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Assume displacement function (Without distributing loading, w(x)=0)
Uosmmyb%mbwmlDE(H%%:m V(X) =a,x’ +a,x* +a,x+a,
(B) 4 total D.O.Fs (v;,6,v;,0,)

(C) satisty the conditions of displacement & slope continuity at nodes.

Express v (x) as a function of nodal displacements as follows.

v(0)=v =a,
dv(0) _o—a
dx L
v(L)=v,=al +al’+alL+a,
dv(L)

=60, =3al +2alL+a
dx j
- V(X) =|:%(Vi —vj)+%(9i +6?j)}x3 +|:—%(Vi —vj)—%(wi +¢9j)]x2 +OX+V,
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In matrix form, we have

v=[NKu}=[N,N ,N ,N] <"}

N, =L (2 -3x°L+L°) NZ:%(ng—2x2L2+xL3)

B
N, :%(—2x3+3x2L) . N, :%(Lxg‘—szz)

N;,N,,N,, N, :shape functions for a beam element.
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Note that the FE solution is exact according to the simple beam
theory, since no distributed load is present between the nodes.
Recall that,

dM

4%y —— =V (V- shear force in the beam)
EI— = M(x) and 9
dx dV .
—=¢q (g - distributed load on the beam)
Thus, x
d*v
El et =q(x)

If q(x)=0, then exact solution for the deflection v is a cubic
function of x, which is what described by our shape functions.
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o J= b5
v,| L |-20f+3Lm| |[-pL'/8EI
6,/ " 6El| -3Lf+6m | |-pri6E1] )

These nodal values are the same as the exact solution. Note that
the deflection Ux) (for 0 < x< L) in the beam by the FEM is,
however, different from that by the exact solution. The exact
solution by the simple beam theory is a 4th order polynomial of
X, while the FE solution of vis only a 3rd order polynomial of x.
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If the equivalent moment /m is ignored, we have,
v,| L [-20°f| |[-pL'/6EIl -
6,] OFEI|-3Lf | |-pL/4El
The errors in (B) will decrease if more elements are used. The equivalent

moment /m iIs often ignored In the FEM applications. The FE solutions
still converge as more elements are applied.

From the FE equation, we can calculate the reaction force and moment
as, where the result in (A) is used.

Fyl r[-12 6L ][v,| [ pL/2
M| EIl-6L 2I*||6,| |5pL*/12
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This force vector gives the total effective nodal forces which include the
equivalent nodal forces for the distributed lateral load p given by,

—pL/2
-pl’ /12

The correct reaction forces can be obtained as follows,
Fn,_pL/z —pL/2_ pL |
M | |5pl /12| |-plr/12] | pl?/2

Check the results!
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FE Analysis of Frame Structures

Members in a frame are considered to be rigidly connected.
Both forces and moments can be transmitted through their
joints. We need the general beam element (combinations of bar
and simple beam elements) to model frames.
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Y 500 Ib/ft

i | Y | Y v yy \IA |

3000 1b | [ D >
E 1Al D | Bt

12 ft

— e
- - ‘

Given: E=30x10°psi, /=65in.", 4=68in.’

Find. Displacements and rotations of the two joints 1 anad 2.
Solution.
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Solution. For this example, we first convert the distributed
load to its equivalent nodal loads.

3000 Ib 3000 Ib
72000 Ib-in.
3000 b\ © 2 172000 16-in.
© ©
; 4
——— 1
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In local coordinate system, the stiffness matrix for a general
2-D beam element is

u v, 0. u, v, 0,
L L
12E] 6E] 12E] 6E]
L3 L2 O o L3 L2
6FE] 4FE] 6FE] 2EI
0 2 T 0 T2 T r
k= gy © YR : ’
e 0 0 — 0 0
J £
12E] 6L/ 12E]7 6L/
O o L3 o L2 O L3 o L2
6E] 2E] 6FE] 4FE]
0 2 B 0 7
I b5 L i L




For element 1

K

k,'=10" x
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Element Connectivity Table

Element | Nodei (1) | Nodej(2)
1 1 2
2 3 1
3 4 2
U Vi 0, u, &
[ 1417 0 0 —141.7 0
0 0.784 564 0 -0.784
0 56.4 5417 0 -564
—141.7 0 0 141.7 0
0 -0.784 -564 0 0.784
0 56.4 2708 0 -564

36
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For elements 2 and 3, we have the stiffness matrix in local system,
;' v, 6, u,’ v, 0,
2125 0 0 -212.5 0 0 |
0 265 127 0 -2.65 127
, 0 127 8125 0 —-127 4063
k,'=k,'=10" x
-2125 0 0 2125 0 0
0 -2.65 —-127 0 2.65 —127
0 127 4063 0 —127 8125

where 1=3, =1 for element 2 and 1=4, =2 for element 3.
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In general, the transformation matrix T Is,

[ m 0 0 0 0
-m [ 0 0 0 0
0 01 0 0 0
T= ,
0 00 [ m 0
0 0 0 -m [ 0
0 00 0 0 1

We have /=0, mm= 1 for both elements 2 and 3. Thus,

RaSila -ladal [N nlSuila 38 lial 1
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0 1.0 0 0 0
100 0 0 0
0 01 0 00
T =

0 00 0 1 0
0 00 -1 0 0
0 00 0 0 1

Using the transformation relation, K = T'K'T

we obtain the stiffness matrices in the global coordinate
system for elements 2 and 3,
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k, =10% x

and

k,=10"x

_

u, Vv, 0,
[ 2.65 0 —127
0 2125 0
—-127 0 8125
—2.65 0 127
0 -2125 0
| —127 0 4063
u, v, 0,
[ 2.65 0 =127
0 21235 0
—127 0 8125
—2.65 0 127
0 -=2125 0
| —127 0 4063

—2.65

127
2.65

127

U,
—263
0
127
2.65
0
127

=2125

2125
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Assembling the global FE equation and noticing the following
boundary conditions,

u,=v,=0,=u, =v, =0, =
F,, =30001lb, F,, =0, F,, =F,, =-30001b,
M, =-720001b-in., M, =720001b-1n.

we obtain the condensed FE equation,

-,

(1443 0 127 -1417 0 0 T(u)] [ 3000 )

0 2133 564 0 -0784 564 ||v, ~3000

Lt x| 127 564 135420 =564 2708 ||6, | |-72000|
~1417 0 0 1443 0 127 ||, 0

0 -0784 -564 0 2133 -564|, ~3000

0 564 2708 127  —564 13542]|6,] | 72000 |

naSulila -[jladal |Neisa nlSkila 41 sl 1
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Solving this, we get (4]
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0.0921n.

0.09011n

—0.001041n.
—0.00139rad

—0.0018in.
—3.88x107 rad |

To calculate the reaction forces and moments at the two

ends,we employ the element FE equations for element 2 and
element 3. We obtain,

3X

1 F

3Y

\

rF\

=

[ —672.71b
2210 1b

M,

60364 1b-in.
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—23381b
3825 1b

112641 Ib-in.
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Check the results: Draw the free-body diagram of the frame.
Equilibrium is maintained with the calculated forces and moments.

3000 1b 3000 Ib
72000 Ib-in.

3000 IbNL_ ) |
72000 Ib-in.

60364 1b-in. 112641 lb-in.

672.7 1b 2338 Ib
2210 1b 1825 1b
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A 3D 12-freedom beam element defined in a local system

,ﬁ u;, v, w;:Translation at node 1
0,5 : : :
Y "l )ﬁ: In X, y and z directions
Hﬁ'lrﬁ /"L = %_.wz
0. Ox1 O)1 @4, - Rotation at node 1 in
—

X, y and z directions

=~ > y
-
9:1 X e
B.\l “/2 e
v,
e X‘
y2

e

u 5
[
6 z2
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urj.ﬁi{
as=PE 58]
L L
12EI, . 6El, _ 4El 2EI
aZ: 3 ’bZ: 5 ’CZ: ’ Z:
L L L L
L _12El,  GEl, 4Bl 2EI,

y:Ls’y_Lz vy YT L

L= \/(Xz — X1)2 + (Y, — yl)2 +(z, - 21)2

G is the torsional modulus of the material and Jis the torsional proportional
constant for the cross section.
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A 3D global 12-freedom beam element

) g1 USTU T x T _

kK'u'=f :} KTu=Tf =T k'Tu=f
=

k=T'kK'T

1SS s
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A 3D global 12-freedom beam element k — TTk'T
A0 00 Il m,_n
T=|" £ 09 A=l mn
0 0 4 O I m n
00 0 4 -t -
Direction cosines in A: O s 45

| =cos(x’,x), m, =cos(x’,y), n, =cos(x,z)
|, =cos(y’,x), m,=cos(y’,y), n,=cos(y’,z)
| =cos(z’,x), m =cos(z’,y), n,6 =cos(z’,z)
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L= \/(Xz o X1)2 + (yz o y1)2 + (Zz o 21)2

(y21 31 y31221)

Xg =X =X \ 2A1i3
Yo =Y =Y Kk /=1,2,3 mzzﬁ( X5 = Z31%51)
Ly =1L — 1 | 1

n, = 2A123 + (X21y31 - X31y21)

2 2 2
A123 - \/(y21z31 - Y31221) + (221X31 _ Z31)(21) + (X21Y31 _ X31y21)
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If a distributed load with components w), w, is applied on the element
Then the equivalent point loads at the ends of the member are:

w. L w2 w2 wl 2w L?
fropo s Wb o WL Wb o Wb Wb g Wil T 4
2 2 12 12 2 2 12 12

f=T"f'
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Input data for beam-bar elements.

* (X, Y, 2) for each node

*£,A G, J 1, | foreach element in local coordinates

Calculate:

* The directional cosines

» The element stiffness matrix in global coordinates

 The element force vector in global coordinates

» Assemble the stiffness matrices to obtain the global stiffness matrix
« Assemble the load vectors to obtain the global load vector

« Solve the final equation to obtain the displacement at different nodes
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