
Prof. Girardi Table of Fourier Series

In the table, the functions f : R → R are understood to be 2π-periodic1 and a ∈ R is a constant. Recall that the
formal Fourier series of f is given by

f (θ) ∼
∑
n∈Z

cne
inθ =

a0
2

+
∑
n∈N

[an cos(n θ) + bn sin(n θ)] ,

where

cn = f̂(n) =
1

2π

∫ π

−π
f (θ) e−inθ dθ for all n ∈ Z ,

an = cn + c−n =
1

π

∫ π

−π
f (θ) cos(nθ) dθ for all n ∈ N0 ,

bn = i(cn − c−n) =
1

π

∫ π

−π
f (θ) sin(nθ) dθ for all n ∈ N .

Table of Fourier Series for periodic f : R→ R

f
defining
interval
of f

Fourier series of f

1 f (θ) = |θ| [−π, π)
π

2
− 4

π

∞∑
n=1

cos((2n− 1)θ)

(2n− 1)2

2 f (θ) = θ [−π, π) 2

∞∑
n=1

(−1)
n+1

n
sin (nθ)

3 f (θ) = π − θ [0, 2π) 2

∞∑
n=1

sin(nθ)

n

4 f (θ) =

{
0 if − π ≤ θ ≤ 0

θ if 0 < θ < π
[−π, π)

π

4
− 2

π

∞∑
n=1

cos((2n− 1)θ)

(2n− 1)2
+

∞∑
n=1

(−1)
n+1

n
sin (nθ)

5 f (θ) = sin2(θ) [−π, π)
1

2
− 1

2
cos(2θ)

6 f (θ) =

{
−1 if − π ≤ θ ≤ 0

1 if 0 < θ < π
[−π, π)

4

π

∞∑
n=1

sin((2n− 1)θ)

2n− 1

7 f (θ) =

{
0 if − π ≤ θ ≤ 0

1 if 0 < θ < π
[−π, π)

1

2
+

2

π

∞∑
n=1

sin((2n− 1)θ)

2n− 1

8 f (θ) = |sin(θ)| [−π, π)
2

π
− 4

π

∞∑
n=1

cos(2nθ)

4n2 − 1

9 f (θ) = |cos(θ)| [−π, π)
2

π
− 4

π

∞∑
n=1

(−1)n cos(2nθ)

4n2 − 1

10 f (θ) =

{
0 if − π ≤ θ ≤ 0

sin(θ) if 0 < θ < π
[−π, π)

1

π
− 2

π

∞∑
n=1

cos(2nθ)

4n2 − 1
+

1

2
sin(θ)

11

a ∈ [0, π)

f (θ) =


a π+θ
a−π if − π ≤ θ ≤ −a

θ if − a < θ < a

a π−θ
π−a if a ≤ θ < π

[−π, π)
2

π − a

∞∑
n=1

sin(an)

n2
sin(nθ)

1Specifically, the formula for f is given in a specified defining interval of length 2π and then it is understood that f is extended
2π-periodically to the whole of R.
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f
defining
interval
of f

Fourier series of f

12

a ∈ (0, π]

f (θ) =

{
(2a)−1 if |θ| ≤ a
0 if |θ| > a

[−π, π)
1

2π
+

1

π

∞∑
n=1

sin(an)

an
cos(nθ)

13

a ∈ (0, π]

f (θ) =

{
(2a)−1 if |θ − θ0| ≤ a
0 if |θ − θ0| > a

[θ0 − π,
θ0 + π)

1

2π
+

1

π

∞∑
n=1

sin(an)

an
cos(nθ0) cos(nθ) +

1

π

∞∑
n=1

sin(an)

an
sin(nθ0) sin(nθ)

14

a ∈ (0, π/4]

f (θ) =


+1 if − a < θ < a

−1 if 2a < θ < 4a

0 elsewhere in [−π, π)

[−π, π)

∞∑
n=1

sin(an)

n
(1− cos (3an)) cos(nθ) −

∞∑
n=1

sin(an)

n
sin(3an) sin(nθ)

15

a ∈ (0, π]

f (θ) =

{
a−2(a− |θ|) if |θ| ≤ a
0 if |θ| > a

[−π, π)
1

2π
+

2

π

∞∑
n=1

1− cos(an)

a2n2
cos(nθ)

16 f (θ) = θ2 [−π, π)
π2

3
+ 4

∞∑
n=1

(−1)n

n2
cos(nθ)

17 f (θ) = θ (π − |θ|) [−π, π)
8

π

∞∑
n=1

1

(2n− 1)3
sin ((2n− 1) θ)

18

a ∈ R \ {0}

f (θ) = eaθ

Let γa :=
sinh(aπ)

π
.

[−π, π)

γa

∞∑
n=−∞

(−1)n

a− in
einθ =

2γa
a

+2aγa

∞∑
n=1

(−1)n

a2 + n2
cos(nθ)−2γa

∞∑
n=1

(−1)nn

a2 + n2
sin(nθ)

19

a ∈ R \ {0}

f (θ) = eaθ

Let γa :=
e2πa − 1

2π
.

[0, 2π)

γa

∞∑
n=−∞

1

a− in
einθ =

2γa
a

+2aγa

∞∑
n=1

1

a2 + n2
cos(nθ)−2γa

∞∑
n=1

n

a2 + n2
sin(nθ)

20 f (θ) = sinh (θ) [−π, π)
2 sinh(π)

π

∞∑
n=1

(−1)n+1n

n2 + 1
sin(nθ)

The hyperbolic cosine (denoted by cosh) and hyperbolic sine (denoted by sinh) are defined by:

cosh (θ) :=
eθ + e−θ

2
and sinh (θ) :=

eθ − e−θ

2
.
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Below are sketches of the functions f from the table.
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