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Solid Elements for 3-D

Problems
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Problem definition

Surface (S)

V. Volume of body
X /2 S. Total surface of the body
The deformation at point x =[x,y,z]"
) IS given by the 3 components of its
y displacement u

u=<:Vv;
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External forces acting on the body

Two basic types of external forces act on a body

1. Body force (force per unit volume) e.g., weight, inertia, etc

2. Surface traction (force per unit surface area) e.g., friction
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N\
Body force
Volume . Hictri
| iy X Body force: distributed
clemen force per unit volume (e.g.,
av weight, inertia, etc)
rxa\
X=X, ¢
Surface (S) X
{ / L C)
7 NOTE: If the body is accelerating, [0l
then the inertia force pl=1 pv}
Y . el
X may be considered as part of X S
X=X-pl
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Surface Traction

\Volume _ o
element dV X P: Traction: [?IS'[I’IbUted
P, force per unit surface area
ST Py
Z TS =< py &
y X / pz
y:




INTERNAL FORCES

\Volume
element dV
w  Volume (V)

If | take out a chunk of material from the body, | will see that, due to the external
forces applied to it, there are reaction forces (e.g., due to the loads applied to
a truss structure, internal forces develop in each truss member). For the cube
In the figure, the internal reaction forces per unit area(red arrows) , on

each surface, may be decomposed into three orthogonal components.
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Strains: 6 independent &y
strain components &,
E=< "
yxy
Vy2
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0, 0,and o,are normal stresses.

The rest 6 are the shear stresses
Convention 1, Is the stress on the face
perpendicular to the x-axis and points in the

+ve y direction. Total of 9 stress
components of which only 6 are
Independent since
The stress vector is therefore (o |
Gy
Ty = Tyx o,
_ O =+ ;
Ty =Ty Ty
sz — sz Tyz
\TZX)
7 agaan 1513l g
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Consider the equilibrium of a differential volume element to
obtain the 3 equilibrium equations of elasticity

oo 5TW_+OT

=+
ox oy oz ]
0ty 00, 07, o O+ X; =0

or,, 07, Oc
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3D elasticity problem is completely defined once we understand
the following three concepts

B Strong formulation (governing differential equation +
boundary conditions)

O Strain-displacement relationship

O Stress-strain relationship
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\Volume
element dV Xc Pz
av Py
Z
X 5T
y
X su

1. Strong formulation of the 3D elasticity problem: “Given the externally
applied loads (on S-and in V) and the specified displacements (on S,) we
want to solve for the resultant displacements, strains and stresses required

to maintain equilibrium of the body.”
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Equilibrium equations: O ; + Xi —()

Boundary conditions:

1. Displacement boundary conditions: Displacements are specified
on portion S, of the boundary

specified

u=u on S,

2. Traction (force) boundary conditions: Tractions are specified on
portion S,of the boundary

Now, how do | express this mathematically?
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N
Volume
elementdVi % Pe
Py
St
z
X /2
Sy
y’ Traction: Distributed - Px
X force per unit area s =Py
\pZJ




If the unit outward My
normal to 57 n=<n,r

Then P, =0\, +T, N, +7,,N,
p, =7, N, +0,N, +7,N

z

P, =7,N, -I—Z'Zyny +0,N,




n 2D
1
n
12
ay| ds m,
ax
y S,
> X
. X
smH:—:ny
ds
cosH:—y:nX
ds
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Ly, ax
O-J/

Consider the equilibrium of the wedge in x-direction
p,ds =o,dy + 7, dX

=>p, =0 ﬂ+r dx
" “ds Y ds

= p, =o,N, +7,N,
Similarly Py =7yNx 0N,

14 agaaa (5ljal kg
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3D elasticity problem is completely defined once we
understand the following three concepts

B Strong formulation (governing differential equation +
boundary conditions)

B Strain-displacement relationship

O Stress-strain relationship
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2. Strain-displacement relationships:

_ou

CT o
ov

E

8y=

&, =

oy
ow
0Z
_ou ov
"y =y T ox
N  OW
= —+
oz oy

Yy




Shns A dnnn Y]

~_

3D elasticity problem is completely defined once we
understand the following three concepts

B Strong formulation (governing differential equation +
boundary conditions)

B Strain-displacement relationship

B Stress-strain relationship

WSuilSo naSidila -[ladal [Neia nlSkila 17 agaan L51jal pig)



~_

3. Stress-Strain relationship:

Linear elastic material (Hooke’s Law)

Linear elastic isotropic material:

1-v v y

v 1-v v

1% 1% 1-v

E_ E 0 0 0
(1+v)(1-2v)

0 0 0

0 0 0
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c = Ec¢
0 0
0 0
0 0

1-2v 0
2
0 1-2v
2
0 0

1-2v
2
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Displacement Field:

M-

N
u=>YN,u V

I
i=1

In matrix form:

m PNI 0 O
SRVIN ={ 0 N O
Waa L 0 0 N,

N
0
0

2

0
N
0

2

o O

Z

=
I
iM=

T (3x3N)

(3NxI1)
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Using the previous relations, we can derive the strain vector

e=B d Stiffness Matrix. K = J B'EBdv

(6x1) (6X3N)Xx(3NxI)
(3NX3IN) (3NX6)X(6X6)X(6X3N)

Numerical quadratures are often needed to evaluate the above integration.
Rigid-body motions for 3-D bodies (6 components). 3 translations,
3 rotations.

These rigid-body motions (singularity of the system of equations) must be
removed from the FEA model to ensure the quality of the analysis.
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Tetrahedron: Penta: Hexahedron
(brick).
|
|
‘ v f: _____ ﬁ
linear (4 nodes)  linear (6 nodes) linear (8 nodes)

45y B

®
quadratic (10 nodes) quadratic (15 nodes) quadratic (20 nodes)
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e 3D solid meshed with hexahedron elements

~ i
F

e
e
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Shape functions
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U =Nd

2

3

N

(o2}

~

QQ_Q.U_IQ_QQ_Q_

u
d =<V
W,

N=[N, N,

- 3
d,

displacement components at node 1
displacement components at node 2
displacement components at node 3
displacement components at node 4

>
displacement components at node 5

displacement components at node 6
displacement components at node 7

| displacement components at node 8

(i=1 2,---,8)
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X = 8 N; (&, 7, 8)X 1

. N; :§(1+§§i)(1+7777i)(1+§§i)
y:Z N; (£,1,0)Y,

|8: 1 (Tri-linear functions)
L= - N; (&, m,¢)z;
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Shape functions:

1 | n |

—2(1— _ _ (-1,1,-1) 4 A 3(1,1,-1)
MENO=g1-DU-m (-0 . it

1 L
N, (E.n.C)=-+g)M-n)(1-C) , B -

3 (-L-1-1)| 1 e 82 (1,-1,-1)

(-1-1,1)5 | /2 6(1,-1,1)

N, (é,n,e’)=é(l+§) 1+m) 1-C) 3

| { | N, =5 (Q+&E)A+nm7)A+40)
Ny (é,n,é“):g(l—éf) 1+n)1+7) .

Note that we have the following relations for the shape functions:

8
Nz' (gj’nj’gj)zgg , l.,j=1,2,---,8. and ZN’((S,T],é’)Zl
i=1
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Straln matrix -

du
0x
e @
X ay
E y a—w
£Z
= S F= 3 axazau >:“.use(l5) =Bd ((.::Bd
ny +
y ox dy (6x1) (6x24)x(24x1)
. ow ov
ny +
T dy 0oz
du N ow
dz Ox .



Strain matrix N—

e = Bd
B:[Bl B, B; B, By By B; Bs]

"ON, /ox 0 0
0  oN, /oy 0
0 0  oN,/az

! ! 0 ON. /62 ON, /oy
N, /62 0  ON,/ox
(0N, /oy 0N, /ox 0

Note: Shape functions are expressed in natural coordinates — chain
rule of differentiation
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Straln matrix -

ON; _oN; ox 0N, &y ON; & )
0F  OX OF Oy O o1 OF
ON; _ON; ox  ON; oy ON, &z Chain rule of
on oxon & on adon [ (differentiation
ON; _oN; ox  oN; &y oN; &

0 X ol &y of orog

(N, | (6N, X oy oz

oG OX o0& 0 O

ON. ON. ox oy oz
= s —r=Ji—¢ where J-=

on oy on on 0n

N | [N x o

o¢) Loz o o o
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Strain matrix N—
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The same shape functions are used as for the displacement field (/soparametric

element).

Coordinate Transformation: X:Z N, (&, 1.$)x;, y=Z N (&,7,0)Y;, Z=Z N, (& 1m.¢)z,

ON, ON, ON, oON, ON, ONg, ON, N
ot o0& o0& o0& o0& o0& o0& o0&
J- ON, ON, ON, oON, ON, ONg ON, ON;
on oOn oOn oOn oOn oOn On 0On
oN, ON, ON, oON, ON, ONg ON, ON;
| 0¢ o¢ o¢ o0¢ og o 05 O¢
(& ON, & 0N, & oN,
szi___ §:yl___ zzzi___
0 05 T 05 T 05
8, ON, ¢ ON, 8, ON,
or J= §:Xi___ Ezyi___ zzzi___
i=1 n I on 7 on
8, ON, ¢ ON, 8, ON,
DX DV DT
= o¢ T 0 I 0
WSuilSo naSidila -[ladal [Neia nlSkila 29
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Y1
Y,
Ys
Y,
Ys
Ys
Y7
Ye

[op} (&) B w N [

N\IN N N N N N N

(e}
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Strain matrix N—

(N, [N
X 0¢
4% L _ 31 ON; y Used to replace derivatives w.r.t. x, y, z
oy on with derivatives w.r.t. & n, ¢
N, N,
La) o
[ ON , /0Ox 0 0 |
0 0N, /oy 0
0 0 ON . /oz
B. =DN. =

! ! 0 ON,/6z oN, /oy
N, /ot 0  oN,/ox
(0N, /oy 0N, /ox 0 |
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Strain energy:

1¢ 1 , 1
U=—|c" e€dV==|(Ee) edV=—|e"EgdV
21 ) (Fe) zi‘c’ °

Vv

_1 df[jBTEBdV }d
2 |y

Element stiffness matrix: k= f B'EB dV
(24x24) V (24X6)X(6x6)X(6x24)

In coordinates: k= [ BTEBdV=["[" [~ B'EBdet[J]dcdndc
77 1dada

Gauss integration: | = [*["[™ f(g,n,;)dgdndgziii www, f(&,7,,¢,)

Note: 3-D elements usually do not use rotational DOFs.
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LLoads: Distributed loads = Nodal forces

fSX ({O}Bxl\
fo=[INI"| {fypdl | {0)s

L SZ J

For uniformly
distributed load: f, =%|3_44
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LLoads: Distributed loads = Nodal forces

p lf l ipAf d pa/i2

/
TRRRRY f(

Area =A
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Stresses:

c=Lke=EBd

Principal stresses. O, ,0,,0;.

von Mises stress. O,=0,,, = f\/(a ~-0,) +(0,-0,)  +(0,-0,).

Stresses are evaluated at selected points (including nodes) on each
element. Averaging (around a node, for example) may be employed to
smooth the field.

WSuilSo naSidila -[ladal [Neia nlSkila 34 agaan L51jal pig)



‘ #7795 Ol (o  Fle sl
Example: N\

For the rectangular solid element, find the stiffness term k;,, assuming
Isotropic material.

[k,,]=abc j j j | dédnd¢
—1-1-1

If the hexahedron is rectangular with dimensions of a xb xc, the determinate
of the Jacobian matrix is simply given by det[J] = abc =V,

L(1-n)(1-¢)
ON, /ox ¢
: ;
0 1
Bhi=1av/or [ =75 L) 1-0)|
0
0
ON, oz |
;(1_5)(1_77)
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[kn]= "bc_iﬁ[“)[— 1-£) 0.0 %(1—5)(1—5) 0 %(1—5)(1—77)}

- [ T T

f v v 0 0 0

v £ v 0 0 0 g

E v v £ 0 0 0| 1
(I+v)(1-2v){0 0 0 g 0 0 [_§j<l(l_§)(l_§)>d§dnd§

00 0 0 g 0 b .

0 0 0 0 0 g
(1-&)(1-n)

where; f=1-v
g=1-2v
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Eabc
64(1+v)(1-2v)




[k;]= 64(1:1“)1’(61_21/) i I[%(l—n)z(1—:)2f+bi2(1—5)2(1—:)2g+i2(1—«:)2(1—n)2g}d§dnd¢

2abcE f g g
k.. =
! 9(1+V)(1—2V)[a2+b2+262]

k) =

2abck (1—1/ | 1-2v .\ 1—21/]
a2 b2 202

9(1+v)(1-2v)
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e 3D solid meshed with tetrahedron elements

&y&j\/\/V\/\/\/\

PSS LS SSS LSS S
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ul 5 'z 1 ,
2 Y
3% Tetrahedral Element
lef
N,=n
sté’
N,=1-¢c-n-¢
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Mapping
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| 300,01)

4(0,0,0)

1(1,0,0)

Master element for
shape function
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node 1 node 2 node 3 node 4

'N, 0 0 N, 0 0 N, 0 0 N, 0 O]
N={0 N, 0 0 N, 0 0 N, 0 0O N, O
0 0N, O 0 N, O 0O N, O 0 N,j
d={u, v, w, ...u, v, w,}
For iso-parametric formulation we have:
X = NX +N,X, + NyX; + N,X, X=X, + X4& + X017 + X3, 8
y=N;y; +N,y, + N;y, + Ny, Or Y =Y4+ Yiu6 + Youll + Yaul
z=N;z,+N,z, +N,;z,+ N,z, 2=2,+2,5+2,,n+12,,C
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(a_u\ (ou) ox oy 0z
O % 0 0¢ 0g
ou ou J_ OX oy 07| _
s—r=Jd3—¢ = =
on oy on on oOn
5_u ou OX 8y Oz
o¢) oz | 0& o0& 0¢ |
or
(u ) u |
X 0 -
53 85 1 Youlss = Y34204
<5>:‘J_1Ja_> J_lzm LygXgy — L3y Xyy
e
7 Xo4 Y3s = X34 You
ou ou -
) leg) A
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Xia Y Zua
Xoa You L
Xsg Yas L3 |

Y34 Z14 o y14 Z34

234 X14 o Z14 X34

X34 y14 _ X14 Y34

Y14224 o yZ4214

Z14 X24 _ Z24 X14

X14 Y24 = X34 Y14 |
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g=DU=DNd=Bd_

Ay
0
0

0

!
Aoy

[ 0/ Ox
0
0
0
0/0z

| 0/0y
0

Aoy

0

!

0

Ay
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0

o/ oy
0

d/oz
0

0/ 0x

0

0

gy
Aoy

Ay
0

0

0

0/0z
o/oy
0/ Ox

0 |
A, O
0 Ay,
0 0
0 A,
A, O
Ap A,

0
0

Ay,
Ay,

A
0

43

A
0

0
0

Ass
Aos

A=A+ A+ A
where 'Z‘Z = A+ Ayt Ay
Ay= Ayt Ay A
0 0 -A 0 0
A, 0 0 -A 0
0 A, 0 0 -A
A33 A23 O~ 'Z‘z _'§2
0 Ay -A 0 -A
A, 0 -A -A 0
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