N 5
S 4w 5 93 slad 5> alwe LI




:éﬁfii@Qu&MKMMKQU@¢$J&ﬂ
y

’ A

oy
-

— - - P /
U=Ui+V j=Ul+V ]

I-’-.| .| . | . . |I-'- -|



:é:/&«, Slazes o&aws &K 1 Sls ¢SS JUis)

a+b=I

al = i| cos©
i| =1

a| = cos
b|=sin®

a=cos0 i
b =5sin0 (-))

i=cosef—sin9]
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b’ =sin@ i

j=sin9?+c059]
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u,(cos@i—sin@ J)+v. (sin@1+cosé J)
=ull+V,)
U.cosé +v.sinfd = u;

-u, sin@+v, cosf =V

uj cosd sind ||u.
3 > =
Vv —sind cosé ||V,
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U; | m||u,
1 (= | 1. ( Transformation matrix

v I __m — \V| J
| =coso T = m
m=siné -m |

f = —~-1_ =T Lolozo
ui =T ui T _T orthogonal
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Local Global
X,y XY f:N :
u=Tu.
u;,v; u,,v,
1 dof at node 2 dof’s at node
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12 Im -2 —“m
AEl Im m* -—-Im -m?
7T k==
k —T kT [ ] L _|2 _Im |2 Im
—Im -m* Im m"

k 1s a 4#4 symmetric matrix.

X |
| =cos6=—! m=sin0=—
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Solution: This simple structure is used here to demonstrate the
assembly and solution process using the bar element in 2-D space.

In local coordinate systems, we have

k;:E_A
L

-k

2

These two matrices cannot be assembled together, because they
are in different coordinate systems. We need to convert them to
global coordinate system OXY.
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Iny=H8, Iy =1

EA|2 Olfu, | _|F u,| L [P
2L10 2_{"2}_{1’2}"_’ {vz}_EA{g}
.
o =EN2y _p I]L{O:Q(Pﬁpz)
L2 EA|P| 24
sy
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P
G2=£Q[l ~1 -1 1]£< 2>:£(P1_Pz)
L 2 EA | O 2 A
LOJ
Check the results:

Look for the equilibrium conditions, symmetry,
antisymmetry, etc.
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P=1000 kN, L=1m, E=210GPa,
A=60x10"*m> for elements 1 and 2,

A=6J2%x10"*m* for element 3.
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Solution: We have an inclined roller at node 3, which needs
special attention in the FE solution. We first assemble the global
FE equation for the truss.

Element 1: 0=90°. /=0. m=1
z/‘(1 vl uZ V2
0 0 0 0
7 0 1 0 -1
K = (210x107)(6.0x10 ) (N /m)
v | O 0 0 O
o 0 -1 0 1
o 12 Im 12 —Im|
g [k]—ﬁ Im m* —Im -m?
L2 am 12 Im
NS -l [ Makia fksula __Im -m’ Im m* -
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Element2: 0=0°, [=1, m=0

0 -1 0
? 0 0 0 O
Kk, = (210107 )(6.0x10™) (N /m)
1 -1 0 1 O
> 0 0 0 0
p 2? - N -
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Element3: 0=45", |=—, m=—

05 05 -05 -05

C(210x10°)(682x107*)[ 05 05 —05 —05
3 J2 ~05 -05 05 05

& -05 -05 05 05
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The global FE equation is,

1260x10°
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Load and boundary conditions (BC): i ? - N
u, =v,=v,=0, and v, =0, @

F =P, F, =0,

From the transformation relation and the BC, we have

2 2] 2
2 2 |lvy| 2

— u,—v, =0
This is a multipoint constraint (MPC).
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v; = (—u, +v,) =0,
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Similarly, we have a relation for the force at node 3,

2 2(Fy] V2

. ==
il _2 2_k_F3y_J 2
=) [+l =0

Applying the load and BC’s 1n the structure FE equation by
‘deleting’ 1st, 2nd and 4th rows and columns, we have

(F%X T F3y) =0,

1 -1 01w, (P
1260x10°| -1 15 050w, t=1{F !
0 05 05||v,| |Fy
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Similarly, we have a relation for the force at node 3,

2 2(Fy] V2

. ==
il _2 2_k_F3y_J 2
=) [+l =0

Applying the load and BC’s 1n the structure FE equation by
‘deleting’ 1st, 2nd and 4th rows and columns, we have

(F%X T F3y) =0,

1 -1 01w, (P
1260x10°| -1 15 050w, t=1{F !
0 05 05||v,| |Fy
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Further, from the MPC and the force relation at node 3,
the equation becomes,

1 -1 0 |[u,] [ P
1260x10°| =1 15 05fu, ;=< F,, ¢
0 05 05wy |—Fy
1 -1 . [ P
5 Z/l2
= 1260107 -1 2 | “t=1 F, ¢
u
B B R eV
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The 3rd equation yields, F. =—1260x10"u,

Substituting this into the 2nd equation and rearranging, we
have

_1 _1— - N rP\
1260 10° el
-1 3 Jlu ] (0
uy l 3P] (001191
andl - ) = m
kug,} 2520 10° kpf k0.003968f (m)
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From the global FE equation, we can calculate the reaction
forces,

F, | 0 —-05 —-05] (—500]
F, 0 -05 —-05|(u,| |-500

YE L -=1260%x10°| 0 0 0 Ru,r=1 0.0 { (kN)
F,, -1 15 05 ||vy —-500

Ly 0 05 05

Check the results!
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A general multipoint constraint (MPC) can be described as,
Z Au, =0
J

where A;’s are constants and u;’s are nodal displacement
components.
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Element|Node i| Node j| L (ft) |A (in?)| o C s | 2| s?| cs
1 1 2 [10.00] 2 | 90 0 1 0 1 0
2 1 3 |[14.14] 2 | 45 |[0.7071|0.7071| 05 | 0.5 | 0.5
3 1 4 [10.00] 2 0 1 0 1 0 0

E = 30 x 10° psi for all members ‘
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1 0 -1 0
|:k(3):|_(3OX106)(2) 0 0 0 O
101 |-1 0 1 0
0 0 0 O
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kP k2 0 0 k& k& 0 0
k) ki 0 0 ki ki 0 O
0 O O 0 O 0O 0 O
0 O O 0 O 0O 0 O .
ki ki 0 0 ki ki 0 0
iy kiz 0 0 ki ki 0 O
0 O 0 O O 0O 0 O
'0 0 00 0O 0 0O
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k® kP 00 0 0 Kk k&
k) ki 0 0 0 0 ki ki
0 O 0 0O 0 0 O 0
0 O 0 0 0O 0 O 0
0 O 0 0 O O O 0
0 O 0 0 O O O 0
ki ki 0 0 0 0 kg kg
ki ki 0 0 0 0 ki ki
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0 1.354 0.354](u,,
= (500000)
~10000 0.354 1.354 ||u,,

U, | [0.414x102in
Uy | |-1.59x107in
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S 95 glad s dw UL

(0.414 x 1072

6 _ -2
o _30x10 0x10° 4 g g, 159 x10°% |
120 0
O J
(0.414 x 1072 ]
@ _30x10° ~2 2 2 J2||-159x107|
120 2 2 2 2 0
\ O J
(0.414 x 1072 ]
6 _1 1 -2
(3)_30x10[ 10 1 0] 59 x10 >
120 0 = 3975 psi
0 o =1471 psi
c® =-1035 psi
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