Variational Methods of
Approximation




Rayleigh-Ritz Method

N

The approximation solution satisfies:
1- The weighted-integral form
2- The weak form
3- Minimizes the quadratic functional
Different methods differ from

N
urUy =) ¢4 +d 1- the choice of weight function
)= 2- the approximation function
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Rayleigh-Ritz Method

Rayleigh-Ritz Methm\

1- the method uses weak form integral
2- the weight function w=4
General m=) B(w,u)=1(w) .
Bilinear+Symm. mmp  1(u) =%B(u,u)—l(u) &
The solutionis U, => c,¢, +4
Substituting in (*) |

B(¢i’,icj¢j +¢,)=1(¢) 1=12,...,N
If B is bilinear then

ZB(¢i1¢j)Cj =1(¢.)-B(s,0,) 1=12,..., N
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Rayleigh-Ritz Method

N

[BHC}={F}
B = B(¢1¢ ) . F=W4)-B(4.4)

If B Is bilinear and symmetric then

One can seek a solution in the form of U, Zc ¢; +¢, and the

parameters can be found by minimizing the quadratlc functional.

lU,)=1I(c,cC,,...,Cy)

Thus

L LY L

oC, ocC, OCy,
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Rayleigh-Ritz Method

N

U, :Should satisfy EBC

N

€0. U, (X)=U, ZC,-¢,- (X)=U, But c;are unknowns
j=1

It is better to write the approximation function as

Uy :Z_lcj¢j g ) UN(Xo):iCj¢j(XO)+¢O(XO)

=0+,
¢j (Xo) =0
¢o(xo) = Uy

or
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Rayleigh-Ritz Method

N

The approximation function should satisfy the following conditions

I1- & ¢; should be such that A&(...,...) is well defined and nonzero

O~ ¢; must satisfy at least the homogeneous form of the EBCs.

2-For any N, the set {@ }, along with the column of the B must
be linearly independent.

3- {¢. } must be complete.
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Rayleigh-Ritz Method
N

Example 1 d2y

—F—u+x =0 O<x<l
X

u(0)=0, ud)=0

Using weak form  B(w,u) = j(d—w%—wujdx I(w)——ijzdx

Assume

Ci#; + ¢
& = 0 ¢(0) ¢;(1)=0

HMZ

We choose ¢, =x(1-Xx), ¢, =x"(1-X), ..., ¢, =Xx"(1-X),



Rayleigh-Ritz Method

I NG
Example 1
U, :§Cj¢j :;ij[?ﬁﬁ—gw jdx —I¢x2dx:>2c B(¢., ¢) F(¢)
where B(g,¢;) = j[——¢—¢¢j F(¢.)=—I¢.X2dx

The same result can be obtained using quadratic functional:

1(u) == j{(gi) —u2+2x2u}dx

Substituting foru = U, we obtain

-85 o) e o

j=1
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Rayleigh-Ritz Method
N

Example 1

The necessary conditions for the minimization of /,

U0- ({8050 -4 B ¢

=ZN:B".CJ -F
where 1 dg, dg, (o2
Bljzj‘o(aa—ﬁ@ X Fi:—_o[x @.dx
[BlRc}=1F}



Rayleigh-Ritz Method

N
Example 1

¢ =x —x™ % =ix"" (i +1)x'

By = [ 1" = +2)x' | [ (J+ )%= (¢ = x#)(x — xI*%) x
- 2ij B 2
DG+ DI+ )21 [+ D+ j+2) [+ j+3)
1
B4 +)

126 637 (=21
For N=2 =[BT Fl=
o-wor[2 217
c,=-0.0813, c,=-0.1707

U, =C,d, +C,¢ =—-0.0813(x—x*)+-0.1707(x* — x*)
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Example 1

dl,:."lia oMB-QL@LA L) ol &sils

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

N

Uexact (X) =

Rayleigh-Ritz Method

N=1
0.0
0.1500
0.2667
0.3500
0.4000
0.4167
0.4000
0.3500
0.2667
0.1500
0.0

sin X+ 2sin(1— x)

11

sinl

N=2
0.0
0.0885
0.1847
0.2783
0.3590
0.4167
0.4410
0.4217
0.3486
0.2115
0.0

N=3
0.0
0.0954
0.1890
0.2766
0.3520
0.4076
0.4340
0.4200
0.3529
0.2183
0.0

+ X% =2

Exact

0.0
0.0955
0.1890
0.2764
0.3518
0.4076
0.4342
0.4203
0.3530
0.2182

0.0
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Rayleigh-Ritz Method

Example 2 N\
Consider the Poisson equation in a unit square
(T =0 x=1 y=1
-kVT=q, 0<(x,y)<l1 <Z_'|r;zo ‘=0, y=0

Variational formulation is in the form of:

8w8T+8W8T
OX OX 0Oy oy

11
[(w) = J' _[ wq,dxdy
00

)dxdy

B(w,T)=1l(w); B(W,T):Jl'Jl'k(
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: Rayleigh-Ritz Method
Example 2 N\

N N
TN:ZZCijcosaixcosajy : ai:%(Zi—l)n

11
By = k”[(ai sin o;x cos &, y)(;, Sin ¢, XCos &, Y)
00

+(a; sina;xcos a; y)(a; sin o, xcos o y) |dxdy

0 if izkor j=I
| 14k(e +a?) if i=k and j=I

11
F, =q0”cosaixcosajydxdy= % sing; sina;

00 Aot
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Rayleigh-Ritz Method

Example 2 N\

In evaluating the integrals, the following orthogonality conditions are used

1 0 if 1] 1 0
_[ COS;XCOSa; XdX =1 1 ..y |singxsinaxdx=<1
0 = if i=]j 0 ‘ =
2 2

Finally, o _ F, _ 44, sing; sina;

1] 2 2
Biniy K (& +aj)aa;

One- and two-parameter Rayleigh-Ritz solutions are:

320, 1
T = COS — 7ZX COS —
Yokat 2 ﬁy

T, = q?0[0.3285 cos(zx/2)cos(xy/2)—0.0219 (COS(ﬂX/ 2)cos(3ry/2)
+cos(37x/ 2)cos(ry/ 2))+0.0041cos(37x/ 2) cos(3ry [ 2) |
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Example 2 N\

Rayleigh-Ritz Method

If polynomials are to be used in the approximation of 7

4 =(1-x)1-Yy")
One-parameter Ritz solution:

T.(x y)=f61°k(1—x2x1—y2) *)

The exact solution:

T(x.y) :_{(1—3’2”42 (-1)" cos e,y cosh anx} | o =%(2n—1)7z
n=1

%o
2k o’ cosha,

(#)
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Rayleigh-Ritz Method

Solutions:
—— Analytical (#)
N L ] «
2 p 03_—.__.:;::\ One-parameter (*)
e — == One-parameter
“z;!;:r —-— Two-parameter (_|_) i
) -—~-- Three-parameter
X 0.2 -
= 0.2
Yy
014 ' l
] —
I
0.0 : , ' ; !
0.0 0.2 0.4 0.6 0.8 1.0 1.2
x A
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