , 0, T/ " e HE/J\ 0 “f
AEI, 1K L 5
B V 'y ;.),_/J\_—-—“f oL
éé ; X 0 e
\ X )
ot p USTU Tx o,
K'u' =Tt kaUZTf ) [ K'Tu="f

k=T'k'T
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N\
A 3D global 12-freedom beam element k — TTk’T
A0 00 L m,_ n
T=|" A 00 A=l m n,
0 0 4 O I m n
00 0 4 -ttt
Direction cosines in A: Oy a5

| =cos(x’,x), m_ =cos(x,y), n =cos(x,z)
|, =cos(y’,x), m, =cos(y’,y), n, =cos(y’,z)
|, =cos(z',x), m, =cos(z’,y), n,=cos(z’,z)

SeilSe 008zl - ylgiol inio ol 18 Sgazme glyzl b,



L= \/(Xz — X1)2 + (Y, — yl)2 +(2, - Zl)2

oy l, = 5 Am —— (Ya1Za1 = Y1 Z51)
I k | .
ykl — yk _ yl & k1=1,2,3 m, = 2—(221)(31 - 231X21)
A‘l23
Ly =L — 1 | 1
r]Z 2A123 — (X21y31 31y21)

2 2 2
A&za = \/ (Y21231 — Y31221) + (221X31 _ Z31X21) + (X21y31 o X31y21)

Sl 0uSisls - ylpal (2o olKisls 19

X mX n
A= , m,n
| "z mz n

|, =m,n, —n,m,

m, =nl, —I,n,

n,=I,m —m,l

Sgaome (sl b,
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If a distributed load with components w,, w, Is applied on the element
Then the equivalent point loads at the ends of the member are:

w L wl?2 wl® wlL 2w L2
fropo s Wb o WL Wb o Wb Wik g wils TWE 4
2 2 12 12 2 2 12 12

f=T"f'

SeilSe 008zl - ylgiol inio ol 20 Sgazme glyzl b,
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Input data for beam-bar elements:

* (X, Y, Z) for each node

*E, A G,J 1, |, for each element in local coordinates

Calculate:

* The directional cosines

» The element stiffness matrix in global coordinates

 The element force vector in global coordinates

» Assemble the stiffness matrices to obtain the global stiffness matrix
» Assemble the load vectors to obtain the global load vector

» Solve the final equation to obtain the displacement at different nodes

SeilSe 008zl - ylgiol inio ol 21 Sgazme glyzl b,
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Two-Dimensional Problems
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Plane stress:

e | [1/E
1€, (=|—V/E
Vo) L0

~_

10la o5l G 3 Sl Glamion 25 Jslas &l
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1/ E
0
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:yxy() )
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E

G =
2(1+v)

RS-

which means that there are only two
Independent materials constants for
homogeneous and isotropic materials.
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Al Sl sen M $lyls
Example Py
A plate is supported and loaded
with distributed force p as b

shown in the figure. The
material constants are E and 1.

=

Vl\r\r\r\rrl

\)
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= X E E
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o, =p, o, =0, T, =0 s <

Exact (or analytical) solutions for simple
problems are numbered (suppose there is
a hole in the plate!). That is why we need

FEM!
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2D Elasticity

\Volume
element dV p AV Py S,: Portion of the

X d p, boundary on which
g displacements are
prescribed (zero or
S, nonzero)

X /2 S+: Portion of th_e

S boundary on which

X tractions are prescribed
X (zero or nonzero)

Examples: concept of displacement field
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Displacement field u=u(x, y)

Strain - Displacement Relation € =0u
Stress - Strain Law o = E¢ = Eou

gx rO_X\
u:{U(Xiy)} 3=<8y> 0246y>

vV (X,Y) .
j/xy, L XY

For plane stress
(3 nonzero stress components)

For plane strain

K
OX
0
0

Oy

0

0

o
0

Ox

(3 nonzero strain components)

E
)

35
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Strong formulation:

Equilibrium equations 0'oc+X =0 inV

Boundary conditions
1. Displacement boundary conditions: Displacements are specified on
portion S, of the boundary

specified

u=u on S,
2. Traction (force) boundary conditions: Tractions are specified on
portion S; of the boundary

Now, how do | express this mathematically?

But in finite element analysis we DO NOT work with the strong
formulation (why?), instead we use an equivalent Principle of

Minimum Potential Energy

SeilSe 008zl - ylgiol inio ol 36 Sgazme glyzl b,
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Principle of Minimum Potential Energy (2D)

Definition: For a linear elastic body subjected to body forces
X=[X,Xp]" and surface tractions Tg=[p,,p,]', causing
displacements u=[u,v]" and strains gand stresses o, the potential
energy IT is defined as the strain energy minus the potential
energy of the loads (X and Ty)

[I=U-W

SeilSe 008zl - ylgiol inio ol 37 Sgazme glyzl b,
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Volume P
y
element dV.

Px U =1LO'T8 dVv
2

w=|u xdv+| u'Tgds
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Strain energy of the elastic body

Using the stress-strain law |0 =E &

=;L0Tadv =;L8TE8dV

In 2D plane stress/plane strain: U= ;J'V o'edv

- NT ¢ a
o3 &
X X

=1j<0 - e sdV
9 W

y y

T
Xy kj/xy)

‘j(ag to & +7 )dV

Xy?/ Xy
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Principle of minimum potential energy: Among all admissible
displacement fields the one that satisfies the equilibrium equations
also render the potential energy IT a minimum.

“admissible displacement field”:

1. first derivative of the displacement components exist
2. satisfies the boundary conditions on S,

SeilSe 008zl - ylgiol inio ol 40 Sgazme glyzl b,
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Finite element formulation for 2D:
Step 1: Divide the body into finite elements connected to each
other through special points (“nodes”)

Py v,
P

Element ‘¢’
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- 1 T T T
Total potential energy TI1= ELQ g dV —Lg X dV —LT u'T, dS

Potential energy of element ‘e’:

1, =%Lengdv—LegT1dv

Total potential energy = sum of potential energies of the elements

=) II,
e
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Step 2: Describe the behavior of each element (i.e., derive the
stiffness matrix of each element and the nodal load vector).

Inside the element ‘e’ Displacement at any point x=(X,y)
iy
vk y)
Nodal 1
displacement |y, where
vector U =U(Xy,Y1)
’ Vi=V(Xq,Y1)
etc

o
||

'« Cc < c < c < c

N0 DN

IS
N\

43 sgaze sli>l by,
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Recall N\

Strain - Displaceme nt Relation & =20u

Stress - Strain Law o =Dg = Ddu - -
. 3 e R a O
€y Oy &
E = 4 gy ; O = 3 Gy ; a _ O i
kj/xy) kTXy) O aay
oy o

If we knew u then we could compute the strains and stresses within the
element. But | DO NOT KNOW u!!

Hence we need to approximate u first (using shape functions) and
then obtain the approximations for € and o (recall the case of a 1D bar)

This Is accomplished in the following 3 Tasks in the next slide

SeilSe 008zl - ylgiol inio ol 44 Sgazme glyzl b,
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TASK 1: APPROXIMATE THE DISPLACEMENTS WITHIN
EACH ELEMENT
Displacement approximation in terms of shape functions

TASK 2: APPROXIMATE THE STRAIN and STRESS WITHIN

EACH ELEMENT .
Strain approximation e=Bd

Stress approximation oc=DBd

TASK 3: DERIVE THE STIFFNESS MATRIX OF EACH
ELEMENT USING THE PRINCIPLE OF MIN. POT ENERGY

We’ll see these for a generic element in 2D today and then derive
expressions for specific finite elements in the next few classes

SeilSe 008zl - ylgiol inio ol 45 Sgazme glyzl b,
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TASK 1: APPROXIMATE THE DISPLACEMENTS
WITHIN EACH ELEMENT

Displacement approximation in terms of shape functions
V3

Us

V2 Displacement approximation within element ‘e’

4
Vy H2
Uy =N XYy u + N,(xy)u, + N,(x y)u, + N, (X y)u,
1 Uy V(X y) =N, (X y) v, (% Y)V, + N V) v + N, (X Y) v,
v - X

SeilSe 008zl - ylgiol inio ol 46 Sgazme glyzl b,
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Uy =N Xy u + N,(xy)u, + N,(x y)u, + N, (X y) u, o
V) NGV + NV, +No () Vs 4N (K )V, .
Vl

R

u:{u(x,y)}:{N1 0 N, 0 iN; 0N, O}v2> _______
AV AY) 0O N,i 0O N,: 0 N;i 0O N,|[lug
. "

T
u=Nd Y

We’ll derive specific expressions of the shape functions for
different finite elements later
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