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Abstract

A graph G is Hamiltonian connected, if there is a Hamiltonian
path between every two distinct vertices of G. A Hamiltonian con-
nected graph G is called critical Hamiltonian connected (CHC), if
for every edge e in G, graph G — e is not Hamiltonian connected. In
this paper, we study the properties of CHC graphs.
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1 Introduction

Through the paper all graphs are finite, simple and connected. The notations §
and A are used for minimum and maximum degree of graph, respectively, and
d(v) denotes the degree of vertex v in G. We write u <> v (v ¢ v) when » and v
are adjacent (not adjacent). The set of adjacent vertices to vertex v is denoted by
N(v). A spanning cycle and a spanning path in a graph are called Hamiltonian
cycle and Hamiltonian path. A Hamiltonian graph is a graph with a Hamiltonian
cycle. A graph is called Hamiltonian connected if there is a Hamiltonian path
between every two vertices of it (see [4, 5, 6]). For the definitions and notations,
we follow [7].

The number of edges in a Hamiltonian connected graph is quite large. A
formula for minimum number of edges needed to guarantee a graph to be Hamil-
tonian connected is found in terms of the order and minimum degree of graph
in [2]. In [6], it is proved that if the size of graph G of order n is at least
(";1) + 2, then G is Hamiltonian and if the size of G is at least (";1) + 3,
then G is Hamiltonian connected. Moon in [5], proved that every vertex in a
Hamiltonian connected graph of order n > 4 has degree at least 3. Hence, every

Hamiltonian connected graph of order n > 4 has at least [3n/2] edges. For every



positive integer n > 4, we have a Hamiltonian connected graph of order n and
size [3n/2] (see Figure 1). For n = 2k, k > 3, graph G, consists of two cycles

UL, ..., Uk, w1 and vi,...,vg,v1 and edges u;v;, 1 < ¢ < k. This graph is called
k-prism. For n = 2k + 1, k > 3, graph G,, consists of two cycles w1, ..., ur,u1
and v1,. .., Uk, Vk+1,v1 and edges w;v;, 1 < ¢ < k, and ugvr4+1. We call this graph

(k, k + 1)-prism.

Fault tolerant Hamiltonian connectivity is another important parameter for
graphs as indicated in [3]. A Hamiltonian connected graph G is k edge-fault
tolerant Hamiltonian connected if G — F' remains Hamiltonian connected for any
F C E(G), with |F| < k. The edge-fault tolerant Hamiltonian connectivity of a
Hamiltonian connected graph G, denoted by HC.(G), is the maximum integer k
such that G is k edge-fault tolerant Hamiltonian connected.

In this paper, we introduce the concept of critical Hamiltonian connected
graph (CHC) which are Hamiltonian connected graphs that are not Hamiltonian
connected after discarding any edge of them. Observe that for CHC graph G,
HC.(G) = 0. Here, some necessary conditions for a graph to be CHC are ob-
tained. Also, infinite family of CHC graphs with some given maximum degree
are constructed . Finally, as a well known class of graphs, we consider Harary
graph Hj, , and prove that for £k > 4 and n > 5, Hy, , is Hamiltonian connected
and it is not CHC, while for some integer n, Hs, is a CHC graph.

Figure 1: Graph G, of order n > 4 and size [3n/2].



2 Critical Hamiltonian connected graphs

In the following definition, we consider the Hamiltonian connected graphs in
critical state.

Definition 1. Let G be a Hamiltonian connected graph. An edge e is critical
Hamiltonian edge in G, if for some vertices u and v in V(G) there is no
Hamiltonian path from u to v in G —e. In this case, we say e is a (u,v)-
critical Hamiltonian edge. A Hamiltonian connected graph G is said critical
Hamiltonian connected (CHC), if every e € E(G) is critical Hamiltonian
edge.

Proposition 1. FEvery Hamiltonian connected graph of order n > 4, is 3-
connected.

Proof. Let G be a connected graph. If v is a cut vertex of G and B is a block
contains v, then there is no Hamiltonian path with end vertices v and a vertex
v1 € V(B1). Hence, G is a 2-connected graph.

Now let S = {u, v} be a vertex cut of G. Every path with end vertices » and
v contains the vertices of at most one of the components of G — S. Therefore,
there is no Hamiltonian path from w to v. Hence, every vertex cut in G has at
least three vertices. |

Since in every Hamiltonian connected graph of order n > 4, we have § > 3,
every incident edge to a vertex of degree 3 is critical Hamiltonian edge. For
example in k-prism, (k, k+1)-prism and wheels every edge is critical Hamiltonian
edge. Thus, these graphs are CHC. The converse of this fact is not true. In
Figure 2, we have a CHC graph with a critical Hamiltonian edge vsvi0, in which
vs and vip are of degree 4. In fact, edge vsvio is (vs, v9)-critical Hamiltonian edge
and also (v4,vs)-critical Hamiltonian edge. One of the Hamiltonian paths from
vs to vg is shown by bold edges in Figure 2.
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Figure 2: A CHC graph contains an edge with end vertices of degree 4.

Every Hamiltonian connected graph contains a spanning critical Hamilto-
nian connected subgraph, since we can continue discarding edges by preserving



Hamiltonian connectivity property. The spanning critical Hamiltonian connected
subgraph of a graph is not necessarily unique. For example in graph G in Fig-
ure 3, G —e; and G — ez — e3 are two critical Hamiltonian connected subgraphs
of G. Note that every CHC graph has minimal size, but it may not be minimum.

Figure 3: A non-critical Hamiltonian connected graph G.

Observation 1. If H is a spanning Hamiltonian connected subgraph of a graph
G and H is not CHC, then G is not CHC, too.

A graph G of order n < 4 is a CHC graph if and ounly if G = K,,. Hence, if u
and v are two adjacent vertices in G, then d(u) + d(v) < n + 2. In the following
theorem, this result is obtained for n > 5.

Theorem 1. Let G be a CHC graph of order n > 5. If u and v are two adjacent
vertices in G, then d(u) + d(v) < n+ 2.

Proof. Since G is a CHC graph, for any edge uw, there exist two vertices,
say vi,v, € V(G) such that edge wv is (vi,v,)-critical Hamiltonian edge. Let
P : vi,v2,...,0i,Vit1,...,v, be a Hamiltonian path, say (vi,vn)-Hamiltonian
path, where v; = v and v;+1 = v.

By symmetry, we consider the following three cases.

Case 1. 1 = 1.

Assume that R = N(v;) N {vs,...,vn}, where |R| = r and S = N(viy1) N
{v4,...,vn}, where |S| = s. It is clear that d(vi) = r + 1 and d(v2) = s +
2. For j, 3 <j<n-1,if vy € R, then vj;11 ¢ S. Otherwise, the path
V1, Vj, Vj—1,Vj—2, -+ -, V2, Vjf1,Vj42,...,Vn 1S & (v1, vy, )-Hamiltonian path in G —
v1v2; a contradiction. Hence, if v, € R, then at least r—1 elements of {vs,...,vn}
are not in S. If v, ¢ R, then at least r elements of {vs,...,v,} are not in S.
Thus,

s<max{(n—3)—-r,(n—-3)—-(r—-1)}=n—-r—2.

Finally,

dv) +dw)=(r+1)+(6+2)<(r+1)+n—r)=n+1.



Case 2. ¢ = 2.

Let R = N(v;) N {v4,...,v,}, where |R| = r and S = N(vit1) N {vs,..., v},
where |S| = s. It is easy to see that d(ve2) = r 4+ 2 and d(vs) < s + 3. Similar to
Case 1, for j, 4 < j <n-—1,if v; € R, then vj41 ¢ S. Now if v, € R, then at
least » — 1 elements of {v4,...,v,} are not in S and if v, & R, then at least r
elements of {v4,...,v,} are not in S. Hence,

s<max{(n—4)—-r,(n—4)—-(r—-1)}=n—-r—-3.
Thus,

d(v2) +d(vs) < (r+2)+(s+3) < (r+2)+(n—r)=n+2.

Case 3. 2< i< n/2.

Let Ry = N(vl) n {1)1, Cey Uifg}, where |R1| =ry, S1 = N(vi+1) n {1)1, Cey Uifl},
where |Si1| = s1, B2 = N(vi) N {vit2,...,vn}, where |R2| = r2 and S» =
N(vig1) N {vits,...,vn}, where |S2| = s». Since, d(v;) = r1 + r2 + 2 and
d(viy1) =s1+s2+2. For k, 1 <k <i—2,if vy € Ry, then vp41 & Si1. Other-
wise, the path vi,va, ..., Uk, Vi, Vic1,Vic2, .+, k41, Vit1, Vid2, -+ -, Up 1S & (V1,Up)-
Hamiltonian path in G — v;v;4+1, which is contradiction. Hence, s; <i—1— ;.
Similarly, for j, i + 2 < j < m, if v; € R, then vj11 € S2. Depends on v, € R»
or v, € R», we have

s <max{n—(i+2)—ro,n—(i+2)—(ro—1)}=n—ra—i—1.
Thus,
d(vi) +d(Wit1) = (r1+r2+2)+ (51 +524+2) <n+2,

as desired. |
Corollary 1. In every CHC graph of order n > 4, 3 < 4§(G) < |(n+2)/2].

Corollary 2. Every CHC graph of order n > 5 has at most one vertex of degree
n—1.

Theorem 2. A CHC graph G of order n > 5 has a verter of degree n — 1 if and
only if G is a wheel.

Proof. Let v be the only vertex of degree n — 1 in G. Since v is adjacent to all
the other vertices, by Theorem 1, the other vertices in G are of degree 3. Hence,
every vertex in G —v has degree 2. On the other hand, by Proposition 1, G —v
is a 2-connected graph. Therefore, G — v is a cycle of length n — 1. Hence, G is
a wheel. The converse is trivial. |

Corollary 3. For n =5, wheel is the only CHC graph of order n.



Proof. If G is a CHC graph of order 5, then 3 < §(G) < A(G) < 4. By
Theorem 2, if A(G) = 4 then G is a wheel. Otherwise G is 3-regular graph of
odd order, which is impossible. |

As we have shown, there is no CHC graph of order n < 5 and A =n — 2.
Thus, it is natural to ask about existence of CHC graphs of order n» > 5 and
A=n-—2.

Theorem 3. There is no CHC graph of order n > 6 with mazimum degree n—2.

Proof. Let G be a Hamiltonian connected graph of order n > 6 and maximum
degree n — 2. Also, assume that V(G) = {u,v,v1,...,vn—2}, d(u) =n—2 and v
be the unique vertex which is not adjacent to u, where P : u,v1,...,v,—2,v be a
Hamiltonian path from u to v. We prove that G contains a spanning Hamiltonian
connected subgraph with a non-critical Hamiltonian edge which is incident to u.
Hence by Observation 1, G is not a CHC graph.

Since d(v) > 3, v is adjacent to a vertex v;, for some i, 2 < i < n — 3 (see
Figure 4 (a)). Let i is the largest index which vertex v; is adjacent to v. We
consider the following two possibilities.

Case 1. i =n —3, d(vn—2) >4, N(v) = {vi—1,vi,vi+1} and d(v;) = 4.

In this case, if d(vh—2) =4 and vp—2 <> Vn_4, then {u,v,—4a} is a vertex cut
for G, which is a contradiction. Hence, v,_» is adjacent to some vi, 1 < k < n—4.
On the other words, G contains a spanning subgraph, which is shown in Figure 4

(b).

(a)

Figure 4: Subgraphs of a Hamiltonian connected graph G with maximum
degree n — 2.



Now, we prove edge uv,—2 is not a critical Hamiltonian edge. For this sake, we
assume the path z1,22,...,(zj—1 = u), (£j = Vn—2),Tj+1,..-,Tn IS an (T1,Tn)-
Hamiltonian path and show that there exists another Hamiltonian path from
to T In G — uvp_o.

If v = x1, then there is a vertex x; € N(vnp—2) such that 2 <[ < j—1or
j+1<1l<mn Ifl =2 then the path z1 = v,(x; = Vn—2),22,23,...,(Tj—1 =
U),Lj+1,...,Tn is a Hamiltonian path in G — wv,—2. If 2 < [ < j — 1, then

the path z1,...,zi-1,(xj—1 = u),zj—2,...,21,(Tj = Un—2),Tj41,...,Zn is a de-
sired Hamiltonian path. If j +1 < [ < n, then the path zi,z2,...,(zj—1 =
W), Li—1,L1=2, ..., (Tj = Vn—2),Z1,...,Zn is a desired Hamiltonian path.

Now, let v = z,, where, 2 < m < j—lorj+1<m<n If2<m<
j — 1, then the path z1,z2,...,Zm-1,(zj—1 = u),zj—2,...,(Tm = v),(z; =
Up—2),Zj41,--.,Tn is a Hamiltonian path which does not contain edge wvn—». If

m = j+1, then there is another vertex in N(vn,—2), say z;, such that 2 <[ < j—1
or j +1 < 1l < n. In this case, similar to above we can find a Hamiltonian
path in G — wvp—>. If 5+ 1 < m < n, then the path zi1,z2,...,(z;-1 =
W), Lm—1, Tm—=2y.-,(Zj = Vn—2),(Tm = V), Tm+1,...,Tn is a desired Hamilto-
nian path.

Case 2. i #n —3 or d(vn—2) =3 or N(v) # {vi—1,vi,vix1} or d(v;) # 4.
In this case, we claim that edge wv; is not a critical Hamiltonian edge.

Assume that P : z1,22,...,2j-1,%j,...,%xn is an arbitrary Hamiltonian path
containing uv;. We provide another Hamiltonian path from z; to z, in G — uwv;.

If v = x1, then it is easy to find a Hamiltonian path from v to every other
vertices in G — uv;.

If v = 2, where 1 < m < j—1, then an (z1, z,)-Hamiltonian path in G —uw;
S T1,T2,. -, Tm—1, (Tj—1 = U),Tj—2, ..., (Tm = V), (Tj = Vi), Tjs1,.--,Tn.
If there is no 1 < m < j — 1, such that v = z,,, then, if j +1 < m < n, then the
path

T1,22, ey (Tjm1 = Uy B 1, T2y« -+, (Tj = Vi), (Tm = V), Tmgiy ..y Tn
is the desired Hamiltonian path. Otherwise, m = j + 1. Note that d(v;) > 4.
If v; is adjacent to a vertex z;, such that 1 <[ < j — 1, then the path
T1, T2, Ti—1, (Tjo1 =w),Tj—2,..., 21 (T; =vi), (Tjt1 =V),...,Zn

is a Hamiltonian path in G — wv;. If v; is adjacent to a vertex x;, such that
j+ 2 <1< n, then the path

L1, L2, -, (mjfl = u)aml—laml—% ) (mj+1 = ’U), (ZL']‘ = vi)amlaml+1a sy T

is a Hamiltonian path in G — uwv;. If there is no vertex z; adjacent to v;, such
that 1 < I < j—1lor j+2 <!l <mn,then N(v;) = {z1,u,v,z42}. If j =3



and 1 € N(v), then the path z1, (x4 = v),(x3 = v;), x5, (T2 = u), T6,..., Ty IS &
desired Hamiltonian path. If j # 3, then there is a vertex z: € N(v), such that
l1<t<j—1lorj+2<t<n Otherwise, v; = vp_3, d(vn—2) > 4, N(v) =
{Un-4,Vn-3,vn—2} and N(vn—3) = {u, v, Un_4,vn—2}, which is a contradiction.

If1 <t<j—1, then the Hamiltonian path
T1,L2, .-, Tie1, (Tjm1 = W), Tj—2,..., T, (Tj41 =), (Tj = 0;i),Tjt2,Tj43y--.,Tn
does not contain edge uv;. If j +2 <t < n, then the Hamiltonian path
T1, T2, (Tjm1 = U), Tem1, Tee2, - -, Tjt2, (Tj = 05), (Tj+1 = V), Tt, Teq1,---,Tn

does not contain edge uv;. Clearly, if 1 ¢ N(v), then there is a vertex z; € N(v),
such that 1 <t < j—1or j +2 <t < n, which has been considered above. 1

In the following theorem, we construct CHC graph for some given maximum
degree.

Theorem 4. There exists a CHC graph G of order n > 6 with [3] < A(G) <
n—3.

Proof. For a given positive integer n, n > 6, we construct a CHC graph G
of order n and maximum degree A, where [3] < A < n — 3, as follows (see
Figure 5).

Let V(G) = {u,v,v1,v2,...,vp—2} and
E(G)= {viviy1:1<i<n—3}U {uvi,uvn_2,vv1,00n-2}
U{uvz; : 1 <i<n—2—A}U{vveiy1:1<i<n—-2-—A}
U{uv; : 2n —2A —2<i<n-—3}.

It can be seen that, there is a Hamiltonian path between every two vertices of G.
In Figure 5 as an example, a (v2, v4)-Hamiltonian path is shown by bold line. For
1,1 <i<n—2,d(v;) = 3. Thus, every edge in G is incident to a vertex of degree
3; hence is a critical Hamiltonian edge. Moreover, d(u) = A and d(v) = n — A,
where A > [254] + 2 = [2]. Therefore, G is a desired graph. [ ]

Theorems 3 and 4 guarantee the existence of CHC graphs of order n < 7
with a feasible maximum degree. For n > 8, the existence of a CHC graph with
3 <A < [%] could be a worthwhile question.



Figure 5: A CHC graph with [§] <A <n-3.

3 Hamiltonian connectivity of Harary graphs

In this section, we study Hamiltonian connectivity of Harary graphs. For k < n,
Harary graphs are denoted by Hj,, and obtained by placing n vertices around
a circle. If k is even, then each vertex is adjacent to the nearest k/2 vertices in
both direction clockwise and counterclockwise around the circle. If k is odd and
n is even, then each vertex is adjacent to the nearest (kK — 1)/2 vertices in both
direction and is adjacent to opposite vertex on the diameter of the circle. If k
and n are both odd, then put V(Hy,,) = {vo,v1,...,vn—1} and obtain Hy , from
Hy_1, by adding the edges v;v;4(,—1)/2, 0 < i < (n—1)/2 [1].

For n > 4 and k = 2, Hy,, is a cycle which is not Hamiltonian connected.
The next theorems shows Hamiltonian connectivity of Hs , for some integer n.

Theorem 5. Ifn=j (mod 8), where j € {0,4}, then Hs, is a CHC graph.

Proof. For j =0, let n = 8k. We find a Hamiltonian path between an arbitrary
vertex wo and other vertices in H3 ,,. To do this, we divide the outer cycle to four
regions such that the vertices wo, o, Yo, z0 are the boundaries of these regions and
wo is adjacent to yo and zo is adjacent to zo. Let the outer cycle be in the form
WO, Wiy yW2k—15L0y L1y yL2k—1yY0y Y1y 3 Y2k—1,20y21y...,22k—1, W0

(see Figure 6). Hence, for i, 0 < i < 2k—1, w; is adjacent to y; and x; is adjacent
to z;. If i =2t, 1 <t <k —1, then the path

W2ty Y2ty Y2t 41, W2t 41, W2t42y Y2442, Y243y - - - y Y2k —1, W2k—1, L0, 20, 21, L1, T2, 22,
23y .03 L2k—3,L2k—2, 22k—2, Z22k—1, L2k—1, YO, Y1, ..., Y2¢t—2, Y2¢t—1, W2¢t—1,...,W1,Wo
and, if i = 2¢, 0 <t < k — 1, then the path

L2ty T2t—1y -+, L1, L0y 20, 2Ly - -+ 5 22y 22¢+1, L2441, L2t+2, Z2¢+2, Z2t43, - - - , L2k—3,

T2k—2,22k—2,22k—1,L2k—1, Y0, Y1, ..., Y2k—1, W2k—1, W2k—2, ..., W1, W0

are Hamiltonian paths from w; to wo and x; to wo, respectively.



Ife=2t—1,1<t <k, then the paths

W2t—1, W2ty - vy W2k—1, L0, L1y 3y L2k —1,22k—1y-+-521,20,Y2k—1,---,Y2t+1,
Y2t, Y2t —1,Y2t—2, W2t—2, W2t —3,...,Y3, Y2, W2, W1, Y1, Yo, Wo
and
T2t —1, T2ty 22ty B2t+1, L2t+1, L2t+2y Z2t+25 Z2t+3y - - -y L2k —3, L2k —2, 22k —2, Z2k—1, L2k—1,
Yo, Y1y oo 3 Y2k—1,20,21, -+, Z2t—1,22t—2,L2t—2,...,L1,T0, W2k—1,..., W1, W0

are Hamiltonian paths from w; to wo and x; to wo, respectively.

Finally, the path
YO, Yly-nv s Y2k—1520y 21y Z2%k—1, L2k—1, L2k—2y -+ -y LO, W2k—1, W2k—2, - - - , WO
is a Hamiltonian path from yo to wo.

Hamiltonian paths from y;, 1 <i <2k —1, to wo and z;, 0 <¢ <2k —1, to
wo can be found by symmetry. Recall that, Hs, is 3-regular; hence, is a CHC
graph.

Z2k-1 Wy w;

z,

Vi Yo Xok-1

Figure 6: Harary graph Hs ,, n =0 (mod 8).

For j =4, let n =8k + 4. If k =0, then H3, = K4 which is a CHC graph.
For k > 1 similar to above, we divide the outer cycle to four regions with bound-
aries wo, To, Yo, and zp. Hence, the outer cycle is in the form

WOy Wiy yW2ky Loy L1y« y L2k YO, Y1y -y Y2k 20y Ry ...y 22k, W0-
By symmetry it is enough to find a Hamiltonian path from wg to vertices ws;,
1 << 2k, z;, 0 < i <2k, and yo.
For i = 2t, 1 <t <k, the path

W2t, Y2t , Y2t+1, W2t41, W2t+42, Y2¢4+2, Y2t+3, - - - , W2k, Y2k, 20, L0, L1, 21, 22,
L2, T3y ..y 22y L2k, Y0, Y1,Y2, ..., Y2t—1, W2t -1, W2t—-2,...,W1, W0

is a Hamiltonian path from w; to wo.
For i = 2t, 0 <t <k, the path
T2ty L2415+« 3 L2k Z2ky Z2k—1y « « 5 22, 22t—1,T2t—1,T2t—2,...,T3,T2, 22,
21,T1,%0, 20, Y2k, W2k, W2k—1, Y2k—1, Y2k—2,..., W2, W1, Y1, Yo, Wo

10



is a Hamiltonian path from x; to wo.
Ife=2t—1,1<t <k, then the paths

W2t—1, W2ty ooy W2h,y, LOy L1y T2k, Z2ky Z2k—15 -+ 520, Y2k, Y2k—1, - -, Y2t,
Yot—1,Y2t—2, W2t—2, W2t—-3, Y2t—3, Y2t—4, ..., W2, W1, Y1, Yo, Wo
and
T2t—1,22t—1, 22t T2t, L2At+1, Z2t+1, 226425« « « y Z2k—1, 22k, T2k, Y0, Y1, Y2, . .., Y2k,
20y Z1y - ey 22t—2,L2t—2,L2t—3y .-, L0, W2k, W2k—1,--., W1, W0

are Hamiltonian paths from w; to wo and x; to wo, respectively.
Finally, a Hamiltonian path from yo to wo is
Yo, Yiy. ooy Y2ky 20y 21y« oy B2y L2ky L2k —1y -« -, L0, W2k, W2k —1,. .., W0,
which completes the proof. |

Theorem 6. Ifn=j (mod 8), where j € {1,5}, then Hs is a CHC graph.

Proof. Consider the outer cycles which introduced in the proof of Theorem 5.
Note that Hs,, where n =j (mod 8) and j =1 or j =5 can be obtained from
H3,,_1 by adding a new vertex z on the outer cycle such that z <> wo, z < yo
and z <> wak_1 Or z <> wag, respectively. Figure 7 shows Hj,, where n = 1
(mod 8)

By Theorem 5, there is a Hamiltonian path between every two distinct vertices

k-1 Z W, w,

Vi Yo X2k-1
Figure 7: Harary graph H3 ,, n =1 (mod 8).

of H3 n—1. To complete the proof we need to show that,

1) there is a Hamiltonian path from z to every other vertices of Hs .

2) it is possible to add vertex z to every Hamiltonian path with arbitrary end
vertices x1 and z,—1 in Hz n_1.

To prove (1), add vertex z to the end of every Hamiltonian path introduced
in the proof of Theorem 5. For example,if n =1 (mod 8) and1<t<k—1,
then a Hamiltonian path between ws; and z is in the form

11



W2t , Y2ty Y2t+1y- - -y Y2k—1, W2k —1, L0, 20, 21, L1, L2, 22,23, ..., L2k—3, L2k—2,
Z2k—2y 22k—1y T2k —1, Y0y Y1y .-y Y2t —2,Y2t—1, W2t —14...,W1, W0, <.

We prove (2) for n =1 (mod 8). The case for n =5 (mod 8) is similar.

Consider an arbitrary Hamiltonian path z1,22,...,Zi—1,%i = Wo, Tit1,..-,Tn—1
in Hs n—1. Note that at least one of z;—1 or ;41 belongs to {yo, z2r—1}.

If ;—1 € {yo, z2k—1}, then the path x1,z2,...,2i—1,2,%i = Wo, Tit1,...,Tn—1 IS
a Hamiltonian path in Hs .. If z;41 € {yo, 22k—1}, then the path z1,z2,...,2i—1,
Ti = Wo, %, Tit1,...,Tn—1 is a Hamiltonian path in Hs,. [ |

By Theorems 5 and 6, Harary graph Hs,, where n = j (mod 8) and j €
{0,1,4,5} are CHC graphs. But for j € {2,3,6,7}, Hs, is not necessarily CHC.
Figure 8 shows some Harary graphs which don’t have any Hamiltonian path from
vertex v to w.

Hyy, H;),

n=10=2 (mod8) n=11=3(mod8)
V3 Vy Vs

V4:V V, =W V5=v V2:W
Vs Y v, v

Yo Yo

Hig H,;

n=6=6(mod8) n=7=7(mod8)

Figure 8: Harary graphs Hs ,, which are not CHC.

In the following, we prove that Hy , for k > 4 and n > 5 is not a critical
Hamiltonian connected graph. First we consider Hy,,.

Theorem 7. For n > 5, Harary graph Hs , ts Hamiltonian connected.

Proof. Let vi,...,v,,v1 be the outer cycle of Hy . For two distinct vertices
v; and vj, where i < j, consider the following cases.
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If j — i < 2, then v; > v; and v;—1 > vj—1. In this case, a Hamiltonian path
from v; to v; is v, Vj41,. .., Un, V1, V2, ..., Vim1,Vj—1, V5.

If j —i > 2, then, if for some integer p, j —i = 2p, then a Hamiltonian path from
v; to v; is

ViyVi=1y.-, V1, UnyUn—1y..-, Uj+1,Vj—1,Vj=-3,Uj—5,...,Vit1, Vi42, Vitd,...,Vj—-2,Vj.
If for some integer p, j —¢ = 2p + 1, then a Hamiltonian path from v; to v; is

ViyVi—1y---3V1,Uny Un—1, .., Uj41,VUj—1,Uj-3,Uj—5, .., Vit2, Vit1, Vi43,...,Vj-2,Vj.

Note that every edge in Harary graphs is a chord or lies on the outer cycle. In
the following theorem, we show that Hs,, n > 5, is not a CHC graph.

Theorem 8. For n > 5, every edge on the outer cycle of Han is not critical
Hamiltonian edge.

Proof. Let edge zy be on the outer cycle and incident to a Hamiltonian path
from vertex v; to v;. Without loss of generality, we assume for some [, i <1 < j,
x = v; and y = v;41 (otherwise, make an ordering for the vertices on the outer
cycle to satisfy this condition). We need to show that, there is a Hamiltonian
path from v; to v; in Ha, — zy. According to this, there are two possibilities.
Ifl—i+1<2andj—1<2, then the path

Vi, (Ul = 1‘),’!}1‘71,’01‘72,. -5 U1, Uny Un—1, ..+, Uj41, (UH‘l = y),’l)j

is a Hamiltonian path from v; to v; which does not contain xy.
Ifl—i+1>2 when n — j+iis even, then the path
Vj,Vj—1y---,V41,V[—-1,V,V[—-2,V[-3,...,Vi+1,Vi—1,Vi-3,...,Vj43,
Uj+1, Uj+2, Uj+d, - - -, Vi-2, Ui

is a Hamiltonian path from v; to v; without using zy, and for n — j + ¢ odd,
the path
Vj,Vj—1,...,V41,V01—1,V[,V[—2,V[—-3,...,Vit+l,
Vi—-1,Vi-3,...,0j42,Vj41,Vj43,Vj45,...,0i-2,0V;

is a Hamiltonian path from v; to v; without using xy.
If j — 1 > 2, then the Hamiltonian path for n — j + ¢ even, is
ViyVi41y. -, U1, Ul42, V41, V43, Vl44,y ... ,Uj_l,
Vj41,Vj43,...,0i—-1,Vi—-2,Vi—4,...,VUj42,V5

and for n — j + i odd, is

Uiy Vitly o5 UL, Ui42, Vi41, V43, Vi44, ..., Uj—1,
Vj+1,Uj43,--.,0i—2,Vi—1,Vi—3,Vi—5,...,U;j4+2,Vj.
Hence, zy is not a critical Hamiltonian edge. |
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Let Q1 : vi,vit1,...,v% and Q2 : Vg41,Vk42,...,v; be two vertex disjoint
paths in connected graph G, where v <> vr4+1. In the following, we mean by
P =Q1+ Q> the path P : v;, Vig1, ..., V%, Vkt1, Vk42,. .., Vj

Theorem 9. For n > 5, every chord of Ha,n s not critical Hamiltonian edge.

Proof. Let vi,v2,...,v,,v1 be the outer cycle of Hy,. We will find two
Hamiltonian paths P and P» between every two arbitrary vertices v; and vy,
1 <i < j < n,such that E(P1) N E(P>) doesn’t contain any chord of Hy .

By means of defined paths in Table 1, two Hamiltonian paths P; and P> may
be found (Table 2).

Table 1: Some paths on the outer cycle of Hy .

for every ¢ and j | Q1 :0i,Vic1,...,01,Un,. .., Ujt1
n —j-l-i is even Qll tVi—1,Vi-3,. .., Uj41, V542, Vj44,...,0i-2,V;
n —j-l-i is odd ,1, tVi—1,Vi-3,. .., Uj42,Vj41,V543,...,0i-2,V;
for every ¢ and j | Q2 :vj,vj_1,Vj—2,...,Vit1
j—i is even QIQ CV—1,V5-3,. .., Vit1,Vi42,Vitd,...,0;-2,V5
j — ¢ is odd ,2, tV—1,V5-3,...,Vi42,Vi41,Vi43,...,0;-2,V5

Table 2: Hamiltonian paths P; and P> with no common chord.
Bothof nand j—iareeven | PL=Q1+Q% | Po = Q2+ Q'
Bothofnand j—iareodd | PL=Q1+ Q5 | Po = Q2+ Q}
n is even and j — i is odd Pi=Q:+Q) | P,=Q>+ QY
n is odd and j — i is even PL=Q1+Q | P,=Q>+ Q7

Hence, for every arbitrary chord e in Hy,,, there exists at least one Hamilto-
nian path between v; and v;, excluding e. |

Corollary 4. For every k > 4 and n > 5, Hy,, is a Hamiltonian connected
graph, but it is not a CHC graph. Moreover, every edge of Hy n is not a critical
Hamiltonian edge.

Proof. For k = 4, the statement is obtained from Theorems 7, 8 and 9. For
k > 4, Hy,,, contains a spanning subgraph Hy4 . Thus by Observation 1, Hy , is
a Hamiltonian connected graph which is not CHC and every edge of Hy, ,, is not
critical Hamiltonian edge. |
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