Multi-Point Constraints



Multi-Point Constraints
~_

<+ Multi-Point Constraints
~ Single point constraint examples

Uys =0 linear, homogeneous

Upg = 0.6 linear, non-homogeneous

» Multi-Point constraint examples

1 :
Ux) = 5Uy2 linear, homogeneous

Uy —2Ura~+Urg = 0.25 linear, non-homogeneous

2 2
(X5+uys5—X3—1Uy3) ‘|‘(y5‘|‘uy5_y3_uy3) =0
nonlinear, homogeneous

RaSila -ladal [N nlSuila

e 2 agaan 151jal i)



Multi-Point Constraints (Example)
~_

“*  Modelling of joints

Perfect connection ensured here

turbine blade

o nodes at
turbine disc interface 1
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Mismatch between DOFs of
beams and 2D solid — beam is
free to rotate (rotation not

transmitted to 2D solid)

| e o o oy
—o—0—0 9

p————ep@
——0—@

Perfect connection by
artificially extending
beam into 2D solid
(Additional mass)

> —o—0—0—9
*—o—0—0 ¢

I

~ P
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Multi-Point Constraints (Example)
~_

“*  Modelling of joints

e Using MPC equations

dl = d5 ,/blade model
. . d, ° ds  ds
d=dg-ad, %t It

. ) S 1
G =0 a | I
d, =d, +ad, % dﬁ
Py Kp P ‘T—::
e o d5 <+
“ 23 ’ disc model
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Multi-Point Constraints (Example)
~_

s+ Creation of MPC equations for offsets

Node of the beam element

Node on neutral-
surface of the plate

Neutral surface
of the plate
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Multi-Point Constraints (Example)
~_

“*  Modelling of joints

Similar for plate connected to 3D solid

Mesh for plate

Mesh for Solid
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Multi-Point Constraints (Example)
~_

“*  Modelling of symmetric boundary conditions

Q
I
o

u;cosa + V;sina=0

or u#rv;tana =0

for ~1, 2,3 : ‘
N
X Axis of symmetry Axis of symmetry
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Multi-Point Constraints (Example)

< Enforcement of mesh compatibility

Use lower order shape function to interpolate

d.=0.5(1-) d, + 0.5(1+7) d,

d,=0.5(1-1) d, + 0.5(1+7) ¢ dt g
_ [ @ 11?.‘ ®
Substitute value of 7 at node 2 *  Linear
Quad g ]
05 d, - d, + 0.5 d, =0 ! RN
d4T
05a,-a.+0.5a,=0 ¢ ® 3°:>°d1 ¢
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Multi-Point Constraints (Example)
~_

< Enforcement of mesh compatibility

Use shape function of longer element to interpolate

d,=-0.5n (1-n) a,+ (1+n)(1-n) d,+ 0.57 (1+n) d

Substituting the values of 7 for the two additional nodes

le n
d,=0.25x1.5 d, + 1.5x0.5 d, - 0.25x0.5 d, . . g,d; . I 1
d dgT - Quad 0.5
d,= -0.25x0.5 d; + 0.5x1.5 d,+ 0.25x1.5 d, Qua | T. = 1 ¢
® "¢-0—o—¢ [ B
dYT._':E'a; [ ] @®-05
daT _HZ
® o ‘—6—0—._> s o 1
naSiila -|ladal |Nada AlSukila i e
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Multi-Point Constraints (Example)

< Enforcement of mesh compatibility

In x direction,

0.375 d,- d,+0.75 d,- 0.125 a, = 0
-0.125 ¢, + 0.75 d,- d,+ 0.375 a, = 0

In ydirection, . . dl°Ld; ”I
Q L 1
Quad dgT.-.__i-_Cﬁuad ¢ @05
0.375 dj- ¢,+0.75 0- 0.125 d,, = 0 | dTﬁ_._.ﬁa {0
da]
0,125 0+0.75 d} - d, + 0.375 djy =0 L S K SRR
® L Ttd»—dO—. o -1
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. 12
B R

agaan L51jal pig)



Multi-Point Constraints (Example)
~_

**  Modelling of constraints by rigid body attachment

& =q -~ >

= q,+q, | )
BuY

0=, *+q, |, ds d, Ads 4 d
011:6714'672 /3 T T T T /Rigid slab

Eliminate g, and g,

(L /-1) d, - (/) a+ d, =0

(DOF in x direction not considered)
(LA-1)a -(L/A)d,+d,=0
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Multi-Point Constraints
~_

< Sources of Multi-Point Constraints
» Skew displacement BCs
» Coupling nonmatched FEM meshes
» Global-local and multiscale analysis

» Incompressibility
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Multi-Point Constraints

~_

“* MPC Application Methods
» Master-Slave Elimination

» Penalty Function Augmentation

» Lagrange Multiplier Adjunction




Multi-Point Constraints
~_

< Example 1D Structure to lllustrate MPCs

‘”pfl Uy, fr us, f3 Uy, Jy Us, fs Ug, J Uy, fr
(

1) (2) (3) 4) (5) (6)
—>»X
1 2 3 4 5 6 7
Multi-Point constraint;
Ur» = Ug or uz—u6=0
Linear homogeneous MPC
RaSila -ladal [N nlSuila 16 S————
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Multi-Point Constraints
~_

< Example 1D Structure to lllustrate MPCs

‘”bfl Uy, fr Uus., fs Uy, [y Us, fs Ug, [ Uy, f
(1) (2) (3) (4) (5) (6)

— X
1 2 3 4 5 6 7
Unconstrained master stiffness equations
_KU K12 0 0 0 0 0 ] _1/11_ _fl_
Ky Kxn Ky 0 0 0 0 75} /2
0 K23 K33 K34 0 0 0 Us f3
0 0 K3y Ky Kys 0 0 ug | = | Jfa
0 0 0 Ki5 Kss Ks¢ 0 Us Ve
0 0 0 0 Ks¢ Koo Ko7 U J6
0 0 0 0 0 K¢7 Ko7 Lu;l L Jf7_

Ku=f

ARSI -|eddl |MNakia Alauilla 17 lial 1
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Multi-Point Constraints- Master Slave Method
\

\/

%  Master Slave Method for Example Structure

Recall: Uy = Ug or Uy — Us = 0

Takinguasmaster: [u;7 [1 0 0 0 0 0]~ -
10 0100 0 0]
s 00100 0]
us =10 0 0 1 0 of]™
s 0000 1 0"
e 01 000 0 ZS
u; ] L0 0O 0 0 0 1 ]-"7-
or ll=Tﬁ.

RaSila -ladal [N nlSuila 18 p——
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Multi-Point Constraints- Master Slave Method
\

“* Forming the Modified Stiffness Equations

Unconstrained master

stiffness equations: Ku="f

Master-slave transformation: u=Tu

Congruential transformation:. K = T'KT
f=T'f

Modified stiffness equations: Ka=f

RaSila -ladal [N nlSuila
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Multi-Point Constraints- Master Slave Method
\

\/

< Modified Stiffness Equations for Example Structure

U,as master and v, as slave DOF.

B K“ K12 0 0 0 0 ] _1/11 | B fl |
Ki; Kyp+Kes Kz 0 Ks¢ Kgy U f2+ Js
0 K3 K3z Kz 0 0 us /3
0 0 K3y Kyg  Kys 0 us | Ja
0 K6 0 Ky Kss 0 Us /s
B 0 K67 0 0 0 K77 | LUz _ B f7 _
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< Modified Stiffness Equations for Example Structure

~_

Multi-Point Constraints- Master Slave Method

U, as master and v, as slave DOF.

— Ky 0
0 K
0 Ky

0 0
Ky Kas

0 0

0

0

K1
K>3
0

U
Us
Uy
Us
Ug

_ U7 _

Ji

/3

J4

VE

S+ s
J7

Although they are algebraically equivalent, the latter would be
processed faster if a skyline solver is used for the modified equations.
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Multi-Point Constraints- Master Slave Method

“»  Multiple MPCs
Suppose
U, —ug = 0, uy +4uys = 0, 2u3 + Uy +us =0

take 3, 4 and 6 as slaves:

Ug = Uy, M4=—i1/11, U3 =—%(u4+u5)= é”l —%Us
and put in matrix form: -7 10 0 07
" O 1 0 0
13 L0 —1 0 Zl
ug | =1 =4 0 0 of],
“s 0 0 1 0fLy,_
“e 0 1 0 0
~drd o Looo 00 1
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Multi-Point Constraints- Master Slave Method
\

“*  Nonhomogeneous MPCs

In matrix form

" 1 000001~ - [ 07
0 01000 0" 0
s 001 00 0% 0
s l=10 001 00]]"]=] o
s 0000 1 0% 0
e 01 000 0] 0.2
;] oo o o0 o0 1[4 | o |
Fa\
u=Tu+g

naSiila -|ladal |Nada AlSukila lial 1
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Multi-Point Constraints- Master Slave Method
\

“* Nonhomogeneous MPCS
modified system: K u="»

inwhich: K — T/ KT. f=T7f— TTKg

For the example structure

- K K> 0 0 0 0 7w - S N
Ko Kn+Keg Kz 0 Ks¢ Ke7 75 fr+ fo — 0.2K¢s
0 K23 K33 K34 0 0 Uj . fg;
0 0 Kizy Kao Kys 0 us | /4
0 K56 0 K45 K55 0 Us fs — 0.2K56
0 K67 0 0 0 K77 Jd LUy 4 - f7 — 0.2K67 -

RaSila -ladal [N nlSuila 24 e
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Multi-Point Constraints- Master Slave Method
\

«» The General Case of MPCs

For implementation in general-purpose programs the master-slave method
can be described as follows. The degrees of freedoms in u are classified
Into three types: independent or uncommitted, masters and slaves.

Ku u Ku m KHS u, fu
T
KH m Km m Km S U, — fm
T T
- Ku.s* Kms K-S‘S 4 L U - - fS‘ —_

The MPCs may be written in matrix form as
Am u, + ASllS =g > u, = —AS_IAW u, + A;lg = Tllm -+ g

Inserting into the partitioned stiffness matrix and symmetrizing
[ KH (7] KH m T ] [ uH ] _ I: fH T KHS g :|
TT KT TT Km m T u'ﬂ? - f’r‘?’) T Kms g

um
RaSila -ladal [N nlSuila —
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Multi-Point Constraints- Master Slave Method
\

Assessment of Master-Slave Method
<+ ADVANTAGES

~exact If precautions taken

»easy to understand

> retains positive definiteness

»Important applications to model reduction

“+*DISADVANTAGES

> requires user decisions

»messy implementation for general MPCs
>sensitive to constraint dependence

> restricted to linear constraints

RaSila -ladal [N nlSuila
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Multi-Point Constraints- Penalty Function Method
\

» Penalty Function Method, Physical Interpretation

Recall the example structure

‘Mlvfl Uy, fr us, f3 Uy, Jy Us, fs Ug, J Uy, fr
(D) (2) (3) 4) (5) (6)

—>X
1 2 3 4 S 6 7
under the homogeneous MPC
Uy, = Ug
RaSila -ladal [N nlSuila 57 S————
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Multi-Point Constraints- Penalty Function Method
\

» Penalty Function Method, Physical Interpretation

}“_1}71 Uy, f> us, fs Uy, fy us, fs Ugs fo ug, f7
( (3) )

(4)

"penalty element" of axial rigidity w

o[ -]

RaSila -ladal [N nlSuila
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Multi-Point Constraints- Penalty Function Method

» Penalty Function Method, Physical Interpretation

Upon merging the penalty element the modified stiffness equations are

[ K1 K12 0 0 0 0 0
K12 K22 + w K23 0 0 —w 0
0 K73 Kisz Kz O 0 0
0 0 Kiy Kua  Kys 0 0
0 0 0 K45 Kss Ksg 0
0 — W 0 0 K56 K66 + w K67
0 0 0 0 0 K¢ Ko7 |

This modified system is submitted to the equation solver.

Note that u retains the same arrangement of DOFs.

RaSila -ladal [N nlSuila
B s

29

/i
J2
/3
Ja
Js
Jo

WL

agaan L51jal pig)



Multi-Point Constraints- Penalty Function Method
\

* Penalty Function Method - General MPCs
Us
3us +us —4ug = 1 - (3 | 4]|:7/l§:|—1

Ug

Premultiply both sides by  [3 —411

3R

Scale by wand merge:

- K Ky 0 0 0 0 0 7 [ur™ - 1T
K, Ky K>3 0 0 0 0 U /2
0 K23 K33 + 9w K34 3w —12w 0 Us f3 + 3w
0 0 K34 K4 K5 0 0 Ug | = J4
0 0 3w Kis  Kss+w Ks¢ — 4w 0 Us ]‘;—I—w
0 0 — 12w 0 Ks—4w K¢+ 16w Ky Ug fo —
L 0 0 0 0 0 K¢ Ko7 1 Lug_ _ f7 _

RaSila -ladal [N nlSuila 30 lial 1
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Multi-Point Constraints- Penalty Function Method
\

“* Theory of Penalty Function Method - General MPCs

t=CU-Q (Constrain equations)

1 1
I,=-UKU-UF+=-t'at

2 2
a=lay o, .. «a,]isadiagonal matrix of ‘penalty numbers’

stationary condition of the modified functional requires the derivatives of /7,
with respect to the U, to vanish

817 T T
dUp =0 > KU-F+C aCU+C'aQ=0

[K+C'aCJU=F+C'aQ
N

Penalty matrix
RaSila -ladal [N nlSuila
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Multi-Point Constraints- Penalty Function Method
\

“* Theory of Penalty Function Method - General MPCs

[Zienkiewicz et al., 2000] :

a = constant (1/4)

o+l
/ " pisthe order of

element used

characteristic
size of element

o =1.0x10%%x max (diagonal elements in the
stiffness matrix)

or

a=1.0x 108 x Young’s modulus

RaSila -ladal [N nlSuila
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Multi-Point Constraints- Penalty Function Method
\

Assessment of Penalty Function Method

< ADVANTAGES
» general application (inc' nonlinear MPCs)

» easy to implement using FE library and standard assembler
> no change in vector of unknowns

» retains positive definiteness

» Insensitive to constraint dependence

“+*DISADVANTAGES

» selection of weight left to user
» accuracy limited by ill-conditioning
~the constraint equations can only be satisfied approximately.

RaSila -ladal [N nlSuila
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Multi-Point Constraints- Lagrange Multiplier Method
\

»+ Lagrange Multiplier Method, Physical Interpretation

s i e S (e
(1) (2) (3) (4) (5) 6)

1
force-pair that enforces MFC
B K11 K12 0 0 0 0 0 17 U ] B f1 ]
Kin Ky»n Ky O 0 0 0 75 Jo—A

0 Kx» Kz Ky O 0 0 us /3

0 0 K3z Ky Ky O 0 ug | = J4

0 0 0 Ky Kss5 Ks¢ O Us VE

0 0 0 0 Ks¢ Koo Ko7 U Jo + A
. 0 0 0 0 0 K¢ Ky7 Lu7 | . fr

RaSila -ladal [N nlSuila 24 lial 1
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Multi-Point Constraints- Lagrange Multiplier Method
\

+ Lagrange Multiplier Method

Because A is unknown, it is passed to the LHS
and appended to the node-displacement vector:

Ky K 00 0 0 0 07| [AC
K12 K22 K23 0 0 0 0 1 = f2
0 K23 K33 K34 0 0 0 0 "3 f3
0 0 Ku Ku Kis 0 0 0 ||™|=]|nr
O 0 O K45 K55 K56 0 O ZS fS
0 0 0 0 K56 K66 K67 —1 0 f6

0 0 0 0 0 Kg Ky 0|7 ] LAl

This is now a system of 7 equations and 8 unknowns.
Needs an extra equation: the MPC.

RaSila -ladal [N nlSuila 35 lial 1
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Multi-Point Constraints- Lagrange Multiplier Method
\

+ Lagrange Multiplier Method
Append MPC as additional equation:

_KH K12 0 0 0 0 0 0 7 _Ml_ _fl ]
K12 K22 K23 0 0 0 0 | Uu» f2
0 K23 K33 K34 0 0 0 0 us f3
0 0 K3y Ku Ky O 0 0 ug | Ja
0 0 0 Ky Ks5 Ks¢ 0 0 us || S5
0 0 0 0 Ks¢ Koo Ko7z —1 Ug f6
0 0 0 0 0 K67 K77 0 u7 f7

0 1 0 0 0 -1 0 0O | LA _ 0

This is the multiplier-augmented system. The new coefficient matrix
Is called the bordered stiffness.

RaSila -ladal [N nlSuila 26 lial 1
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Multi-Point Constraints- Lagrange Multiplier Method
\

< IMPLEMENTATION OF MPC EQUATIONS

KU=F (Global system equation)

CU - Q =0 (Matrix form of MPC equations)
Constant matrices

*»» Optimization problem for solution of nodal degrees of freedom:

+Find U to
Minimize: I =%UTKU—UTF

P

Subjectto: CU-Q=0

RaSila -ladal [N nlSuila
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Multi-Point Constraints- Lagrange Multiplier Method

Lagrange multiplier method
A= [ﬂi jz ,Qm]T (Lagrange multipliers)
A {CU-0Q}=0 Multiplied to MPC equations

*Find U and A to

Minimize: L=%UTKU—UTF+/1T{CU—Q} Added to functional

The stationary condition requires the derivatives of L with respect to the U, and A; to
vanish.

oL

_ _ Ta _
E_O = KU=F+C4=0 N K C" U] _[F| Matrix equation
oL c ollr| |Q is solved
—=0 > CU-Q=0
dA
RaSila -ladal [N nlSuila 38 S————
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Multi-Point Constraints- Lagrange Multiplier Method
\

“+ Lagrange Multiplier Method - Multiple MPCs

Three MPCS Ur — Uy = 0, 5113 — 81!7 = 3, 3113 + U5 — 4”6 =1

- Ky, Kip» 0 0 0 0 0 _fl ]
K K»n Ky 0 0 0 0 - /2
Recipe step #1: 0 Kx Ky Ky 00 0 |} /3
0 0 Kz Ky Ky O 0 - J4
append the 0 0 0 K K K 0 ||| |
2 0 0 0 0 KS() KGG K67 . f()
3 constraints o 0 o o o xooxll|m /i
o 1 0 0 —1 0 1o 0
o 5 0 o0 o0 o0 -—8|-"- 3
L 0 0 3 0 1 —4 0 1
_Ku Klg 0 0 0 0 0 0 0 0 - — U] 7] _fl_
Klg Kgg Kg:; 0 0 0 0 | 5 0 Uy f2
Recipe step H2: 0 Ky Ky Ky 0 0 0 0 0 3 3 /3
- - 0 0 K34 K44 K45 0 0 0 0 0 Uy f4
append mUItIpIIerS’ 0 0 0 K45 K55 K56 0 0 0 1 Us . f5
Symmetrize 0 0 0 0 K56 K66 K67 —1 0 —4 Ug - f()
- 0 0 0 0 0 K67 K77 0 —8 0 U7y f7
and fill o 1 o0 0 0 -1 0 0 0 0 A 0
0 5 0 0 0 0 -8 0 0 0 As 3
L 0 0 3 0 1 —4 0 0 0 0 4 LA,y .

RaSila -ladal [N nlSuila 39 lial 1
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Multi-Point Constraints- Lagrange Multiplier Method

~_

“»» Example: Five bar truss with inclined support

3

P

(m)
0 5

E=70Gpa, A=10°m? P=20kN.




Multi-Point Constraints- Lagrange Multiplier Method

~_

“»» Example: Five bar truss with inclined support

Equations for element | 3
E = 70000 A =1000
Element node Global node number X y
1 I 0 o 'z
2 3 5000. —3000.
x;1 =0 y; =0 X2 = 5000. y, = =3000. .
L=y (xa-x7+(y,—y,)" = 583095
Direction cosines: £, = ———~ = 0.857493 m, = % = —0.514496
( 8827.13 —-5296.28 —8827.13  5296.28 )
K@ _ —-5296.28  3177.77  5296.28 -=3177.77
| —8827.13  5296.28 8827.13 —-5296.28
. 5296.28 =3177.77 =5296.28 3177.77 )

I-‘oul -| . | . . |It'--|




Multi-Point Constraints- Lagrange Multiplier Method

~_

“»» Example: Five bar truss with inclined support

Equations for element 2

E = 70000 A = 1000
Element node Global node number X y
I I 0 0
2 4 5000 3000.
X1 =0 y, =0 X2 = 5000. y, = 3000.
L=+ (2= x1)? +(y, —y,)? = 5830.95
Direction cosines: f, = ——=L = ().857493 m, = y2£y1 — 0514496
( 8827.13  5296.28 —8827.13 —=5296.28 )
k(z) 5296.28  3177.77 =529628 -=-3177.77
—| —8827.13 —5296.28 8827.13  5296.28
L —3296.28 =3177.77 5296.28 3177.77 )

I-‘oul -| . | . . |It'--|




Multi-Point Constraints- Lagrange Multiplier Method

~_

“»» Example: Five bar truss with inclined support

Equations for element 3 \
E = 70000 A =1000
Element node Global node number X y
1 1 0 0 0
2 2 0 3000.
x;1 =0 y, =0 X2 =0 y, = 3000.
-3

L= (2 —x)? +(y, = y,)? =3000.

Direction cosines: £, = XZL’“ ) m, = YZLJ - 1.
(0. 0. 0 0. )
K@ _ 0. 233333 0. —233333
0. 0. 0. 0.
L 0. —23333.3 0 23333.3 )

I-‘oul .| . | . . |It'--|



Multi-Point Constraints- Lagrange Multiplier Method

~_

“»» Example: Five bar truss with inclined support

Equations for element 4

3
E = 70000 A =1000
Element node Global node number X y
| 2 0 3000.
2 4 5000. 3000.
x; =0 y, = 3000. X, = 5000. y, = 3000.
-3

L= (0 —x)%+(y, - y,)? = 5000,

Direction cosines: { = X2£X1 = 1. msz%:().
( 14000. 0. —14000. 0.
@ 0. 0. 0. 0.
K™ =1 _14000. 0. 14000. 0.
\ 0. 0. 0. 0.




Multi-Point Constraints- Lagrange Multiplier Method

~_

“»» Example: Five bar truss with inclined support

Equations for element 4

3
E = 70000 A =1000
Element node Global node number X y
| 2 0 3000.
2 4 5000. 3000.
x; =0 y, = 3000. X, = 5000. y, = 3000.
-3

L= (0 —x)%+(y, - y,)? = 5000,

Direction cosines: { = X2£X1 = 1. msz%:().
( 14000. 0. —14000. 0.
@ 0. 0. 0. 0.
K™ =1 _14000. 0. 14000. 0.
\ 0. 0. 0. 0.




Multi-Point Constraints- Lagrange Multiplier Method

~_

“»» Example: Five bar truss with inclined support

Equations for clement 5 \
E = 70000 A =1000
Element node Global node number X y
| 3 5000. -3000. 0
2 4 5000. 3000.
x; = 5000. y, = —3000. X2 = 5000. y, = 3000.
-3

L= =x)%+(y, =y = 6000.

X2 —Xj Yo=Y

Direction cosines: {, = T = 0. mg = = = l.
(0. 0. 0. 0. )
K ® 0. 11666.7 0. —11666.7
—]0. 0. 0. 0.
L 0. —11666.7 0. 11666.7 )

I-‘oul .| . | . . |—I 2 -|



Multi-Point Constraints- Lagrange Multiplier Method

~_

“»» Example: Five bar truss with inclined support

17654.3 0 0 0 —8827.13 5296.28 —8827.13  —=5296.28 \ [ u, 0

0 29688.9 0 —-23333.3 5296.28 -3177.77 —=5296.28 -3177.77 || v; 0

0 0 14000. 0 0 0 —14000. 0 u; 0

0 —23333.3 0 233333 0 0 0 0 A% 0
—8827.13 5296.28 0 0 8827.13  —5296.28 0 0 us ~ | 20000.

5296.28  -3177.77 0 0 —5296.28 148444 0 —11666.7 V3 0

—8827.13  —=5296.28 —14000. 0 0 0 22827.1 5296.28 || u4 0

-5296.28 =3177.77 0 0 0 -11666.7 5296.28 148444 Vy 0

Essential boundary conditions

Node dof Value
105) 0
2 \'%) 0

I-‘oul -| . | . . |It'--|



Multi-Point Constraints- Lagrange Multiplier Method
\

After adjusting for essential boundary conditions

17654.3 0 —8827.13 5296.28 —8827.13  —=5296.28\( u, 0
0 29688.9 5296.28 =3177.77 =5296.28 =3177.77 || vi 0
—8827.13  5296.28  8827.13  —-5296.28 0 0 U3 20000.
5296.28 -3177.77 —-5296.28  14844.4 0 —11666.7 V3 - 0
—8827.13 —5296.28 0 0 22827.1 5296.28 || ug 0
-5296.28 -3177.77 0 —11666.7 5296.28  14844.4 Vy 0

Multipoint constraint due to inclined support at node 1:u; sin(r/6) + v cos(/6) = 0

The augmented global equations with the Lagrange multiplier are as follows.

176543 0 -8827.13 529628 -8827.13 -529628 1/2) .
1

0 296889 529628 —3177.77 -529628 -3177.77 L ||+, 0
_8827.13 529628 8827.13 —529628 0 0 0lus | | 20000

520628 —3177.77 —529628 148444 0  —116667  0||lvi|=]| 0

~8827.13 —5296.28 0 0 228271 529628 O || w 0

~5206.28 —3177.77 0  —116667 529628 148444 0 || v 0

1/2 N3 0 0 0 0 o)\ 4 0

2
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Solving the final system of global equations we get
{u; = 5.14286, vi = =2.96923, 13 = 16.8629, v; = 12.788,
uy = —1.42857, v, =11.7594, A = 80000}

Solution for element 1

Nodal coordinates

Element node Global node number X y

1 1 0 0

2 3 5000. —3000.
x; =0 y, =0 X, = 5000. y, = —3000.

L=+ (0-x)"+(y, -y} =5830.95

Direction cosines: £, = —=——L = 0.857493 m, = % = —0.514496
Global to local transformation matrix
0.857493 —0.514496 0 0
I'= ( 0 0 0.857493 —0.514496 )
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Multi-Point Constraints- Lagrange Multiplier Method

Element nodal displacements in global coordinates

(u; ) ( 5.14286 Element nodal displacements

Vi ~2.96923 in local coordinates ( 5.93762 )
U3 16.8629 7.88048
\v3 )\ 12.788 )
E = 70000 A =1000
Axial strain, € = (d>—d;)/L = 0.000333197 Stress Axial force
Axial stress, o = Ee = 23.3238 | 23.3238 233238
Axial force = oA = 23323.8 2 23.3238 233238
3 69.282 69282.
4 —20. —20000.
. B 5 —12. —12000.
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Assessment of Lagrange Multiplier Method

* ADVANTAGES
»General application

»Constraint equations are satisfied exactly
“*DISADVANTAGES

> Difficult implementation

» Total number of unknowns is increased

» Expanded stiffness matrix is non-positive definite due to the
presence of zero diagonal terms

> Efficiency of solving the system equations is lower
»sensitive to constraint dependence
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< MPC Application Methods: Assessment Summary

Master-Slave Penalty Lagrange
Elimination Function Multiplier

Generality fair excellent excellent
Ease of implementation poor to fair good fair
Sensitivity to user decisions high high small to none
Accuracy variable mediocre excellent
Sensitivity as regards high none high

constraint dependence

Retains positive definiteness yes yes no
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