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 لبة يك هحذٍد اجشاي آًبليش 

Frame
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 اي صفحِ لبة يك :هثبل 

Find: Displacements and rotations of the two joints 1 and 2. 
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Solution: For this example, we first convert the distributed 

load to its equivalent nodal loads. 

 اي صفحِ لبة يك :هثبل 



دانشكده مكانيك  -دانشگاه صنعتي اصفهان روش اجزاي محدود  5 

In local coordinate system, the stiffness matrix for a general 

2-D beam element is  

 اي صفحِ لبة يك :هثبل 
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Element Connectivity Table 

For element 1 

 اي صفحِ لبة يك :هثبل 
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For elements 2 and 3, we have the stiffness matrix in local system, 

where i=3, j=1 for element 2 and i=4, j=2 for element 3. 

 اي صفحِ لبة يك :هثبل 
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In general, the transformation matrix T is, 

We have l = 0, m = 1 for both elements 2 and 3. Thus, 

 اي صفحِ لبة يك :هثبل 
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Using the transformation relation, 

we obtain the stiffness matrices in the global coordinate 

system for elements 2 and 3, 

T k T k T

 اي صفحِ لبة يك :هثبل 
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and 

 اي صفحِ لبة يك :هثبل 
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Assembling the global FE equation and noticing the following 

boundary conditions, 

we obtain the condensed FE equation, 

 اي صفحِ لبة يك :هثبل 
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Solving this, we get 

To calculate the reaction forces and moments at the two ends, 

we employ the element FE equations for element 2 and 

element 3. We obtain, 

 اي صفحِ لبة يك :هثبل 
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Check the results: Draw the free-body diagram of the frame. 

Equilibrium is maintained with the calculated forces and moments. 

 اي صفحِ لبة يك :هثبل 
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 ثؼذي سِ فضبي در هيلِ-تيز الوبى

A 3D 12-freedom beam element defined in a local system 

  u1 ,  v1,   w1  : Translation at node 1 

in x, y and z directions 
 
Qx1,Qy1,Qz1, :  Rotation at node 1 in 

x, y and z directions 
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 ثؼذي سِ فضبي در هيلِ-تيز الوبى
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 :سختي هبتزيس
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 ثؼذي سِ فضبي در هيلِ-تيز الوبى

 :آى در كِ
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G is the torsional modulus of the material and J is the torsional proportional 

constant for the cross section. 
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 ثؼذي سِ فضبي در هيلِ-تيز الوبى

 :اًتمبل هبتزيس

k Tu Tf 
TT k Tu f 

Tk T k T

k u f  
u =T u

TT 

f =T f

A 3D global 12-freedom beam element 
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 ثؼذي سِ فضبي در هيلِ-تيز الوبى
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 :اًتمبل هبتزيس

Tk T k TA 3D global 12-freedom beam element 
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 ثؼذي سِ فضبي در هيلِ-تيز الوبى

 :اًتمبل هبتزيس ّبي هَلفِ
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 ثؼذي سِ فضبي در هيلِ-تيز الوبى

If a distributed load with components wy, wz is applied on the element 

Then the equivalent point loads at the ends of the member are:  

2 22 2
y y y y Tz z z z

w L w L w L -w Lw L -w L w L w L
f [0, , ,0, , ,0, , ,0, , ]

2 2 12 12 2 2 12 12
 

Tf f  T
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 ثؼذي سِ فضبي در هيلِ-تيز الوبى

Input data for beam-bar elements: 

• (X, Y, Z) for each node 

• E , A, G, J, Iz, Iy for each element in local coordinates 

Calculate: 

• The directional cosines 

• The element stiffness matrix in global coordinates 

• The element force vector in global coordinates 

• Assemble the stiffness matrices to obtain the global stiffness matrix 

• Assemble the load vectors to obtain the global load vector 

• Solve the final equation to obtain the displacement at different nodes 
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 هسبيل جبهذات دٍ ثؼذي

Two-Dimensional Problems 
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 تئَري پبيِ جبهذاتثز هزٍري 

 الوبى ّز كلي حبلت در
  ٍ تٌص هَلفِ ضص داراي

 :است كزًص

 :تٌص ثزاي

 :كزًص ثزاي
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 تئَري پبيِ جبهذاتثز هزٍري 

  را جبهذات هسبيل هي تَاى كزًص؛ ٍ تٌص اس ّبيي حبلت ثزاي ٍ خبظ ضزايظ در
ُ سبسي ثب  .ًوَد تجذيل ثؼذي دٍ ثِ ثؼذي سِ حبلت اس سبد

 ثب ايصفحِ ّبييسبسُ ثزاي :ايصفحِ تٌص
 ثبرگذاري كِ صَرتي در ثبثت؛ ٍ كن ضخبهت

 .گيزد صَرت  xyصفحِ ّوبى در

Plane stress: 

 :هثبل
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 تئَري پبيِ جبهذاتثز هزٍري 

  ثب ّبييسبسُ ثزاي :ايصفحِ كزًص
 سغح ٍ (عَيل) سيبد ضخبهت

 كِ صَرتي در يكٌَاخت؛ همغغ
   ضخبهت راستبي در ثبرگذاري

 .گيزد صَرت ( z راستبي)

plane strain: 

 :هثبل
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 تئَري پبيِ جبهذاتثز هزٍري 

ِ اي تٌص هسبيل ثزاي  :ّوسبى سبسُ يك در الاستيك صفح

 يب

which means that there are only two 

independent materials constants for 

homogeneous and isotropic materials. 

0، اٍليِ، كزًص  E يبًگ الاستيسيتِ هذٍل، nپَاسَى ًسجت ٍ  G هذٍل  
 .است ثزضي

Plane stress: 
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 تئَري پبيِ جبهذاتثز هزٍري 

 :ًوَد ثيبى لجل هؼبدلِ اس ًيش كزًطْب حست ثز را ّبتٌص تَاىهي

σ0، است اٍليِ تٌص همبديز. 

 يب

  اي صفحِ كزًص حبلت در .است ثزلزار اي صفحِ تٌص حبلت ثزاي فَق راثغِ
 :ضًَذ جبيگشيي سيز همبديز ثب ثبلا هؼبدلات در ثبثت همبديز است لاسم

Plane stress: 
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 تئَري پبيِ جبهذاتثز هزٍري 

ِ اي كزًص حبلت در كزًطْب حست ثز ّبتٌص راثغِ ثزاي  :داضت خَاّين صفح

σ0، است اٍليِ تٌص همبديز. 

 :ثب است ثزاثز حزارت درجِ تغييزات ٍاسغِ ثِ اٍليِ كزًطْبي

plane 

strain 

  α حزارتي اًجسبط ضزيت ٍ T است حزارت درجِ تغييزات. 
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 تئَري پبيِ جبهذاتثز هزٍري 

 تغييزهكبى-رٍاثظ كزًص

 :ًَضت تَاى هي دٍراى ٍ كزًص كَچك همبديز ثزاي

 :هبتزيسي فزم ثِ ٍ

 آًگبُ گزدد، اختيبر اي چٌذجولِ صَرت ثِ جبثجبيي اگز است ٍاضح حبلت ايي در
 .ثَد خَاّذ جبثجبيي كوتزاس درجِ يك (تٌص ًتيجِ در ٍ) كزًص درجِ
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 تئَري پبيِ جبهذاتثز هزٍري 

 هؼبدلات تؼبدل

 :ًوبيذ صذق تؼبدل هؼبدلات در ثبيذ سبسُ يك در تٌص (الاستيسيتِ تئَري اس)

 در .است (ٍسى ًيزٍي ًظيز) حجوي ًيزٍّبي ، fx  ٍfy راثغِ ايي در
 .ضًَذهي ثزلزار تمزيجي صَرت ثِ تؼبدل هؼبدلات هحذٍد اجشاي رٍش
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 تئَري پبيِ جبهذاتثز هزٍري 

 ضزايظ هزسي
  Su لسوت دٍ ثِ سبسُ يك ثزاي  Sهزس

ٍSt  ثز ضزايظ ثٌبثزايي هي گزدد تمسين 
 :اس است ػجبرت هزس دٍ ايي رٍي

tx ٍty  ِهمبديز صَرت ثِ ٍ ّستٌذ (هزسّب در تٌص همبيز) هزسّب در ثبرگذاري ّبي هَلف 
  .ضًَذ هي ٍارد هسئلِ در هؼلَم

 ّبيثبرگذاري سغَح، رٍي ثز گستزدُ ثبرّبي ًظيز ثبرگذاري اًَاع هحذٍد اجشاي رٍش در
 .ضذ خَاٌّذ تجذيل ّب گزُ در اي ًمغِ ًيزٍّبي صَرت ثِ گطتبٍرّب هتوزكش، ًيزٍّبي حجوي،



دانشكده مكانيك  -دانشگاه صنعتي اصفهان روش اجزاي محدود  32 

 حل دليك هسبيل الاستيسيتِ

  هؼبدلات ثبيستهي سبسُ يك (تٌص ٍ كزًص تغييزهكبى،) دليك حل ثزاي
 ًيش را هسئلِ سبسگبري ضزايظ ٍ هزسي ضزايظ ّوچٌيي ٍ گزدًذ ثزلزار تؼبدل
 .ضًَذ ارضب

 ٍ ًوبيذ تغييز پيَستِ صَرت ثِ ثبيذ سبسُ تغييزهكبى هيذاى :سبسگبري ضزايظ
   .ًجبضذ ّوپَضبًي ٍ گسستگي داراي

Example 
A plate is supported and loaded 

with distributed force p as 

shown in the figure. The 
material constants are E and n. 
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 حل دليك هسبيل الاستيسيتِ

:دليكحل   

 تغييزهكبى: 

 كزًص: 

 تٌص: 

Exact (or analytical) solutions for simple 

problems are numbered (suppose there is 

a hole in the plate!). That is why we need 

FEM! 
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2D Elasticity 
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boundary on which 
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Examples: concept of displacement field 

 الاستيسيتِ: يبدآٍري
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For plane stress 

(3 nonzero stress components) 

For plane strain 

(3 nonzero strain components) 
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 الاستيسيتِ: يبدآٍري
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Equilibrium equations 

Boundary conditions 

1. Displacement boundary conditions: Displacements are specified  on 

portion Su of the boundary 

2. Traction (force) boundary conditions: Tractions are specified  on 

portion ST of the boundary 

Now, how do I express this mathematically? 

Strong formulation: 

But in finite element analysis we DO NOT work with the strong 

formulation (why?), instead we use an equivalent Principle of 

Minimum Potential Energy 

V in X T 0    s 

u 

specified 
S on u u  

 الاستيسيتِ: يبدآٍري
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Principle of Minimum Potential Energy (2D) 

Definition: For a linear elastic body subjected to body forces 

X=[Xa,Xb]
T and surface tractions TS=[px,py]

T, causing 

displacements u=[u,v]T and strains  and stresses s, the potential 

energy P is defined as the strain energy minus the potential 

energy of the loads (X and TS) 

PU-W 

 الاستيسيتِ: يبدآٍري
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x 

y 

Su 

ST 

Volume (V) 
u 
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px 

py 

Xa dV 

Xb dV 
Volume 

element dV 

 الاستيسيتِ: يبدآٍري
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Strain energy of the elastic body 

Using the stress-strain law 

In 2D plane stress/plane strain: 

 الاستيسيتِ: يبدآٍري
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Principle of minimum potential energy: Among all admissible 

displacement fields the one that satisfies the equilibrium equations 

also render the potential energy P a minimum. 

 

“admissible displacement field”:  

1. first derivative of the displacement components exist 

2. satisfies the boundary conditions on Su 

 الاستيسيتِ: يبدآٍري
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Finite element formulation for 2D: 

Step 1: Divide the body into finite elements connected to each 

other through special points (“nodes”) 
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 الاستيسيتِ: يبدآٍري
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Total potential energy 

Potential energy of element ‘e’: 

 P
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dSTudVXudVs
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T
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Total potential energy = sum of potential energies of the elements 

PP
e

e

This term may or may not be present 

depending on whether the element is 

actually on ST 

 الاستيسيتِ: يبدآٍري
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Step 2: Describe the behavior of each element (i.e., derive the 

stiffness matrix of each element and the nodal load vector). 
 

Inside the element „e‟ 

v 

u 

1 

2 

3 

4 

u1 

u2 

u3 

u4 

v4 

v3 

v2 

v1 










y)(x,v

y)(x,u
u

Displacement at any point x=(x,y) 
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1

v

u

v

u

v

u

v

u

d

Nodal 

displacement 

vector 

(x1,y1) 

(x2,y2) 

(x4,y4) 

(x3,y3) 
where 

u1=u(x1,y1) 

v1=v(x1,y1) 

etc 
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If we knew u then we could compute the strains and stresses within the 

element. But I DO NOT KNOW u!! 
 

Hence we need to approximate u first (using shape functions) and 

then obtain the approximations for e and s (recall the case of a 1D bar) 
 

This is accomplished in the following 3 Tasks in the next slide 

Recall 
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TASK 1: APPROXIMATE THE DISPLACEMENTS WITHIN 

EACH ELEMENT  

 

 

 

TASK 2: APPROXIMATE THE STRAIN and STRESS WITHIN 

EACH ELEMENT  

 

 

 

TASK 3: DERIVE THE STIFFNESS MATRIX OF EACH 

ELEMENT USING THE PRINCIPLE OF MIN. POT ENERGY  

 

We‟ll see these for a generic element in 2D today and then derive 

expressions for specific finite elements in the next few classes 

Displacement approximation in terms of shape functions 

dNu 

dBDs

dBε Strain approximation 

Stress approximation 

 الاستيسيتِ: يبدآٍري



دانشكده مكانيك  -دانشگاه صنعتي اصفهان روش اجزاي محدود  46 

Displacement approximation in terms of shape functions 

u 

v3 

y 

x 
v 

1 

2 

3 

4 

u1 

u2 

u3 

u4 

v4 
v2 

v1 

TASK 1: APPROXIMATE THE DISPLACEMENTS 

WITHIN EACH ELEMENT 

44332211

44332211

 vy)(x,N vy)(x,N vy)(x,N vy)(x,Ny)(x,v

u y)(x,Nu y)(x,Nu y)(x,Nu y)(x,Ny)(x,u





Displacement approximation within element „e‟ 
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44332211

44332211

 vy)(x,N vy)(x,N vy)(x,N vy)(x,Ny)(x,v

u y)(x,Nu y)(x,Nu y)(x,Nu y)(x,Ny)(x,u
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y)(x,v
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dNu 

We‟ll derive specific expressions of the shape functions for 

different finite elements later 
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