ITI. STRESS-STRAIN RELATICNS, TENZRALIZED HOOKE'S LAW

3.1 DIRECT FO NVERSE FORM.
€15 Aijel%kl, 1,j.k,1 = 1,23
where
Arkl™ Ayia” figik T Ay
117 AM111%1 T AL12%12 41113913
* A1121%21 Y 1122922 * A1123923

41131931 T 21132932 * A113393

or alcernacively,

(e11]  [Ar11r A1122 A1133 A1112 Aas Auas] (oo )
€22 82211 42222 #2233 42212 42213 A2223] 922
33 143311 %3322 #3333 M3312 A3313 A3a23| |93

1912} = {A1211 21222 %1233 21212 A213 M2zs| 12902
13 A3 A1322 M333 Az A1 Aiszz) (2013

[€23)  [P2311 %2322 A2333 A1312 A2313 A2323) (2923
6x1  6x6 | 6x1
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{(3.1-1)

(3.1-2)

(3.1-3)

(3.1-4)
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where

aij - Cijkl Ny 1,j,k,1 -1,2,3

Cijel = Cyir ™ Cijie T Gkl

g12 = Cy211911 * C1212€12 * Ci213413

* Cy91%21 7 C122292 * C1223%23

+ C1232931 * C1232¢32 * C1233%33

or alternatively,

3.

2

r 3 r
%11 1111 “1122 C1133 C1112 C1113 G123
922 o011 C2222 %2233 C2212 C2213 C2223
%33 3311 3322 ©3333 C3312:%3313 ©3323

1912 = [C1211 1222 €1233 C1212:%1213 ©1223

913 Cy311 ©1322 ©1333 €1312 C1313 G1323
923 [C2311 C2322 2333 C2312 C2313 “2323)
6xl 6x6

SPECTAL SYMMETRY

Upon corrdinate transformation, Fig.A.l-2,

Aijkl - aipajqakrajsﬂpqrs

N

11
22
33

12

L£23

6x1

.

13}

{3.1-3)

(3.1-8)

(3.1-7)

(3.1-8)

{(3.2-1)

bo
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where 3, etc., are direction cosines between the x’ and the X co-

- ordinates.

Symmetry With Respect to One Plane: monoclinic material, Fig.3.2-1

The stiffness matrix becomes:

[A1121 #1122 M3 Az © ¢ ]

Ar122 A222 %2233 f212 O 0

Ar133 82233 %3333 P31 O 0

Ar112 22212 3312 Ao O 0 - G2
0 0 0 0 A1313 A1323

0 0 0 0 A323 A2323]

The modull macrix_Cijkl are similar.

of
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Symmetry With Respect to Two Orthoponal Plapes: orthotropic material,

Fig.3.2-2,
S Y I
xl -1 0 0
x2 0 1 0
x3 0 0] -1

The stiffness matrix becowmes:

A111 A2z Az © 0 o ]

A1122 82222 f2233 O 0 0

A1133 Ag233 A3333 O 0 0

0 0 0 Ajpyp O 0 C(3.2-3)
0 0 0 0 Aj3yy O

o 0 0 0 0 Aysas,

The moduli macrix C is similar.

1jkl

Symmetyy With Respect to One Axis; cransversely isotropic or cross

anisotropic material, Fig.3.2-3,

aij xi xz xi

xl cos # :sin 8 0

x2 sin ¢ cos #§ 0

Xy 0 0 1 ]
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The stiffness matrix is:

-

Arr1r Ar122 21133
A1122 1111 A1133

- A1133 %1133 %3333

0 0 0
0 0 0
0 0 0

The compiiance macrix is similar in form.

isotropic material

The stiffness matrix is:

i
Al %1122 Ma22 ©

A1322 A111 A2z

0
1

At122 A2z A1

0 0 -0 0

c 0 o 0

o 0
0 0
0 0
Lea o aa ) 0
5(A11117 2122
0 - A1313
0
11 [

0 0 0 3811174 122)

[ BN 8 TR IO

(A1111781122)

0 (3.2-4)

1
3¢A1111 1227
(3.2-5)

The compliance mactrix takes a form that {s similar cto the above.
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3.3 CONVENTIONAL ELASTIC CONSTANTS FOR ISOTROPIC MATERIAL.

AL u lLame’ constants

E Young’s modulus

¢ ' shear modulus, G - u
K bulk modulus

v '~ Poisson’s ratio

L

Ara1z T 3 Argede A T A Y B30

Alygg = M

Cippr = (2 + 8)/p (34 + 2p)

Crygp = -3 28 (3% + 24) (3.3-2)

1
3(Cyy117 Ci129) = Vs

3.4 STRESS-STRAIN RELATIONS. ISOTROPIC MATERIALS

Eij - aLJ/Zu - [A/2u(32+24) ] Tk 6Lj (3.4-1)
oy = 2u ey * Aegy 513 ' (3.4-2)
noyl - e

o 3

T Tavs 0-.,\.; £ 0-?‘7. .

Direct form:

chxx - T T Hev/(lev)) @ ) {3.4-3a)
Zue =0 v/ (l4v)] @ (3.4-3b,
2p¢zz -0, " I[v/(l+v)] o ) (3.4-3c)
Zucxy - axy (1.4-3d)
2pcyz - ayz - -(3.4-3e)
2pczx -9 (3.4-3F)
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where

g = [o, +o +a_ /3 (3.4-4)

XX Yy zz
3.5 PROBLEMS

1. An elastic layer,_of modull E and v, is enclosed in a rigid
container with one end open. The layer is then compressed by a rigid
stamp which applies a diregt styess o to the layer. Let the apparent
Young’'s modulus be E’(that is, az/ez). Plot the ratio E'/E as a

function of v, knowing that 0 < v < 0.5,
2. Prove that Eq.(3.5-1) follows from Eqs.(3.5-2),(3.5-3)

8 - G * Syy ¥ zz  [(LBI/E| (e a b azg) o (3.5-1)

P - e + 2ue¢
XX XX

agy = e+ Zue .} ' (3.5-2)

- ) + -
7, Ae 2“!22

g o= E/[2(1+0)], A = vE/[ (1) (1-20) ] (3.5-3)

J. Show that the assumption that an elastic isocropic solid is
incompressible {s equivalent to the assumpction thac Poisson’s racio is

‘equal to one half.

*4, Prove that the principal axes of stress coincide with the
principal axes of strain for a linear, isotropdc, elastic solid, and

relace the principal values to each other.
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5. Show that the multiaxial isotropic Hooke's law can be
obtained by the following argumenc: An elememtary rectangular

parallelepiped subjected to tensile stresses T ex OO opposite faces

will experience a longitudinal extension ¢ = axx/E and laceral

contractions ¢ - ¢ - e Now consider the effect of stresses
Yy zZz XX

S and superpose the resulting strains.

. Show that cthe index notacion of the isotropic Hooke’s law may

be written as

»

aij - Zu[cij + T 2 ‘kksij] (3.5-4)

7. Show directly from the generalized Hooke's law chat in an
isotropic body the principal axes of strain coincide with those of
stress. Hint: Take the coordinate axes along the principal axes of

strain and consider the effect on 999 and o044 of a rotation of axes by

Q
180 about the x3-axis.

8. For an isotropic linear elasctic solid, derive the following
relations between the Lame constants A and u, Poisson’s racio v,

Young'’s modulus E, and the bulk modulus K:

2uv v({E-2u) 2 Ev
M- T T e TR 3R T (e

3Kv IK(3K-E)

1+ 9K-E
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LR T R R T L U : L . . : [ B M R N R P
A U105 T g O S SO S . ] LR g, o L. e L e S SR

A(l-2v) 3 E IK(1-20)
e v R T v T Yo v

IKE
- . T 9K-E
Y A E IK-2u
Yo T T 3Kx T 2p 0 Yt TGrem
3K-E
T
p(33+2p)  A(l+w)(1-20)  9K(K-2A)
E- A+p - v T 3K-A

IKu
= 2u(l+v) = 3Kep "~ IK(L1-20)

2 —_—
K= +3 4 = (ME)/2 + J(E-3)) + 8AE/6

= A(1+v}/(3v) = pE/[3(3u-E)]

- 2u(l+v)/[3(1-2v)] = E/(3(1-2+))

73
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TABLE 3.3-1

HOMOGENECUS BODY

INTERRELATION BETWEEN THE ELASTIC CONSTANTS OF ISOTROPIC

A u E v K
A g(3A+2g2 A 3A+2="
H Ap 2(A+) 3
* * *
A E -3+ - (E+)1)+A I(A+E)+A
) 4 41 6
I all-2v) +u -2 All+v)
’ 2v v 3w
A K J(K-2) GK(K-\) A
: 2 IK-A IK- A
4.E p{2u-E) E-2u _uE
' E-3p- 2u 3(3u-E)
—Luy Qup(i+v)
Moy I-2v 2y (1+v) 3(1-2v)
s, K K2 ~ZKu >
’ k] IK+u 2(3K+u)
E v- v E L
i (L-20) (14v) | 2{1+v) I(L-2v)
EX 3R(IY-E) SEX _ JK-E
9K-E 9K-E 6K
3K AK(1-2v)
v.K 1+uv 2(1+v) 3K(1-2v)

* 2
A = f(E-3X) +8iE

-52-
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Fig.3.2-1
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