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3.3 Bayesian Estimation (Bayesian

learning to pattern classification problems)

— In MLE 0 was supposed fixed
— In BE 0 i1s a random variable

— The computation of posterior probabilities P(w;|x) lies
at the heart of Bayesian classification

— But what If the priors and class-conditional densities
are unknown?

— Goal: compute P(w;|x) using all of the information at
our disposal such as P(w;) and p(X|w;) = P(w;|X, 2).

Given the sample 2, Bayes formula can be written
X|w,D).P(w
b |x, p) = PCI@D)P@ D)

Z p(x| ;,D).P(@; |D)




* Supervised case — we separate the training
samples by class into ¢ subsets 2,, ..., 2,

with the samples in 2 belonging to o

* In most cases of interest the samples in 2
have no influence on p(x|w;, 2) If &/

* Suppose priors are known; P(w)=P(v|2)
P(w | X,D) = p(x| @, D,).P(w)
> p(x|@;,D,).P(w;)
j=1




The Parameter Distribution

The desired probability density p(x) Is
unknown. We assume that it has a known
parametric form (vector 0).

So, the function p(x|0) Is completely known.

Any information we might have about 0 prior
to observing the samples is assumed to be
contained in a known prior density ©2(0).

Observation of the samples converts this to a
posterior density o 8/2), which, we hope, Is
sharply peaked about the true value of 0.



 Note that we are changing our supervised learning
problem (pdf) Into an unsupervised density
estimation problem (parameter vector).

» Our basic goal is to compute p(x|2), which is as
close as we can come to obtaining the unknown o(x).

* We do this by integrating the joint density p(x, 42)

over 6.

p(x|D) = [ p(x,0|2)d0 = | p(x|8,2)p(6|D)do

 We can write p(x, @/2) as the product p(x/8, 2) p(6/D).

Since the selection of x and that of the training

samples in 2is done independently, o(x/6, 2) is merely

X/6).

p(x[D) = [ p(x| 6) p(0| D)6

(25)



p(x[D)=[ p(x|0)p(B|D)d®  (25)

p(>[6).p(6) _ p(P]6).p(0)
p(D) [ p(210).p(6)do

p(0[D) =

p(>]9) =H p(x, |0)

Looking more carefully at (25) and assuming that o(0/2) is
known, then p(x/2) is nothing but the average of o(x @) with

respect to 6, thatis,  p(x|D) =E,[ p(x|0)]

If we assume that a large enough number of samples 8, /=1, 2 ..., L, of the
random vector 0 are available, one can compute the corresponding values
p(x/6) and then approximate the expectation as the mean value

p(x|D) = > p(x[0)



Bayesian estimation approach estimates a distribution
for p(x/2) rather than making point estimates like ML.

This key equation links the desired class-conditional
density p(x/2) to the posterior density o(0/2) for the

unknown parameter vector.

If p(82) peaks very sharply about some value ¢, we
obtain p(x|2) = p(x| 0), i.e., the result we would obtain

by substituting the estimate @ for the true parameter 0.

When the unknown densities have a known parametric
form, the samples exert their influence on p(x|2)
through the posterior density p(0|2).

We should also point out that in practice, the
Integration In Eg. 25 i1s often performed numerically,
for instance by Monte-Carlo simulation.



3.4 Bayesian Parameter Estimation:

Gaussian Case

Goal: use Bayesian estimation technigues to
calculate the a posteriori density »(0/2) and
the desired probability density p(x/2) for the
case where p(X | n) ~ N(u, X)

« The univariate case: p(1/D)
1 1s the only unknown parameter

p(X| ) ~N (u,07)
p(z) ~ N (,Uo y O, 5 ) L, and o, are known!



» Roughly speaking, 11, represents our best a priori
guess for |, and o, measures our uncertainty about
this guess.

Imagine that a value 1s drawn for p from a

population governed by the probability law o(p).
Once this value 1s drawn, it becomes the true value

of
e Su

u and completely determines the density for x.
ppose now that 77samples x;, ..., x, are

Independently drawn from the resulting

PO

pulation. Letting 2= {x;, ..., X.}, we use Bayes’

formula to obtain

POIA-PWH T pix, | ).p(ad

D) =
P T 001w pdn L




where a is a normalization factor that depends on 2 but
is independent of L.

This equation shows how the observation of a set of
training samples affects our ideas about the true value
of u; 1t relates the prior density p(u) to an a posteriori

density o(u/2).

Because p(xg|p) ~ N (i, 0%) and p(u) ~ N(uo, o¢), we have

p(xr|w) p(w)

A\ N
' i e e SNy

poim =l e [ -4 (252 | oo [4 (£522)
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* Where factors that do not depend on p have been absorbed into
the constants a, o’, and o”. Thus, m(uR) is an exponential
function of a quadratic function of , 1.e., 1s again a normal
density.

« Since this is true for any number of training samples, a(u|D)
remains normal as the number 77 of samples Is increased, and
o) is said to be a reproducing density and p(p) is said to be a
conjugate prior.

Ifwewrite p(u| D) ~N (1,,0°) (2)
Identifying (1) and (2) yields:

1 n N 1
o2 0?2 o}
Hn n. _ 220
o5 — —_ 4n + 9
_ On 02 UO 12



where X, is the sample mean

. 1
Xn = M, :_Zxk

N4

We solve explicitly for p,, and 62,,and obtain

no. . o
/un — :un + lLlO

> > > 2
No, +o No, +o
2 2
Op = > >
nol+o

e L represents our best guess for p after observing /7 samples,
and 62, measures our uncertainty about this guess.

e 2, decreases monotonically with 7. Each additional
observation decreases our uncertainty about the true value of .
e The relative balance between prior knowledge and empirical
data is set by the ratio of 62 to 6%, which is sometimes called

the dogmatism. 13



The posterior, p(u|D), becomes more sharply peaked as 7
grows large. This is known as Bayesian learning.
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FIGURE 3.2. Bayesian learning of the mean of normal
distributions in one dimension. The posterior distribution

estimates are labeled by the number of training samples used in
the estimation. 14



4
FIGURE 3.2. Bayesian learning of the mean of normal
distributions in two dimensions. The posterior distribution
estimates are labeled by the number of training samples used in

the estimation.
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« The univariate case: p(x/2)

* p(u/2) computed
 p(x/2) remains to be computed! (p(x/2)is really p(x; 2,).)

 From
p(x[R) = | p(x|6) p(8] >)do
p(x| £2) ~ N (1, 0%)
1 11—
p(1|D) = exp[—> ()]
270, 2 o,
We have
p(x[2) = [ p(x|) p(x|D)d 1
_fo 4 Ll X—pyey 1 lou—my
) g P )T bl (7 T

TN 16



where

2
O +0

n

That is, as a function of x; p(x/2) is proportional to

exp[—(12)(x-pn,)?Ao? +o2,)], and hence p(x/2) is normally
distributed with mean p 5 and Varla(nce 6?2 +02

1 o —I—O o, ’X + o [
(0,0,)= [ expl- (") -5 | du
2" o°0° +0o
In other words, to obtain the ¢lass- bondltlonal den3|fy XD,

whose parametric form is known to be p(xj) ~ Mu, 62), we
merely replace p by pu, and 62 by 62 +co2,.

2
1 + X+
fo.0,) =] exp[——(" o )(u—" - ““] dus

\2

(Desired class-conditional density o(x/D;, @))) Therefore:
P(x/D ;, w ) together with P(w;) and using Bayes formula,
we obtain the Bayesian classification rule:

mwe_lx[F’(a)j | x,D)] = mwax[ p(X| a)j,D,-)-P(CO,-)]

17
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A sequence of the posterior pdf estimates. As the number of training points
Increases, the posterior pdf becomes more spiky (the ambiguity decreases)

and its center moves toward the true mean value of the data [Theo09]. 18



The Multivariate Case

» The treatment of the multivariate case in which X is
known but p is not, Is a direct generalization of the
univariate case.

p(xp)~N(p,X) and  p(u)~N(p,, )
« where X, X, and p, are assumed to be known.

« After observing a set 2of 7 independent samples x,,

., X, we use Bayes’ formula to obtain

p(p| D) a]_[ p(X, [1)p(p)

=a'exp {— > (n'(inX™ +261)u —2p' (X Zxk "‘261 I'I'O)):|

19



which has the form
" 1 -
p(”'D):a exp|:_5(u_un)t an(u_un):|

Thus, p(n/2) ~Mpu,X,), and once again we have a reproducing
density. )
2—1 - Z—l _I_Z—l

Z l'l'n _nz_lun +ZO :uO

The solution of these equations for p and X is simplified by
knowledge of the matrix identity

(A'+B HY"'=AA+B) 'B=B(A+B) A,

20



After a little manipulation

fn = Zo(To + - 2) My + 1 X(To+ %) Mg

< T

Zn _ ZO (ZO +EZ)—112 Linear combination of I, and I,
N N

The proof that p(x/2) ~ M, X+X ) can be obtained as
before by performing the integration

p(x[D2) = | p(x| n) p(u | D)dp

Or, If x=p+y and p(u/2) ~ Mu,,X,) and p(y) ~ MO,X). Since
the sum of two independent, normally distributed vectors is
again a normally distributed vector whose mean is the sum of
the means and whose covariance matrix is the sum of the
covariance matrices we have

,O(X/D) - N([ln,2+2n) 2




« Bayesian Parameter Estimation: General
Theory

— The Bayesian approach has been applied to compute
p(x|2). It can be applied to any situation in which the
unknown density can be parameterized:

The basic assumptions are:

» The form of p(x|0) Is assumed known, but the value of
0 Is not known exactly.

« Our knowledge about 0 Is assumed to be contained in a
known prior density p(0)

 The rest of our knowledge about 0 Is contained in a set
D of nrandom variables x;, X,, ..., X, that follows p(x) .,



The basic problem is:
“Compute the posterior density o(0[D)”
then “Derive p(X|D)”
p(x[D) = [ p(x| 6) p(0| D)d6
Using Bayes’ formula, we have:
5(0|p) = P219)-pO)
| p(210).p(6)d0

And by independence assumption:
k=n

p((0)=] | p(x,6)

k=1

(50)

23



Suppose that p(D /@) reaches a sharpApeak at 0 =0 If the
prior density o) Is not zero at 8 =0 and does not

change much In the surrounding neighborhood, then
0(0/D) also peaks at that point.

Fom @5 p(x| D) = | p(x|6) p(6] D)6

o(x/D) will be approx. p(x|®), which is the ML result.

If the peak of (D /6) is very sharp, then the influence of
prior information on the uncertainty in the true value of
0 can be ignored.

However, the Bayes solution tells us how to use all of

the available information to compute the desired
density p(x|D). 24



Two guestions remain: the difficulty of carrying out these
Computations and the convergence of p(xD) to p(x).
Convergence. D" ={X,, ..., X, }.

k=n

p(D|9)=H p(x [0) === p@"|0)=p(x,|0)p(D""|0)

| D, 10pOD™) (5o
| p(x,10)p(0|D"*)do

p(0|D%) = p(0) == p(0), p(B]|x,), P(O|x,,X,), ...

— p(Oan)Z

e This is called the Recursive Bayes Incremental or on-line
Learning because we have a method for incrementally

updating our estimates. ...Sufficient statistics



p(D" [0) p(8) _ p(x,10)p(D""|6)p(6)

p(@|D") = . .
p(D") p(D")
_ p(X,19)p(®[D")p(@") _ p(x,[0)p(]D")
p(D") p(X,)

__ p(x,10)p0]|D"")
| p(x, 10)p(6] D" *)do

26



Example 1: Recursive Bayes learning

Suppose we believe our one-dimensional samples come
from a uniform distribution

1/6 0<x<§@
p(x|0) ~ U(0,0) = { ()/ 0&161‘\7\718&

We know only that our parameter is bounded, 0<6 <10

p={4,7, 2, 8} selected randomly from the underlying
distribution.

We have o(0/0°) = x(0) = L0, 10).

27



The 1%t data x; = 4 arrives
ploID") x p(alo)p(6/D") = {
The 2" data x, = 7 arrives

p(8]D2) o p(x|0)p(6| DY) = {

1/6 for 4 <60 <10
0 otherwise,

1/6% for 7 <6 <10
0 otherwise,

28



Third 1teration (x3=2):

& , |1/ 7<6<10
p(OID7) " p(x5/0)p(6/D7) .
0 otherwise
Fourth 1teration (x;=8):

1/6* 8<6<10

0 otherwise

p(8ID™) ™ p(x4/6)p(6/D°) {
So we have

pP(@/D") o % for max [D"]<6<10

29



p(e1D™) A

s . 0/D?) peaks at 0=8

L \
0.6 - k!
3

_ L\
I 5 \x\ N,
4 oo N\

- . : - »—— - 0
2 4 = a 10

Given our full data set, the maximum likelihood solution

here is clearly @ =8, and this implies a uniform

px2) ~ U0, 8).
According to our Bayesian methodology, which requires
the integration in Eqg. 49, the density is uniform up to
Xx=8, but has a tail at higher values — an indication that

the influence of our prior /(0) has not yet been swamped
by the information in the training data. 30



p(x1D)

ML estimate:

/ 0(x/6) ~ U (0,8)
ML

Bayesian estimate:
0.1+ Bayes .
/p(x D)= [ p(x|6) p(6| 2)do

p(x|R) = [ p(x| 6) p(x|D)dO

1 1 1 \\1 - }'\
0 a 4 & g 10

Whereas the maximum likelihood approach estimates a
pointin @space, the Bayesian approach instead
estimates a aistribution. Technically speaking, then, we
cannot directly compare these estimates. It Is only
when the second stage of inference is done — that Is,
we compute the distributions p(x/2), as shown in the
above figure — that the comparison is fair.

31



|dentifiablity

« For most of the typically encountered probability densities
P(XM0), the sequence of posterior densities does indeed converge
to a delta function. This implies that with a large number of
samples there is only one value for 0 that causes p(x#) to fit the
data, 1.e., that @ can be determined uniquely from p(x#).

« When this is the case, p/(xM) is said to be /aentifiable.

» There are occasions, when more than one value of 6 may yield
the same value for p(x®). In such cases, 0 cannot be determined
uniquely from p(x®), and p(x/2,) will peak near all of the values
of 0 that explain the data. Fortunately, this ambiguity is erased
by the integration in Eq. 26, since p(X|0) is the same for all of
these values of @. Thus, p(x/2.) will typically converge to p(x)

whether or not p(xM) is identifiable.

32



 Given a large number of samples, p@®/07) will have a very
strong peak at @ ; in this case:

p(x/ D) = p(x/0)
» There are cases where p@®/D7) contains more than one peaks
(i.e., more than one 0 explains the data); in this case, the
solution p(xM® ) should be obtained by integration.

0(x/ D) = j 0(x/0)p(6/D)de

* In general, p(x/D’) converges to p(x| 8 ) whether or not
having one maximum.

33




When do Maximum Likelihood and
Bayes methods differ?

« Maximum likelihood and Bayes solutions are
equivalent in the asymptotic limit of infinite
training data.

« Computational complexity: maximum
Likelihood methods are often to be preferred
since they require merely differential calculus
techniques or gradient search for 0, rather than
a possibly complex multldlmensmnal
Integration needed In Bayesian estimation.

34



 Interpretability: In many cases the maximum
likelthood solution will be easier to interpret
and understand since it returns the single best
model from the set the designer provided.

* |n contrast Bayesian methods give a weighted
average of models (parameters), often leading
to solutions more complicated and harder to
understand than those provided by the
designer. The Bayesian approach reflects the
remaining uncertainty in the possible models.

* The prior information: such as in the form of
the underlying distribution o(x|0).

35



A maximum likelihood solution p(x|0) must of
course be of the assumed parametric form; not so for
the Bayesian solution.

In Example 1, the Bayes solution was not of the
parametric form originally assumed, I.e., a uniform
o(x/2). In general, through their use of the full p(@/2)
distribution Bayesian methods use more of the
Information brought to the problem than do
maximum likelihood methods.

If the information is reliable, Bayes methods can be
expected to give better results.

Further, general Bayesian methods with a “flat” or
uniform prior (i.e., where no prior information is
explicitly imposed) are equivalent to maximum
likelihood methods. 36



When p(@)p) is broad, or asymmetric around 0, the
methods are quite likely to yield p(x/2) distributions
that differ from one another.

Sources of classification error

Bayes or indistinguishability error: the error due to
overlapping densities p(X/w,) for different values of 7.
This error Is an inherent property of the problem and
can never be eliminated.

Model error: the error due to having an incorrect
model. The model error in ML and Bayes methods
rarely differ.

Estimation error: the error arising from the fact that
the parameters are estimated from a finite sample.
Can be reduced by increasing the training data.

37



* Noninformative Priors and Invariance

» The information about the prior is based on the designer’s knowledge of
the problem domain.

 We expect the prior distributions to be “translation and scale invariance” —
they should not depend on the actual value of the parameter.

« A prior that satisfies this property is referred to as a
“noninformative prior”:

*» The Bayesian approach remains applicable even when little or no prior
information is available.

= Such situations can be handled by choosing a prior density giving equal
weight to all possible values of 6.

* Priors that seemingly impart no prior preference, the so-called
noninformative priors, also arise when the prior is required to be invariant
under certain transformations.

* Frequently, the desire to treat all possible values of 8 equitably leads to
priors with infinite mass. Such noninformative priors are called improper
priors.

ECE 8443: Lecture 07, Slide 38 w



Example of Noninformative Priors

« For example, if we assume the prior distribution of a mean of a continuous
random variable is independent of the choice of the origin, the only prior

that could satisfy this is a uniform distribution (which isn’t possible).

* Fisher argued that Not knowing the chance of mutually exclusive events and

knowing the chance to be equal are two quite different states of knowledge.

 If we have no information about 8 we also have no information about for
example 1/0 but a uniform prior on @ does not correspond to a uniform

prior for 1/6.

ECE 8443: Lecture 07, Slide 39



"Sufficient Statistics

Practically the direct computation and tabulation of
o(2/0) or p(6)p) is very difficult.

An analytic and computationally feasible maximum
likelihood solution lies in being able to find a
parametric form for p(x|0) that on the one hand
matches the characteristics of the problem and on the
other hand allows a reasonably tractable solution.

Learning the parameters of a multivariate Gaussian
density — the sample mean and sample covariance.

What about other distributions?

40



« A sufficient statisticis a (possibly vector-valued)
function s of the samples 2that contains all of the
Information relevant to estimating some parameter 0.
— 0(0]s,2) = p(0|s). — Treating 0 as a random
variable, limiting the definition to a Bayesian domain.

 To avoid such a limitation, the conventional
definition is as follows: A statistic s Is said to be
sufficientfor 0 If p(25,0) Is independent of 0. If we
think of @ as a random variable, we can write

p(2]s,0)p(0]s)
9 ,D — — O

Sufficient statistics are summary statistics of a dataset which are such
that the distribution of the data is independent of the parameters of
the underlying distribution when conditioned on the statistic. 41




« |t becomes evident that p(85,2) = p(65) if s is
sufficient for 8. Conversely, If s Is a statistic for
which p(685,2) = p(65), and if (05)£0, it is easy
to show that p(25, 6) Is independent of 6.

 For a Gaussian distribution the sample mean and
covariance, taken together, represent a sufficient
statistic for the true mean and covariance; if these
are known, all other statistics such as the mode,
range, higher-order moments, number of data
points, etc., are superfluous when estimating the
true mean and covariance.

42



 Any function of the samples 21s a statistic.

A sufficient statistic is a function s=¢(2) of the
samples 2that contains all the information
necessary for estimating the parameters 6.

 Using sufficient statistics, we can make the
computation of p(2®)or p@®/2) much less
expensive.

43



A fundamental theorem concerning sufficient
statistics Is the Factorization Theorem, which
states that s Is sufficient for 0 if and only if
0(2P) can be factored into the product of two
functions, one depending only on s and 0, and
the other depending only on the training
samples.

* The virtue of the Factorization Theorem is that
It allows us to shift our attention from the
rather complicated density p(25, 0), used to
define a sufficient statistic, to the simpler

function n
p(2]0) =] [ p(x,6)
k=1

44



Factorization

Theorem 3.1(Factorization) A statistics Is sufficient
for 8 if and only if the probability R 2/0) can be
written as the proauct

A2/0) = g(s, O)A2),
for some function ().

There are trivial ways of constructing sufficient
statistics. For example we can define s to be a vector
whose components are the 77 samples themselves: x,,

..., X, Inthat case g(s, 8) = p(2/@) and A(D) = 1.
The factoring of p(2/6) into g(s, @)/(2) is not unique.

45



 |If As) is any function of s, then g'(s, @) = As)g(s, 6)
and /7' (2) = N(2)/f(s) are equivalent factors. This kind
of ambiguity can be eliminated by defining the kerne/
aensity.

T gl =980 (63)
jg(s,ﬂ)dﬂ

which is invariant to this kind of scaling.

« Significance: most practical applications of parameter
estimation involve simple sufficient statistics and
simple kernel densities.

* |t can be shown that for any classification rule, we
can find another based solely on sufficient statistics
that has equal or better performance.

46



So we can reduce an extremely large data set down to
a few numbers — the sufficient statistics.

In the case of maximum likelihood estimation, when
searching for a value of @that maximizes p(2/6) = o(s,
&) /(2), we can restrict our attention to g(s, 6).

In ML, the normalization provided by the kernel
density is of no particular value unless g(s,0) Is
simpler than g(s, 0).

The significance of the kernel density is revealed
however in the Bayesian case. If we substitute o 2/6)
= g(s, O D) in Eqg. 50, we obtain

p(216).p(0) p(8|D) =
| p(®6).p(6)d6

9(s10). p(6)
[a(s10).p@)d0" (64)

a7

p(8[D) =




If our prior knowledge of @#1is very vague, o(6) will
tend to be uniform, or changing very slowly as a
function of 8. So p(6/p) is approximately the same as
the kernel density.

Roughly speaking, the kernel density is the posterior
distribution of the parameter vector when the prior
distribution is uniform.

When o(x/6) is identifiable and when the number of
samples Is large, g(s, €) usually peaks sharply at some
value 9=0.

If the a priori density p(#) is continuous at 0 =0 and
if p(0)is not zero, p(8/2) will approach the kernel

density g(s,0).

48



Sufficient Statistics and the Exponential Family

« How Factorization Theorem can be used to obtain sufficient
statistics? Consider the familiar g~dimensional normal case
with fixed covariance but unknown mean, 1.e., p(X/6) ~

M@6,X). Here we have
- 1 1 _
PO =] T —grerp| -3 (%, ~0) =" (x,-0)|

1 (27) "y

1 1
— ~ =y ('x'9-20'2 ty -t
(Zﬂ)ndlz ‘Z‘n/z exp{ 5 kzz;( X, T X, Xk):|

= exp{—getzle +6'z” (Z xkﬂ
k=1

1 N
Bl V)
X((Zﬂ_)nd/Z‘Z‘n/Z exp|: zéxk Xk:|} 40




 This factoring isolates the 0 dependence of
o(2P) in the first term, and hence from the
Factorization Theorem we conclude that 37 x,

IS sufficient for 6. |

o The sample mean#» = 7 ;X’f IS also sufficient
for 6. Using this statistic, we can write

g2, ,0)= exp{—g(ﬂtzlﬂ ~20's M, )|
* From using Eqg. 63, or by completing the
square, we can obtain the kernel density:

o, 0) = 1,2exp{—1(<e—an>t(iz1j<e—an>ﬂ

(ij_)dIZ 2 n

n 50



hese results make it immediately clear that 1,
IS the maximum likelihood estimate for 0. The
Bayesian posterior density can be obtained
from 3g(i,,0) by performing the integration
Indicated In Eq. 64. If the a priori density Is
essentially uniform, p(@|2)=g(i,,0).

The same general approach can be used to find
sufficient statistics for other density functions
like exponential, Rayleigh, Poisson, and many
other familiar distributions. They can all be
written In the form

p(x|0) = a(x)exp[a(@) +b(8)'c(0)] ©9




o If we multiply nterms of the form in Eq. 69
we find

p(D|6) =exp{na(e)+b(e)tic(xk)}ﬁa(xk)= 9(s,0)h(D)

where we can take 13

0(s,0) = exp[n a(0)+b(0)'s ]

and

h@) =] Ja(x)

52



Table 3.1:Common Exponential Distributions and their Sufficient Statistics.

| Name [ Distribution | Domain | | s | [g(s.0)]'"
l T )
p(x|@) = N n A-Z:1 Lk Lo (an 20 5107
Normal 02 o—(1/2)03 (2012 Ay >0 ( ) n , \/Oye 202(52—20151+07)
2m * n E Ly
k=1
. . l T
\MI?ll?E-( e,1/2 p(xw)B: ® 0 g)z%iti\( " ]\gl o ‘@2“/2@7%[“(9252
ariate 1O, (1/2)(x-61)'O2(x—6:) PHIVE a —2010:5,+0,0.0
Normal @m 7z © definite 37 xix], SRR
= |
. xld) = i ,
Exponential 9(?791;,(}‘ J) >0 0>0 %Lgl Ty, e =Y
0 otherwise
. plxld) = no B
Rayleigh ‘o >0 = 2 e 0%
yis 20xe™%" 2 >0 " El i ¢
0 otherwise
x|0) = n
Maxwell 4 p3/2 Iz( IH..)‘.) 6 >0 1 xs g3/ 2e=0s
ﬁﬁ'/ e " x>0 n e Tk
0 otherwise
1/n
p(x]0) = ’ ﬁ ,
portl —Oon 91 > —1 I 8,22 -4 k pl1tt 01 —0os50
Gamma mxme o > Oy > 0 !‘:1 - NES) sy e
0 otherwise T * " AZ Lk
=1




p(z(0) =

L6,+6024+2) o, N\ O .
Beta F(91+1)F2(92+1)'1' (l - J’) ’ 0> —1 (01 +02+2) b1 g02
| D<xr<l1 62 > —1 1/n 1"(01+1—)1“(02+1)" 1 S92
0 otherwise (1— -??k))
Poisson P(x|0) = %P_G r=0,1,2,.. 6>0 §2e=?
Bernoulli P(x|0) =6"(1 — 6)'1’“' r=0,1 0<f <1 05(1 — 9)'1.—.s
P(x|0) =
Binomial :1:!(,i:ﬂ:l:)! (1 —0)m—* 0<fh <1 f5(1 — 6)"—*
r=0,1,....m
P(x|0) =
I r; =0.1,....m
m! pri ; T !
Multinomial e d

— Sai=m
H ;! i=1

i=1

d ]
110
i=1

Certain probability distributions do not have sufficient statistics (e.g., Cauchy)
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