Fatigue-Variable amplitude loading
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Tension/compression cyclic loads

~_

R=min g

O max

da
— =C(AK)™, AK = Kpax — K
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Fully Reversed Loading




Crack growth rate and number of cycles

~_

Knowledge of crack growth rate is of assistance in designing
components and in nondestructive evaluation to determine if a
crack poses imminent danger to the structure.

da

aN =C (AK )’ AK =Y Ao~ ra
dN = da Integration between the
Ty " (A O_)n 2N’ initial size of a crack and
the crack size required
for fracture to occur.
N = Z[ac(z_n)/z — & (z_n)m] a, is the initial flaw size
B (2—n)CY (Aa)” 72 and a_ is the flaw size

required for fracture.

ST 0aSliils ~Olgins  gnis oKl 3 S SIS



Variable amplitude loading

~_

» Although the constant amplitude of loading occurs frequently in practice, the
majority of engineering structures are subjected to complex fluctuating loading.
Unlike the case of constant cyclic load where AK increases gradually with
increasing crack length, abrupt changes take place in AK due to changes in
applied load. Thus, there occur load interaction effects which greatly influence
the fatigue crack propagation behavior.

» Due to the crack retardation phenomenon, the determination of the fatigue life
under a variable amplitude loading by simply summing the fatigue lives of the
various constant amplitude loads in the loading history leads to conservative
predictions. The various methods proposed for this reason, we will present the
root-mean-square model.
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Variable amplitude loading

~_

» The root-mean-square model proposed by Barsom applies to variable amplitude
narrow-band random loading spectra. It is assumed that the average fatigue crack
growth rate under a variable amplitude random loading fluctuation is
approximately equal to the rate of fatigue crack growth under constant amplitude
cyclic load; this is equal to the root-mean-square of the variable amplitude
loading. Thus, the fatigue crack propagation laws presented such as Paris’ law
can be equally applied for a variable amplitude random loading when AK is
replaced by the root-mean-square value of the stress intensity factor AK

by: K JY(AZKr;if

where n; is the number of loading amplitudes with a stress intensity factor range of
AK; .

l

given

rms
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Variable amplitude loading

» Example 1: \

A large thick plate contains a crack of length 2a, = 20 mm and is subjected to a
series of triangular stress sequences normal to the crack as shown in the figure.
The stress varies between o,,,=0 and o,,,= 200 MPa and it takes 1000 cycles
in the triangle to reach o,,. The critical stress intensity factor 1s K;. = 100

MPam?> and fatigue crack growth is governed by equation:

‘ da ) 3
22 =107 (AK *
- aN (AK)" ()
o
E / where da/dN is expressed in
T Ao=200MPa .
P m/cycle and AK in MPa m9°
—| N,=1000 -|-— b N =]

N(cycles)
Triangular cyclic stress profile.

ST 0aSliils ~Olgins  gnis oKl 6 S SIS



| Variable amplitude loading
» Example 1: \

Calculate the number of triangular stress sequences (N.), required to grow the
crack to instability. Compare (N.), to the number of cycles (N,), required to grow
the crack to instability when the plate is subjected to a constant amplitude stress
cycle between the stresses o,,,,=0 and o,,,,,= 200 MPa.

> Solution:

To calculate the AK,, . , we have for the stress o at N cycles in the triangular stress

sequence: \ N
o= AGN mmm) AK =Ao7

Since we have a large number of cycles (Np = 1000) in each trlangular stress sequence AK,, .

can be calculated by integration as:
(AK, )= j (AK Y’dN
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| Variable amplitude loading
» Solution: \

2

(AG\/ 7za) N N 2 )
AN ) (AK ms ) —

N, N, 3
The critical crack length a, at instability is calculated from equation: K, =K.

p
200v7a =100 === 8, =79.6 mm

0.0796 da
I 107 x 200°(7a)"*(1/ 3)*°

(AK ms )2 —

Equation (*) with (N ), = =1.5x10° cycle

AK=AK,, .gives: 001

The number of cycles (N.), required to grow the crack to instability when the plate is
subjected to a constant amplitude stress cycle between the stress o,,,=0 and o, = 200
MPa is calculated from Equation (*) as:

0.0796 da
N ) = =0.29%x10° cycles
( c )2 Oj;l 10—12 x 2003 (7Z_a)15 y

which is equal to (N,), divided by 3*°.
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Miner’s rule for variable load amplitudes

iy f Shortcomings:
Ao 1 1. sequence effect not considered
A 2. damage accumulation is
02 Independent of stress level
o AN WA
N oap \/ \/ VITIVIV &
N Ni/Nif : damage
m | m | m | om
— N Ni number of cycles ao to ai
N; ) A
i—1 Nif Nif number of cycles ao to ac
. J




Miner’s rule for variable load amplitudes

» Example 2: \

A large plate with an initial crack of length 24, is subjected to a series of cyclic
stress amplitudes Ag; (i = 1,2,..., n) normal to the crack. Assume that the final
crack length at instability 2a;is the same for all stress amplitudes Ag;. If fatigue
crack growth is governed by equation: da

=Gk ™

show that: L
g Nig

where A is the number of cycles required to grow the crack from 24, ; to 2a,; and

N£1s the total number of cycles required to grow the crack from its initial length 2a,
to its final length 24, at instability.
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Miner’s rule for variable load amplitudes

> solution: \

From Equation (*) we obtain for the number of cycles N, required to grow the
crack from its initial length 2a, to a length 2a;:

da 1 alda 1 al
dN = ; N, = = In -
C (Ao, ra) C (Ac,)’ Lo a 7C(Ag,) (aoj )

_ 1 & (") N a &
N, = In| 1 _In| “* %
! ”C(Ao'l)z n(aoj — Ny In[aoj/ln[aoj

) )= (2 e(E
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Miner’s rule for variable load amplitudes
-\

> solution:

le N2f Nif N

ol el el )l
s HE




Mixed-Mode Fatigue Loading
~_

» In conducting mixed-mode fatigue studies, a defined effective stress intensity
factor AK, may be used in the Paris law for brittle or ductile materials.
Effectively, the definition of AK,=AK,;r depends on the mathematical
technique and theoretical background one uses. Nevertheless, the Paris law

takes the general and empirical form: d

a n
—=C (AK
dN ( e)

» For a mixed-mode | and Il interaction, may be used to defined the effective

stress intensity factor range as:
AKZ =AK?+AK

AK, = Ac+/racos’ S

AK,, = Ao~J7a cos Bsin B
—— AKGZ = ﬂa(Ag)z C()S2 ﬂ
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Mixed-Mode Fatigue Loading

~_

» Combining Egs. in previous slide yields an expression for calculate Ac:

D,(Ac)" +D,(Ac) “-D,=0

D, =C(n-2)(N =N )(K,)"

D _E ch :
> xz\Y cosp

n 2
D,=2a""" (1j YK
’ z) \Y cosp

Prove it!



| Mixed-Mode Fatigue Loading
» Example 3: -\

Assume that a solid cylinder of 25 mm in diameter has a round surface crack
Inclined at 5 —20°and that the material has an average plane strain fracture
toughness and threshold stress intensity factor of 15 MPam®®> and 5 MPam?®>,
respectively. If the crack depth is 0.09 mm and the applied cyclic stresses are
Ao=0,,..and o,,=0 calculate:

(a) The minimum stress range Ao,

(b) The applied stress range Ao= g,

(c) The critical length g for a fatigue life of 10%cycles. How much will the crack

grow? The Paris equation is: B '
-4, -1 <
di: 5x102 MN ~m (AK )4
dN cycles

A
Panyk
J
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Mixed-Mode Fatigue Loading
» solution: \

(a) Letting AK,,=AK, gives

AK, 5 MPa+vm

Ao, = = =776.25 MPa
" Y Jra, 1.127(0.09x10°m)cos20
Ao ... <Ao,
(b) For maximum stress range: D,(Ac)" +D,(Ac) =D, =0

D,=C(n—2)(N =N )(K,.)" =5.0625x10° m

2
D2=E Ko ) _g7616 MPa?
7\Y cospf

1-n/2 1 e K|c 2 9 4
D, =2a — —— | =5.2939x10° MPa"m
T Y cospf



| Mixed-Mode Fatigue Loading
» solution: \

(b) For maximum stress range: D,(Ac)" +D,(Ac) =D, =0

5.0625x10°%(Ac)’ +976.16(Ac)” —5.2939%10° =0

Ao =964.74 MPa

(c) the critical crack size is

K 2 (15 MPav/m)?

o = BN =0.09 mm
n(Ao)cos” f w(964.74 MPa)” cos(z /9)

aC =
Aa=a —a =0.09-0.09=0

Therefore, the crack grew Aa=0 which represents a pure brittle material.
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