Solids of Revolution
(Axisymmetric Solids)
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A structure of revolution is generated by rotating a generating cross section
about an axis of revolution.
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Rotating Flywheel:

) 2 :JJ{)K 9 J‘S.A
Uy © angular velocity (rad/s)
Body forces:
;/ 1 V1 f = pre’ (equivalent radial centrifugal
//z I % - or inertial force)
7, f, =—pg (gravitational force )

Cylinder Subject to Internal Pressure:
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generic "ring" finite element

Axisymmetric solid “ring” element
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(a) An axisymmetric solid, (b) FE mesh, (c) applied loads, (d) stress distribution.
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u=u(r,z), w=w(r,z) (No v—circumferentialcomponent)
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Axisymmetric Elements:
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3-node element (ring) 4-node element (ring)
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The elements are defined in r-z plane. The definition of connectivity
of elements and the nodal coordinates are the same as CST element.

Note that r and z are replaced respectively by x and y. Using 3 shape
Function N, N, and Ns.
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u=Nd
u=_~&u, +nu, + (1-&-n)u, d={u, w, u, w, u, w,}'
- O Nl 0 N2 O NS

Using iso-parametric representation:
r=3ar+nr,+1-5—nr,

z=31+1n2, +(1-8 1)z
The chain rule of differentiation gives:

ou|  (au) ow|  (ow)
o0& or 0& arl 3= 53| where W=
% > =J< - & s = J < > r. 7 Z. =27 —17.
A ou AW oW 23 23 ij — ST 4
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(ou) (du | (ow) ow
or 0 ar P i 1 [z. -z
Jorl_ g1, é:>and Jor{_ g 68&where le—{ 23 13}
ou au ow ow detd|—fs N
| O0Z on | | OZ on
Thus strain vector would be in the form of:
( a_u | ( (7 (ul _us) — 253 (uz —U3)
or det J
@ —Fs (W — W, ) + g (W, — W;)
_ oz _ ) det J
& =+ F= e
@_i_@_u I (U, —U3) + r13(uz _u3) + 223(W1 _Ws) — Z13(W2 _W3)
or 0z det J
u N,u, + N,u, + N,u,
1§ r J . r
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I Z23 Z31 Z12 O ]
det J det J detJ
0 r32 O Ir'13 O r-21
B_ det J det J det J
r.32 Z23 r.13 Z31 r'21 Z12
detd detd detd detd detd detd
& 0 & 0 & 0
LT r r i
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The integral is logarithmic, numerical integration is preferred.

On the other hand, as a simple approximation, B and r can be evaluated at the

centroid of the triangle and used as representative values for the triangle. At the

centroid of the triangle,. 1 Car ooy

N, =N, =N, =—, r=1t—-+223
3 3

where T is the radius of the centroid. Denoting B as the element strain-

displacement matrix B evaluated at the centroid, we get

det(J)
2

k=27rB"EBT | dA=27TAB'EB A -
A
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Body Force Term

2 j u" frdA=d"f®
A

27T

27T

A

A

u" frdA =27 [ (uf, +wf,)rdA =

A

[(N,u, + N,u, + Nouy) f, + (N,w, + N,w, + Nyw, ) f, JrdA
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Surface Traction

27 j U Trdl =d"T®

r=N,r,+N,r,

For a uniformly distributed load on
edge 1-2, we have:

(U, | (aT |

d=]" ! Te=27z|1_2<aTz> 5
u, bT, q r1+r2’ b:r1+2r2
(W, | bT, i 0

l,, = \/(rz - r1)2 +(z, - 21)2
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Problem 1: Calculate the equivalent body force applied on
A triangular element under gravity force in z direction and
An inertia force due to rotation around z axis.

Problem 2: An axisymmetric body with a linearly distributed
Load on the conical surface is shown in Fig. 1. Determine the
Equivalent point load at nodes 2,4 and 6.

zA 2 __0.2Mpa

r,=20mm, z,=70mm
r,=40mm, z,=55mm
4 r=60mm, z;=40mm
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Example: The cylinder is then subjected to an internal pressure of
2 Mpa. Using two elements on the 10 mm length shown, find the
displacements at the inner radius. E = 200 GPa, v = 0.3.

F,

01T,

3

F,

i
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80 mm diam 40 mm

120 mm diam
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60 mm
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Element connectivity: nodal coordinates:
Node numbers Coordinates
Element 1 2 3 Node r 7
1 1 2 4 1 40 10
2 2 3 4 2 40 0
3 60 0
4 60 10
l-v. v 0 v 269 115 0 115
£ volmv 0 1115 269 0 115
E= 1—2v E=10
(1+v)(1-2v)| 0 0 > 0 0 0 077 O
v v 0 1—v 1115 115 0 269

E = 200000 MPa,
v =0.3.
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_2ml,p; _ 27(40)10)(2)
2

=2514 N

For element 1; T =1(40+40+60)=46.67 mm,
- —0.05 0 0 0 0.05 0

S1_ 0 0.1 0 -01 O 0
| 01 -005 -01 O 0  0.05
00071 0 00071 0 0.0071 O

For element 2: T=1(40+60+60)=53.53 mm,

(005 0 005 O 0 0
5| O 0 0 -01 0 01
0 -005 -01 005 01 O

000625 0 000625 O 000625 0
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k=2t [B]'[E]B]

1 2 3 4 V4 8 — Global dof
(403 —-258 —-234 145 -1932 1.13 |
8.45 137 —-789 193 —0.565

230 -024 0.16 —1.13
7.89 —-193 0
Symmetric 2.25 0
0.565 |

[k']=10
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N
k =2n7A, B[ [E]B]

3 4 5 6 7 8 — Global dof

(2.05 0 -222 1.69 -0.085 -1.69
0.645 1.29 -0.645 -1.29 0
511 =346 -242 217
9.66 1.05 -9.01
Symmetric 2.62 0.241
9.01 |

k*]=10"
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Using the elimination approach, on assembling the matrices with
reference to the degrees of freedom 1 and 3, we get

403 -2.341(u, 2514 (u 0.014x107?
10’ = th= mm
-2.34 435 ||u, 2514 U, 0.0133x10°*

The element stresses can be calculated from c=EBd

(166 )
(0.014x1072 | 0.0133x10°° a<1>:<_58'2>><10—2 MPa
0 0 5.4
_28.4
qo _]00133x107 [ gor [0 > ) 5 )
o > 0 ~169.3
66.9
0 0 o® = L1072 MPa
0 0 0
‘ ’ |-54.1 |
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