Prof. Girardi Table of Fourier Series

In the table, the functions f: R — R are understood to be 27-periodic! and a € R is a constant. Recall that the
formal Fourier series of f is given by

) ~ cheinQ

?0 T Z [an cos(n ) + by sin(nd)] ,

ne”Z neN
where
en = fn) = / f@) e ™d9  forallneZ,
an = ¢, +c_p, = — 1 (0) cos(nd) df for all n € Ny ,
™ —T
1 T
b, = i(ep —c_p) = — £ (0) sin(nb) db foralln e N .
)7
Table of Fourier Series for periodic f: R -+ R
defining
f interval Fourier series of f
of f
T 4 = cos((2n —1)6)
o= Ll R Wiy e
00 _1\n+1
2 | f() =6 [~mm) || 2D ——— sin(n)
n=1
>, sin(nd
3 (f@)=n—0 [0, 27) 22
i | F) = 0 if —71<6<0 [ ) E_,ZCOS (2n—1)6 i "+1 sin (nf)
o io<o<n B (! @n-12 &
1 1
5 | f(8) =sin*(6) [—m,7) 573 cos(26)
-1 if —r<6<0 4 X sin((2n — 1)6)
6 9 = - - —, —
1) {1 if0<6<n =) WZ on — 1
0 if —71<6<0 1 2 Nsin((2n —1)6)
7 0) = - - —, -+ -
1) {1 ifo<fd<m =) 2 71'; 2n —1
. cos(2nf)
8 | £(6)=1sin()] [~mm) | = - fZ 1
2 4 X (—1)"cos(2n0)
9| £(0)=cos(0) ) | S
0 if —7<6<0 1 2 Kcos(2n0) 1.
10 = - - - — = 0
A {sin(@) ifo<f<m =) T w; 4n? —1 2 in(9)
[0,7)
a =2 if —1<0<—a 2 sin(an) p
H f(0)=46 if —a<f<a [=m,7) T—a‘= n sin(nf)
a ;:Z fa<O<nm

1Speciﬁcally, the formula for f is given in a specified defining interval of length 27 and then it is understood that f is extended
2m-periodically to the whole of R.
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defining
f interval Fourier series of f
of f
aeon e e
12 (2a)71 if |0 <a [-m,7) || =— + — Z ik cos(nb)
0) = ’
/(6) {0 if 0] > a am miq an
1 1
(0, 7] 0 — ;Z os(nfy) cos(nd) +
13 2a)71  if|0— 6o <a 0~
o= Tl o+ 7) 1 |
0 if |0 — 6p| > a - Z sm (nfy) sin(nh)
(0,7/4] > sin(an)
1- 6) —
1 f—a<f<a nz::l " (1 —cos (3an)) cos(nf)
Wiroy={-1 it20<0<4a =™ < Gngan) ,
0 elsewhere in [—, ) Z:l " sin(3an) sin(nd)
a € (0,7] .
15 fa2a—10]) if|6]<a [~ ) ) P—— ) cos(nf)
f(0) = : T
0 if |0 > a n=1
16 | f(0) = 62 [—m, ) % Z cos(nd)
17 0) = 0 8 i ! sin ((2n —1)6)
£(0) =0~ o) =) | 23
ack \ {0} = (_1)n inf
0) = a? e Z a—in ‘ -
18] fO)=e [—7,m) nEmee 1 o (_qyn
. Ya - no .
Let 7, m sinh(ar) +2 'ya; 5 5 cos(nd) 'yangliaernQ sin(n#f)
™
a € R\ {0} oo 1
ab Ta Z a—1n elng -
19| f ) =e [0, 27) n=-oo
2ma _ —+2a’ya Z poa cos(nf) —27, Z poa sin(nd)
Let v, =
2m
2 h 0 n+1
20 | f(#) = sinh (6) [—7, ) sin Z sin(n#f)
n=1

The hyperbolic cosine (denoted by cosh) and hyperbolic sine (denoted by sinh) are defined by:

cosh (6) := 5

e? + e ?

and sinh (0) :=
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Below are sketches of the functions f from the table.

2.1 The Fourier series of a periodic function 27
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2.1 The Fourier series of a periodic function 29
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