Ch3: LINEAR CLASSIFIERS
(Linear Discriminant Functions)

*»Likelithood vs. Discriminant-based Classification
» Likelihood-based: Assume a model for p(x|w;), use

Bayes’ rule to ca

gi(x) = log P(w;

culate P(w;|X)

X)

» Discriminant-based: Assume a model for g;(x|®;); no
density estimation.

» Estimating the boundaries is enough; no need to
accurately estimate the densities inside the

boundaries.



% In this chapter, we will focus on the design of linear
classifiers, regardless of the underlying distributions
describing the training data.

“* The Problem: Consider a two class task with w,, o,

! =[wi,Wo, ... W] i
> g()_():V_V )_(-|—WO=O: W [W,W, Wi]" is known
as the wezght vector and W,

W1X1 + W2 XZ + ...+ W| X| + WO as the threshold.

s Assume X, X, on the decision hyperplane :

O=W X, +W, =W X, +W, =

V_VT (Xl _)_(2) =0 V)_(li)_(Z



> Hence:

w _L to the hyperplane

g(x)=w'X+w,=0

w'=[w, , w,]

g(x)<0

[wol/lIwl|

g(x)=0

g(x)>0




X =X +M (since w Is colinear with x —x_ and W _
.\ S\

since g(x,)=0and w'.w = w|* = g(x) =w'x+w, =
ZW ZW' W

:Wt(xp+m)+wo =W'X, + W, + W] =z||w]|

therefore z _9x) — In particular d(0,H) = 90) _ W,
wi Wl wl

In conclusion, a linear discriminant function divides the
feature space by a hyperplane decision surface

The orientation of the surface is determined by the normal
vector w and the location of the surface Is determined by the

bias

1)



* The Perceptron Algorithm

» Assume linearly separable classes, i.e.,
W wr x>0 VXew,

w*' x<0 Vxew,

*T *
> The case W X+ W,
falls under the above formulation, since

« o
. |V S
W = * [ X =

Sl I 1




» Our goal: Compute a solution, i.e., a hyperplane w,

so that
a)l

\ o,

w'x >(<)0 x e—

e The steps
— Define a cost function to be minimized

— Choose an algorithm to minimize the cost
function

— The minimum corresponds to a solution



» The Cost Function
J(w) =Y (5,w'x)

XxeY

e Where Y is the subset of the vectors wrongly
classified by w. When Y=(empty set) a solution is
achieved and

* J(w)=0

* o, =-11If xeY and Xew,

X

o,=+11f xeY and xew,

e = J(w)=0



« J(w) is piecewise linear (WHY?)

» The Algorithm
e The philosophy of the gradient descent is
adopted.
OJ (W ) Pi 1s a sequence
Vl(t +1) :Vl(t) — L — ‘V!:V!(t) of positive real
av! numbers 8




Towy | |
\ \\. /’/ /
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ap) - W
od (W
winew) =wiold) + aw , Aw=-p S|
Wl

e \Wherever valid

a‘](V_V): a (25 WTX):Z5X)_(

X— =

8V_V GW XeY xeY

. w(t+1) =w(t)—p, > 5, X

XxeY

This is the celebrated Perceptron Algorithm



The Perceptron Algorithm
m Choose w(0) randomly

m Choose pg
ml=0
m Repeat

o Y =10

e Fori = 1toN
O If S, w() x; =0then Y = Y U {x;)

e End {For}
o w(t+1)=w()—pr)  ..yOxX
e Adjust p;
et =1+1

m UntilY =0
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=f » An example:

T owlt+ D

w(t +1) = w(t) + o, X
=w(t)-pd,x (5, =-1)

» The perceptron algorithm converges in a finite number
of iteration steps to a solution if

t

f
: . c
lim — o0, lim ‘<40 e ==
to® £ Dpk i t—w kz_apk 8o Pi t

The algorithm also converges for constant py=p provided p is properly bounded. "



» Example: At some stage t the perceptron algorithm

results in 1
w, =1 w,=1 w,=-05 > wt)=| 1
X, +X,—05=0 |05
The corresponding hyperplane is
X .
N p=0.7
3 A
/
1.42%, +0.591x,|-0.5=0
s 0.5 1
The next weight [ 1 04 02| 142

Vector will be: W(t+1)=| 1 |-0.7(-1)0.05{-0.7(+1)[ 0.75 |=| 0.51

12



“ A useful variant of the perceptron algorithm

w(t+1)=w {t)+px(t), ifx{t)ewm andw' (t)x(t)<O

W (t+1)=w(t)—ox(t),

w (t +1) =w (t) otherwise

> Itisa

reward and punishment

algorithm

if x(t)ew, andw ' (t)x (t)>0

type of

% Correct classification — the reward is no action.

% Incorrect classification — the punishment is the cost
of correction.

13



¢ The perceptron

o
R N 0
. //13! l . T -
0 w, Ifw X +w, >0 assign X to o,
- T -
Ziin Ifw X +w, <0 assign x to w,
1w, /\;/ P - 0
- w!/ i
X /w()

W. 'S synapses or synaptic weights
w, threshold

» The network is called perceptron or neuron.

» Itis a learning machine that learns from the
training vectors via the perceptron algorithm.

14



Least Squares Methods

> If classes are linearly separable, the perceptron output
(£1) were correct for all the training feature vectors.

> If classes are NOT linearly separable, we shall compute
the weights, so that the difference between
e T
e The actual output of the classifier, W X , and
The desired outputs, e.g.
+1if Xe w,
to be SMALL.

15



» SMALL, in the mean square error sense, means to choose W
so that the cost function

e J(w)=E[(y—w'x)?]is minimum
e W=argminJ(w)

e y(X)=y==1 Isthe corresponding desired responses

> It can be shown that J(w) is equal to:

J(W) = P(e) [ @=X"W)? p(x|)dx + P(@,) | (1+X W) p(x feo, )l

16



» Minimizing J(w) w.r.to wresultsin :

[ Orthogonality condition. b

aJ(V_V)_ﬁ T w27
E_éwE[(y w x)°]=0

~ 2E[x(y X W)] =

E[xx' Jw= E[xy]=

[A linear set of equations}/ W= R;lE[>_<y]

where R, is the autocorrelation matrix

R, =E[xx']=

and E[xy]=

E[x.y]]

B}yl

the cross-correlation vector
17



» Multi-class generalization

» The goal is to compute M linear discriminant functions:
T
g; (X) =W; X

according to the MSE.

 Adopt desired responses (class labels) y; as:

y. =1 If Xew
y. =0 otherwise

e Let Y=[Vi Vorr Vi ]

- And the matrix W =[w,,w,,...,w,, |
18



e The goal is to compute W:

n 2 M 2
W =arg navin E[HX_WT )_(H }:arg rr\1Nin E{Z(yi —w' .)_() }

=1

e The above is equivalent to a number M of MSE minimization
problems. That is:

Design each W, so that its desired output is 1 for X € @ and 0
for any other class.

The MSE criterion belongs to a more general class of
cost function with the following important property:

e The value of g.(x) is an estimate, in the MSE sense, of the

a-posteriori probability P(@, | X), provided that the desired
responses used during training are ¥, =1, Xe® and 0
otherwise.

19



Sum of Error Squares Estimation

% A criterion closely related to the MSE is the sum of error squares
or simply the least squares (LS) criterion.

% SMALL in the sum of error squares sense means
N N
T 2 _ 2
>‘J(V_V):Z:(yi_v_v )_(i) :Zei
i=1 i=1

(Yi:X;): training pairs, that is, the input x, and its
corresponding class label y. (£1).

8J(W) Z(Y. W 2 _ 0

i= i= 20




» Pseudoinverse Matrix
» Define ;1

X =| %2 (an N x| matrix)

| AN

.
y = corresponding desired responses
J N
X" =X, X5y, X ] (@0 Ix N matrix)

|><
|><

| ><

B
i
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N N
Thus (Z&T Xi)V_AV: (Z)_(i yi)
i=1 i=1
(XTX)W=XTy=
W:(XTX)_]-XTX
= X+y

X*=(XTX)'X"| Pseudoinverse of X

» Assume [N =1 = X square and invertible. Then

(XTX)IXT=XTXTXT=X"1=

X+ — X—l

22



> Assume N >1 Then, in general, there is no solution to
satisfy all equations simultaneously:

-

T
4HLW=Y the overdetermined system
T
X, W= :
Xw=y: {7~ 20 N equations > | unknowns
T
KAnW=Yy

» The “solution” W= X"y corresponds to the minimum
sum of squares solution

» Assume N <| the undetermined problem

W =X"(XX")"y =X"*y  minimum norm solution

23
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Multiple Classes (Revisited)

Classes are linearly separable

.

Ui (X|Wi 1 WiO) = W; X+ Wi
>0 Ifxew

<0 otherwise

Choose . If :

\g() maxg()

h-

Remembering that Z = |9 (&)| / ”VL || IS the distance from the input point to the
hyperplane, assuming that all w; have similar length, this assigns the point to the
class (among all g; (x) > 0) to whose hyperplane the point is most distant. 26




Multiple Classes (Revisited)

Pairwise Separation g (Xw;, Wy, ) = Wix+w,
A ol -
= >0 If X e w.
H,, N J; (X):< <0 ifXEa)j
O O don't care otherwise
o, O o @ )
O O choose . if

_ o

\ il b+ Vi £ N >0\7
H:"\ reject il

23

Xy
>
If we do not want to reject such cases, we can relax the conjunctlon by using

a summation and choosing the maximum of g Z g,J

j¢I




The Bias — Variance Dilemma

A classifier 9(X) is a learning machine that tries to predict
the class label y of x . In practice, a finite data set D is used
for its training. Let us write g(X; D). Observe that:

» For some training sets, D = {(yi’)_(i);i =12,.., N}, the
training may result to good estimates, for some others
the result may be worse.

» The average performance of the classifier can be tested
against the MSE optimal value, in the mean squares

sense, that is: T~

E,| 9(xD)—Ely|x] °]

where E, is the mean over all possible data sets D.

29



<+ The above is written as:
Eo | (9(:D)-E[y mf]:
(9(:D)~E,[g (< D)1+ Eo[g (x:D)]-ELy |x])’

(Eo [9(:D)]-ELy Ix])" +E, | (9(x;D)~Ep [3 (D))

* In the above, the first term is the contribution of the
bias and the second term is the contribution of the
variance.

% For a finite D, there is a trade-off between the two
terms. Increasing the bias, decreases the variance and
vice verse. This is known as the bias-variance dilemma.

% Using a complex model results in low-bias but a high
variance, as one changes from one training set to
another. Using a simple model results in high bias but
low variance. 30




ux

Yy =f(x)t+e
g(x) = wix + wy

g,(x) is a polynomial
of high degree

Eplg(x; D)) =8(x; D) = g(x)  — High bias, zero variance

2

Ep [(g1<x; D) — Eplgi(x: D)])Z] — Ep [(f(x) +e—f) ]
=oZ forx=ux;,i=1,2,...,N

— zero bias, variance is equal to the variance of the noise
31



From Discriminants to Posteriors
When p (X | @;) ~N(g;, )
oy (Xlwi ’Wio):WTX‘FWio

W =X, W, =—%LJZ‘1M +log P (o, )

z=P(e|x) and P(w,x)=1-12

-

z>0.5
: VA :
choose @, If < - >1 and w, otherwise
—Z
L
log — >0
L 1-12 the logit transformation or log odds of z

The logit maps the [0, 1] interval onto the real line. In logistic classification,
the posterior-probability function is linear in logit space. Why? —... 32



P P
Iogit(P (a)1|x)) = log () =log (@) In the case of two normal
1-P (&y]x) P(@lX)  classes sharing a common
X P covariance matrix, the log
= log p( |501) +log (a)l) odds is linear

p(Xa,) W
(22) "2 exp| ~(112) (x -1, ) =7 (x-,)]
(22) "2 exp| ~(112) (x -1, ) T (x—1,)|

=W' X+W

P (o)

P (@)

+log

= log

_ 1 _ P(w
where w =37 (i, —t,) , Wo == (1) 27 (1 —p,) + log PE@;%

P (a[x)

1-P (@/]x)

also called the sigmoid function

The inverse of logit, log =w' X+W , is the logistic function,

1
1+ exp[—(wa+w0)] 33

P (eay[x) = sigmoid (W' x+W ;) =



Sigmoid (Logistic) Function

1~

0.8

Testing phase:

1. Calculate g (x)=w' x+w , and choose e, if g (x)>0, or

2. Calculate z =sigmoid (w" x+w, ) and choose @, ifz > 0.5
34



LOGISTIC DISCRIMINATION (M = 2)

Two classes: Assume log likelihood ratio is linear (we do not
model the class-conditional densities but rather their ratio.)

log P(Xa1) = W' X+ Wy
p(X|a)2)
| P(@yx) P(Har) , | Pler)
logit(P =1 ot 3" l
ogit (P (@/x)) I Plap) p(Xwy) P(a,)
=W'X+W,
P(@)
where w, = w_ +log ——
P(aw,)
2= B(a)x) = 1 ~ sigmoid (w'x+

1+exp [—(WTX+ WO)]

35



Training: Two Classes

We are given samples of two classes, x ={x;, Y, }L y; €1{1,0}
We assume y;, given x; is Bernoullii.e. y;|x; ~ Bernoulli(z)
1
1+ exp[—(wa+wo)]

N

(w,wolx) =T (z)™ (1-2,)*"

i1=1

z2=P(a|x)= = sigmoid (W' x+w, )

E=—logl Cross-entropy Maximize | =Minimize E

E (W, Wy|x )= Zy,logz +(1-y;)log (1-z)

ok 8E This is a system of | + 1 highly nonlinear equations,
——=0Y1 ——=0" | nich must be solved by iterat ical method
aWi 8W which must be solve Y Iterative numerical methods.

0

36



Gradient-Descent

“»» E(w|X) Is error with parameters w on sample X
w™=arg min,, E(w | X)

+»» Gradient i
v E - CE OE OE
_awl aWZ a\NI

+s» Gradient-descent:

Starts from random w and updates w iteratively in
the negative direction of gradient

AW, =—n—— Vi W. =W. +Aw,
OW .

I 37



Training: Gradient-Descent

E (W, w,|x)= —ZN; y;logz, +(1-y;)log (1-z;)

If @ =sigmoid (a) d—Z = go(l—go)

38



For ;3 =0,....1
w; <—rand(-0.01,0.01)
Repeat

For j =0,..., |
f_\’u.?j — (0

Fori=1,..., N
o— 0
For j =0,..., |

0 «— 0+ wj. X;

Z — sigmoid(o)

Aw; «— Aw; + (Y;-2) X;

Until convergence

note: xi,=+1 for all i




100 1000

P(C_x)

9 ! ! ! ! ! ! ! ! !
1] 0.5 1 15 2 2.5 3 3.5 4 45 5

To get outputs of 0 and 1, the sigmoid hardxens, which is achieved by increasing
the magnitude of w, or ||w|| in the multivariate case.

To minimize the number of misclassifications, we do not need to continue

learning until all y; are 0 or 1, but only until y; are less than or greater than 0.5.
STOPPING EARLY, REGULARIZATION, GENERALIZATION.



LOGISTIC DISCRIMINATION (M > 2)

¢ Let an M-class task, o, ,, ..., @, . In logistic
discrimination, the logarithm of the likelihood ratios
are modeled via linear functions, 1.e.,

In( Ploy |)_()]=Wi0 +w'x i=1 2, .., M1
Plow 1x))

¢+ Taking into account that

i“”zlwwim:l

It can be easily shown that the above Is equivalent with
modeling posterior probabilities as:

41



1

P(COM |X): M 1
1+ ZeXp(Wi,o +w,' Z)
i—1

exp (Wi,o +w,' )_()

P(aw |x)= , 1=12,..,M -1 softmax

M -1

1+ Z EXP (Wi,o +w,' Z)
i=1

+» For the two-class case It turns out that

1
1+exp(w0+vlT L)

P(wzll):

exp(, +u x )

P(w |X)=
(a1 1x) 1+exp(wo+vf&)

% The unknown parameters W, W, o, 1=1,2,..,M -1 gre

usually estimated by maximum likelihood arguments.
42



Training: Multiple Classes (M > 2)

We are given samples of M classes, X = {xj ,yj}?zl, Y € {1,0}

We assume y;, given x; is Multinomial i.e. y,|x; ~Mult, (1,2)

exp(w +W x)

2, =P (0 |x)=—1— i=1--M
1+Zexp(w oW &)

(fw, .o}, b)=TTTT(2,)"

j=1 i=1
=—logl cross-entropy Maximize | =Minimize E
E ({WI ’Wi,O}i |X) Zzyp Iogz ji
j=1i=1

Estimates w; and w; , of the logistic curve coefficients are typically obtained by maximizing the
conditional log-likelihood | (minimizing E) which lead to a system of highly nonlinear equations.



Training: Gradient-Descent

ks Jlezs| Z}-I-

N M
= ({Wi Wiol, |X)=—ZZyji logz; (1A gl

j=1i=1

If 2, =sigmoid (e, ) exp(a )/Zexp(a ), ? =2,(6;-1;)
o

|

where é‘i. IS Kronecker delta,which 1 ifi =] and O if 1 # |

Ny N M
AW, UZZ[ : Z; (0 — 2y )X, :Uzzyji(5jk_zjk)xj
k j=1i=l j=1 i=1
N [ M N M
:772{2 yj'i5jk _ijzyji:|xj :UZ(yjk _ij)xj , Note: Zyji =1
=1 | i=1 i =1 )
AW, o = _UZ(ka —Zj

j 0

The discriminants are updated so that the correct class has the highest weighted sum
after softmax, and the other classes have their weighted sums as low as possible. 44



Thin lines are where g;(X)
and the thick line is the boundary *
Induced by the linear classifier
choosing the maximum.

=0 L
y =

Ili-._

0 [RUTLLA

0



¢ Logistic discrimination is a useful tool, since it allows linear
modeling and at the same time ensures posterior probabilities
to add to one.(x ™, k=1,2,...,N.. are from class m.)

N1 Ny
L(®) = In { [ oy, o1 0) ]_[p(x w2 0).. —[p(x( M }
R=1 k=

M-1

(m) (m)
P(xk )P(&)J'n‘xk ') — 1+Zexp(w +W, x)

p(x gn) (W5 @) =

P(wmn)
/

M Nu |
L) = ZlnP(ml\x Ny + ZlnP(wz\xk Y+ + Y InPoylay)+ C
R=1
C—n 1_[}3:1}?(-"’!3) Any optimization algorithm can then be
M P(w,)Mm  used to perform the required maximization.

Note: Under the Gaussian assumption and for equal covariance matrices
across all classes the following holds true

- - 46
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Support Vector Machines

» The goal: Given two linearly separable classes, design
the classifier

g(x) =W X+wW, =0

that leaves the maximum margin from both classes

direction 2

— — --
L —

—_—— —

Xy

47



» Margin: Each hyperplane is characterized by
e Its direction in space, i.e.,, W
e Its position in space, i.e.,, W,

e For EACH direction, W, choose the hyperplane that
leaves the SAME distance from the nearest points
from each class. The margin is twice this distance.

» Our goal is to search for the direction that gives
the maximum possible margin.

48



> The distance of a point X from a hyperplane
IS given by

> Scale, W, W,, so that at the nearest points from
each class the discriminant function is £1:

9(x)|=1 {g(x) = +1for @, and g(x) = ~1for w, |

» Thus the margin is given by
1 1 2

+ =
i w] [w
» Also, the following is valid

W' X+w, >1 VX e,

w' x+w, <-1 Vxew,

49



» SVM (linear) classifier
g(X)=W' X+W,
> Minimize
1 2
J(W) =—|w
W) =7 v

» Subject to
yo(W' X, +w,) 21, i=1, 2, ..., N

y. =1, for x. € w,,
y. =1 for x. € w,

> The above is justified since by minimizing Hv_vH
2

M IS maximized

the margin

50



The above is a nonlinear (quadratic) optimization task,
subject to a set of linear inequality constraints. The
Karush-Kuhn-Tucker (KKT) conditions state that the
minimizer satisfies:

0 0
1)  — LW, w,, 4) = 2y — L(w,w,, 1)=0
(1) oW (2) ow,
3) A =0,1=1, 2, ..., N
(4) &[Y.(_ _,+WO)—1]=O,i=1, 2, ..., N

Where L(.) is the Lagrangian function

51



» The solution to the constrained-optimization problem is
determined by the saddle point of the Lagrangian
function L(w, wy, ).

> A saddle point of a Lagrangian is a point where the
roots are real, but of opposite signs; such a singularity
is always unstable.

» The saddle point has to be minimized with respect to w
and w,; it also has to be maximized with respect to A.

> Application of optimality condition 1 to the Lagrangian
function yields the foIIowing

Zﬂ Vi X,

> Application of optlmallty cond|t|on 2 to the Lagrangian
function yields
Z/li Yi =
=1

52



» The Lagrange multipliers can be either zero or

positive. Thus, N,
V_V:Zﬂ“i Yi X
i=1
where N, <N,, corresponding to positive Lagrange

multipliers
ALy:(W' x. +w,)-1]=0, i=12,..,N

> It is also important to note that for all the constraints
that are not satisfied as equalities, the corresponding
multiplier A; must be zero.

> the vectors contributing to w satisfy

.
W X, +w, ==x1

T 53



% These vectors are known as SUPPORT VECTORS and are the
closest vectors, from each class, to the classifier.

% Once W is computed, W, is determined from conditions (4).
A [yi (W' X +WO)—1] =0,i=1 2, ..., N
s The optimal hyperplane classifier of a SVM is UNIQUE.

% Although the solution is unique, the resulting Lagrange
multipliers are not unique.

% Feature vectors corresponding to 4,=0 can either lie outside the
“class separation band,” defined as the region between the two
hyperplanes, or they can also lie on one of these hyperplanes.

< Although W is explicitly given, W, can be implicitly obtained by
any of the (complementary slackness) conditions.
54



+* Dual Problem Formulation

» The SVM formulation is a convex programming
problem, with

e Convex cost function
e Convex region of feasible solutions

» Thus, its solution can be achieved by its dual
problem, i.e.,

e Maximize L(w,w,,A) respectto A

N

L, w,, /1)=—W W — i Ay WX, +W0)+ZiI

=1 | =

e subject to

O w=3Arx @ Yin=0 @ 220



+* Combine the above to obtain

N 1 NN
Lp(&) :Zﬂ’u —EZZ&ﬂ,jyiij?Zj
=1

i=1 j=1

“We may now state the dual problem as follows:

56



% Given the training sample x={x.y;} . ¥, €{1-1} find
the Lagrange multipliers A = {ﬂf.}iN:l, that maximize the

objective function ;NN
.
Lp(i’) — zﬂfu _Ezzﬂ’lﬂ’jyiyjzi X

> A4y, =0
=1

420

> subject to

e Support vectors enter into the game in pairs, in the

form of inner products -



% Non-Separable classes
In this case, there is no hyperplane such that

y,(W' X +w)>1, i=1 2, .., N

» Recall that the margin is defined as the distance
between the following two hyperplanes

w x+w,=1and w x+w, =-1

58



% The training vectors belong to one of three possible
categories

1) Vectors outside the band which are correctly

classified, i.e., y (W' X+ w,)>1

2) Vectors inside the band, and correctly classified, i.e.,
0<y, (W x+w,)<1
3) Vectors misclassified, i.e.,
Yi (V_VT)_("‘WO) <0
> All three cases above can be represented as

Yi(V_VT)_H‘Wo)Zl_fi
L —» & =0

(2) - 0<¢& <1 &, are known as slack variables
3 - 1<¢ >0



¢ The goal of the optimization is now two-fold
» Maximize margin
» Minimize the number of patterns with ¢ >0,
One way to achieve this goal is via the cost

3 w5, £) = [ui € 1(5)

where C IS a constant and

1 & >0
TN

> 1(.) 1s not differentiable. In practice, we use an approximation
1, 2 N
I(w, wp, &) = [w["+C D&
i=1

» Following a similar procedure as before we obtain 50



to guarantee the

» The corresponding Lagrangian is given by /positi\,ity of &

L(w, Wy, 5’/_1’/_1 :_HWH +CZ§ Z,U,g,

N
> KKT conditions are: _Zﬂ" [y' (— =i +W0) —1+ é:i]

N
iZQ 1) V_V:Z}“i%)_‘i

—O (3) C u—-A4=01=12,..,N
(4) ALy, (W' x +w))—=1+&]=0, i=12,..,N
(5) ué& =0, 1=12,..,N
6) 4,4 >0, i=12,..,N 61

\2%\2%

)]
A



The associated Wolfe dual representation now becomes

Maximize LW w 4,8, 1)

Subject to:

1) Vl:Z/IiJ’ﬂLi

() Yy, =0



» The associated dual problem
_ _ N 1 N N

Maximize (D4 —=> > A4, VY X X;)
A i=1 23 j=1

subject to
0<A<C,i=12,.,N

N
Z/li Yi =
i=1

The only difference with the separable
class case is the existence of C in the
constraints
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» Training the SVM

A major problem is the high computational cost.
To this end, decomposition techniques are used.
The rationale behind them consists of the
following:

e Start with an arbitrary data subset (working
set) that can fit in the memory. Perform
optimization, via a general purpose optimizer.

e Resulting support vectors remain in the
working set, while others are replaced by new
ones (outside the set) that violate severely the
KKT conditions.

e Repeat the procedure.

e The above procedure guarantees that the cost

function decreases.
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N/
0‘0

Example: Two nonseparable classes and the resulting SVM linear
classifier (full line) with the associated margin (dotted lines) for
the values (a) C =0.2 and (b) C =1000. In the latter case, the
location and direction of the classifier as well as the width of the
margin have changed in order to include a smaller number of
points inside the margin.

Xy X

S o= NN kR
r 1 /4 1T "’§T 1

C =1000

-3-2-1 0 1 2 3 4 55  —3-2-1 0 1 2 3 4 S5k
@ (b)

> Observe the effect of different values of C in the case of non-
separable classes. 65



1.5F.

J.5F

00 0|.5 | 1 ‘Ij5 2

In classifying an instance, there are four possible cases: In (a), the
Instance is on the correct side and far away from the margin; y; g(x;)>1,
&:=0.1In(b),y; 9(x)=1,& = 0; it is on the right side and on the margin.

In (), &;=1-V;0(x;), 0 <&, <1, itis on the right side but is in the

margin and not sufficiently away. In (d), £;=1 — y;9(x;) > 1; itis on the
wrong side—this is a misclassification. All cases except (a) are support
vectors. In terms of the dual variable, in (a), 4;=0; In (b), 4;<C;In(c)
and (d), 4, = C.



Hard Margin

margin

Data points
with circles
are support
vectors

Soft Margin

Machine Learning- Srihari

Data points on wrong side

| of decision boundary have &>1

| points inside margin but on

Correctly classified

correct side of decision
boundary have 0< <1

Correctly classified

| points on correct side of margin

have =0




¢ Multi-class generalization

Although theoretical generalizations exist, the most popular in
practice Is to look at the problem as M two-class problems (one
against all).

» For each one of the classes, we seek to design an optimal
discriminant function,

0;(x), 1=12,...,M sothat g;(x) >g,(x),V] =1, if xew,
» Classification rule:

assign x In w. If 1 =arg max g, (x)
K
» This technique, however, may lead to indeterminate regions

—0ne-against-one approach, error correcting coding approach
and extending the two class SVM mathematical formulation to
the M-class problem.

¢ Error Correcting Coding method: M-class, L binary classifiers.
The HD of the code word is measured against the M code wordsss



v-SVM

* Involve margin in a more direct way in the cost function,
Instead of leaving its control to a parameter (i.e., C).

¢ The margin is defined by the pair of hyperplanes
(VlT X +W o) =xp

and p > 0 is left as a free variable to be optimized.
. 1, 2 1 &
Minimize J(W,Wo,f";,p):EHWH — vp + WZ;
=1
subjectto: y. W' x, +w )= p-&, & 20, p=0,i =1,...,N

“* We simply count and average the number of points with & > 0,
whose number is now controlled by the margin variable p. The

parameter v (0<v < 1) controls the influence of p.
69



The corresponding Lagrangian is given by

LW w448 1, p,8)= —M — vp + —Zé ——Zﬂ.

N

"2 ALY WX W) - p G- 0p

Adopting S|m|Iar steps the foIIowmg KKT conditions result:

(1) V—V:Z/liyi)_ci (2) Z}“iyi =

(3) ,u|+i—% i=1,2,..N, (4)_§N:zi—5=v
(5) A’[y|(_ _|+W0)_p+§i]20’ i:112""1N
6) 1& =0, i=12,..,N . (7) 5p =0

(8) 1 >0,4 >0 620 i=12,..,N
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The associated Wolfe dual representation now becomes

Maximize L ,wy,4,&, i, p,0)

Subject to:

(1) Vl:ZZiJ’iL (2) Zj‘iyi =0

/1



If we substitute the equality constraints in the Lagrangian,

the dual problem becomes equivalent to:

N N
Maximize —EZZAAjying)_(j
A 23 j=1

Subjectto: (1) 0<a gNi, i =12,....N,

@ Yy, =0 @34 2v

Once more, only the Lagrange multipliers A enter into
the problem explicitly, and p and the slack variables, &;
make their presence felt through the bounds appearing in
the constraints. v has been shown to be a lower bound on
the fraction of support vectors and an upper bound on
the fraction of instances having margin errors.
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Remarks

¢ [Chan 01] shows that the v-SVM and the more standard
SVM formulation (C-SVM), lead to the same solution for
appropriate values of C'and v. However, v offers itself to
serve two important bounds concerning (a) the error rate
and (b) the number of the resulting support vectors.

¢ At the solution, the points lying either within the margin or
outside 1t but on the wrong side of the separating hyperplane
correspond to ;>0 and hence to #=0 forcing the respective
Lagrange multipliers to be A=1/N.

¢ Also, since at the solution, for p> 0, 0= 0 it turns out that
N _
=14 =V.

¢ Therefore the total number of errors can, at most, be equal

to Nv. the error rate, 2., on the training set 1s upper-bounded

as P. <.
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¢ Also, at the solution, from the constraints (3.127) and
(3.126) we have that

VZZ?L]_/I[-:Z{,:V:S]_/‘{{S £V=511/N01‘NVSNS.
¢ Thus, the designer, by controlling the value of v, may have
a feeling for both the error rate on the training set and the

number of the support vectors to result from the
optimization process.

“* The number of the support vectors, N, is very important
for the performance of the classifier in practice.

* It directly affects the computational load, since large N,
means that a large number of inner products are to be
computed for classifying an unknown pattern.

¢ A large number of support vectors can limit the error
performance of the SVM classifier when it 1s fed with test

set (the generalization performance of the classifier).
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Training Error: 0.270 iiiiiiiiiiiio

Bayes Ermor:  0.210

. c=10000 .

The broken purple curve in the background is the Bayes decision boundary.
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0.30
0.21

Test Error
Bayes Error:

The broken purple curve in the background is the Bayes decision boundary.
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