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Chapter 1 Mathematical Preliminaries
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FIGURE 1.15 Cube roots: (a) 1'/3; (b) i!/3; (¢) (=1)!/3.
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Another multivalued complex function is the logarithm, which in the polar representation

takes the form
Inz = ln(reie) =Inr +i6.
However, it is also true that

Inz=In (rei(9+2"”)) =Inr +i(@ +2nmn),

for any positive or negative integer n. Thus, In z has, for a given z, the infinite number of

values corresponding to all possible choices of n in Eq. (1.138).

Exercises

1.8.1

1.8.2

1.8.3

1.8.4

(1.138)

Find the reciprocal of x + iy, working in polar form but expressing the final result in

Cartesian form.

Show that complex numbers have square roots and that the square roots are contained

in the complex plane. What are the square roots of i ?

Show that

(a) cosnf =cos" 0 — (;)COSn_ZGSiH29 + (Z)cos"_4esin49 -,

(b) sinnf = (T) cos" 1 9sing — (Z) cos" 30sin’ 6 + - - .

Prove that
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These series occur in the analysis of the multiple-slit diffraction pattern.
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1.8.5 Assume that the trigonometric functions and the hyperbolic functions are defined for
complex argument by the appropriate power series. Show that

isinz =sinhiz, siniz =isinhz,

cosz =coshiz, cosiz =coshz.
1.8.6 Using the identities

elZ _|_ e—lZ . elZ _ e—lZ
cosz=———, Ssing=——,
2 2i

established from comparison of power series, show that
(a) sin(x +iy) =sinxcoshy +icosxsinhy,
cos(x +iy) =cosxcoshy —isinxsinhy,
(b) |sinz|® =sin’x +sinh?y, |cosz|? =cos®x + sinh?y.
This demonstrates that we may have |sinz|, |cosz| > 1 in the complex plane.
1.8.7 From the identities in Exercises 1.8.5 and 1.8.6 show that

(a) sinh(x 4+iy) =sinhxcosy+1i coshxsiny,

cosh(x 4+ iy) = coshx cosy +i sinhx sin y,

(b) |sinhz|>= sinh? x + sin? y, |coshz|?= cosh? x + sin’ y.

1.8.8 Show that
@ tanh S = SUETII ) £ o SR DI

2 coshx +cosy’ coshx —cosy

. 1—i
1.8.9 By comparing series expansions, show that tan™' x = % In ( T z.x )
ix

1.8.10 Find the Cartesian form for all values of

@ (=87,
(b) i/,
(C) eirr/4'

1.8.11  Find the polar form for all values of

(@) (1+1i)°,
(b) (=D,



